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ABSTRACT 

 

The paper aims to introduce some general concepts and 

issues about the complex operation of masonry vaulted 

structures. General setup is presented with formulas for 

analytical treatment, and checks about current operative and 

collapse conditions. Concepts are later used to verify the 

functioning of a vaulted structure embedded in the 

monumental Santa Margherita Nuova complex in Procida 

using FEM analyses. 

Key words : Masonry structures, Vaulted constructions, 
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1. INTRODUCTION 

 

Vaulted masonry structures began to spread as early as the 

3rd millennium B.C. in Egypt and Mesopotamia. The use 

and knowledge of this structural type made it possible to 

replace the trilithic system with the ability to cover larger 

spans.                                                                           Masonry 

bases its structural efficiency on the compressive strength 

which turns into the axial forces’ transmission  between 

elements. Masonry vaults deviate from the trilithic system 

in that they do not exert a vertical action on