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ABSTRACT 

 

Adsorption processes on surfaces is highly relevant in the 

industry since they allow specific characteristics to be 

obtained, from fixing materials such as paints to the efficiency 

of reactions on catalysts. Although this relationship can be 

estimated using the adsorption isotherms, there are practical 

problems associated with its obtention when it is about paint 

adsorption on walls:  complex characteristics of the analyzed 

system since there is no fluid phase that is in contact with the 

surface (no concentration of adsorbate can be measured, as is 

done in traditional adsorption processes) In this case, a phase 

change occurs when the paint drying process takes place, so 

only the concentration of the pigment is known, and how it is 

distributed on the surface, this data is insufficient to build the 

adsorption isotherm. A stochastic model was obtained 

allowing the adsorption representation for coatings, 

estimating the equilibrium constant associated with the 

adsorption process and the distribution of active sites from the 

fractal dimension observed in the mesoscopic scale and 

adsorbate concentration at equilibrium. Two paint-coated 

surfaces were evaluated finding the adsorption value 

predicted from the use of the proposed model. From the 

morphology of the surface, predictive behaviors can be 

performed..  

 

Key words : adsorption phenomena on walls, stochastic 

fractal model, adsorption-desorption isotherms.  

 

1. INTRODUCTION 

 

The application of paints on walls is essential for the 

protection of these surfaces and the conservation of residential 

structures. It is also applied to other kinds of products like 

plasters[1,2]. Covering power depends on paint composition 

and the pigment used [3], as well as on the porosity and 

roughness of the surface to be protected. This process is like 

the physical or chemical adsorption of an adsorbate (pigments 

and other paint components) on an adsorbent (wall surface).  

 

From a physical chemistry point of view, the adsorption 

phenomena through the adsorption isotherms describe the  

 
 

 

 

 

equilibrium behavior of surface fraction, covered as a function 

of adsorbent concentration. In this case, for the microscopic 

scale, two fundamental processes take place: the adsorption of 

a molecule on a specific site or its desorption before the 

binding process with the active site. These processes occur 

randomly, which are manifested in the irregular patterns that 

adsorbate show on the surface and observed on the 

mesoscopic scale [4,5]. Its morphology is ultimately 

determined by the chemical nature of the adsorbate and the 

adsorbent and the dynamic processes that take place. These 

patterns are complicated to describe using Euclidean 

geometry, making the use of fractal geometry more plausible. 

 

In the equilibrium state, the phenomenon is described through 

the adsorption isotherms [6], expressing relationship between 

concentration of adsorbate (in the gas or liquid phase) and the 

fraction of the surface covered by the adsorbate at a specified 

temperature, which is obtained from experimental behavior 

observed. 

 

In the microscopic scale, the processes of adsorption and 

desorption occur randomly [7-8], which is manifested in the 

irregular patterns that form the adsorbate on the surface. 

These patterns are complicated to describe using Euclidean 

geometry, so it is more plausible to use fractal geometry [7]. 

Adsorption-desorption processes are highly relevant in the 

film fixing industry, obtaining materials, inorganic and 

organic synthesis, among others [8-10]. Although there are 

methods to obtain adsorption isotherms [10,11], it is 

necessary to deepen other versatile alternatives to get them 

and recognize the possible behaviors of this property. 

 

Based on these initial considerations and the use of stochastic 

formalism based on the master equation, for the use in 

covering capacity of pigments used and paints, this paper 

proposes a mesoscopic model to describe the morphology 

behavior of these patterns as a function of the adsorption and 

desorption rate constants taking place on the microscopic 

scale.  
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2. METHOD 

 

2.1 Model development 

 

In order to obtain a mesoscopic model to describe the 

behavior of the average and variance of the fraction of sites 

covered by adsorbate, the following assumptions are 

established: 
i) formation of a single molecular layer of the adsorbate on the 

surface occurs; 
ii) the effect of neighboring molecules on the bond strength 

between adsorbate and adsorbent molecules is negligible; 

iii) the extensive variable that describes the behavior of the 

system on the microscopic scale is the total amount of 

adsorbate  molecules present in an area  of the surface of 

the solid; 

iv) the intensive variable is the fraction of entire sites  

covered by the adsorbate, where the relationship between the 

intensive and extensive variable is given by: 

   …(1) 

             where   is the area occupied by an individual 

molecule; 

v) the fluctuations associated with the concentration of 

adsorbate   mol/m2 expressed per unit area in the fluid 

phase that is in contact with the surface in the equilibrium 

state are assumed negligible, so that   can be considered as 

variable deterministic; 

vi) the probability of transition per unit of time associated 

with the adsorption process that takes place on the 

microscopic scale is established a priori, with the traditional 

equations of stochastic methods [12], such as: 

 

   …(2) 

where  is the total number of free sites of the area   in 

which the adsorbate molecules can bind,  is the adsorption 

rate constant and  is the adsorbate molecules that are in the 

fluid phase; 

 

vii) the probability of transition per unit of time that the 

desorption process occurs is established as: 

     …(3) 

where   is the desorption rate constant. Taking into account 

that: 

 

   …(4) 

Equation 2 is written in the form: 

   …(5) 

such that the master equation describing the probability 

 that at time t the number of adsorbate molecules 

bound is equal to  is: 

 

   …(6) 

subject to the initial condition: 

 

    …(7) 

  being the ascent - descent operator that acts on the 

functions of discrete variables. If it is taken into account that 

when an individual microscopic process takes place, the 

change  that occurs is negligible compared to  then  

can be considered as a continuous variable, obtaining the 

Fokker-Planck equation: 

 

 

          …(8) 

Taking into account the relationship between the extensive 

and the extensive variable and that: 

 

      …(9) 

a change of variables is made in equation 8 so that it is 

expressed as a function of the intensive variable : 

 

 

    …(10) 

where   is Avogadro number; equation 10 is a linear 

Fokker-Planck equation, whose solution is a Gaussian 

probability function in which the expected value behaviors   

and the variance  of , respectively, are described through 

the system of temporal differential equations: 

 

 
         …(11) 

 

 
     …(12) 

 

In a steady-state, the temporal derivatives found on the left 

side of equations 11 and 12 are equal to 0, obtaining: 
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     …(13) 

 

   …(14) 

 

   …(15) 

where  is proportional to the quotient between the 

adsorption and desorption rate constants and  an integration 

constant that takes into account the range of possible values of 

. 

 

1.1. Theoretical estimation of the fractal dimension 

According to the principles of fractal geometry, the content of 

the substance  in a region of characteristic dimension  is 

related to the fractal dimension of capacity   according to the 

expression: 

 

    …(16) 

where  is the Euclidean distance between two points,  

represents the measurement precision, and  is the dimension 

of the Euclidean space in which the fractal object is 

embedded. According to this expression, the fractal capacity 

dimension of an object immersed in a plane can be determined 

from a binary image of the object and the method of counting 

boxes [13]: 

 

      …(17) 

where  is the number of non-dimensional cells  in which the 

image is divided and  the number of cells in which part of 

the object was observed, where  is the smallest size of 

the cells. 

 
To estimate the behavior of the fractal dimension as a function 

of    and    , we considered an equilibrium state with the 

ergodicity property, which means that the expected value of 

the probability      is equivalent to the density  of 

the adsorbate in an observed region of area . Considering 

equation 17,  is expressed as a potential function of  

: 

     …(18) 

where: 

 

 
     …(19) 

If the amount of adsorbate  present in the mesoscopic scale is 

considered to be the product of the density  and the area 

occupied   by the active sites, then: 

 

     …(20) 

From equation 20 and the definition of fractal dimension you 

get: 

    …(21) 

Equation 21 allows estimating the equilibrium constant 

associated with the adsorption process and the distribution of 

active sites from the fractal dimension observed in the 

mesoscopic scale and the concentration of adsorbate in the 

equilibrium. 

 

2.2 Fractal dimension analysis on surfaces. 

 

The proposed model to estimate the fractal dimension as a 

function of the adsorbate concentration was used to compare 

the coating capacity of two pigments A and B. To prepare the 

samples, the surface was covered with a liquid film in which 

the dye is found, and the samples were dried at a temperature 

of 28°C for 24 hours. 

The surfaces were observed with a Konus College # 5302 

microscope, WF 15x  eyepiece, with 10X magnification. The 

patterns were photographed with a SONY DSC-W530 Cyber 

Shot 14.1 megapixel camera, Carl Zeiss lens and 4X optical 

zoom with a resolution of 7 megapixels. 

In total, a set of 21 images were treated, where the range of 

values considered for the observed adsorbate concentration 

was between 0 and 0.2 moles per cm2 for each of the pigments 

analyzed. 

The patterns taken were determined by the fractal dimension 

per box count using the ImageJ v1.40g [14] program in which 

each color image is converted into an 8-bit image, from which 

a binary copy is obtained of the pattern to which the vertical 

and horizontal fractal dimension of the images is determined. 

 

3. RESULTS AND DISCUSSION 

 

The images, treated using the ImageJ program, setting a pixel 

intensity threshold equal to 166 for conversion to a binary 

image (Figure 1). The fractal dimension was determined by 

the box-counting method. In total, a set of 21 experiments 

were treated, where the range of values considered for the 

observed adsorbate concentration was between 0 and 0.2 

moles per cm2. The experimental results obtained are shown 

in Figure 2. 
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a.  

b.  

c.  

d.  
Figure 1. Original image (a. and c) and binary image (b and d) of the 

images of the surfaces covered by two types of pigments with two 

different concentrations a. and b. Pigment A Co = 0,17 f = 1.5369 c. 

and d. Pigment B Co = 0,17 f = 1.8780 
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Figure 2. Behavior of the fractal dimension with respect to the 

concentration of pigments 

 

In this case, for the same concentration of pigments, in case 1 

B higher fractal dimension is obtained, from which it is 

inferred that pigment B has a better covering capacity than A. 

 

With those results, it is possible to see that isotherms can be 

built with and stochastic fractal model and a relationship with 

image surface analysis. Model and analysis can be applied to 

other surfaces like presented in [15]. 

 

 

4. CONCLUSION 

 

Covering capacity pigment depends on multiple factors as 

chemical-physical properties of the dye and the surface to be 

covered, as well as the molecular composition of the paint, 

temperature, and humidity of the environment so that 

conditions that affect the drying speed. The combined effect 

of these factors can be implicitly quantified through the 

relationship between the rate constants associated with the 

adsorption and desorption processes that take place on the 

microscopic scale during the paint application and drying 

process. 

 

An equation was obtained that allows estimating the 

equilibrium constant associated with the adsorption process 

and the distribution of active sites from the fractal dimension 

observed in the mesoscopic scale and the concentration of 

adsorbate in the equilibrium. In this sense, the model 

proposed in this work allows the estimation of this constant 

from the observed fractal dimension and the concentration of 

the pigment in the paint, so that the adsorption process can be 

quantified without having to know the isotherm of adsorption. 
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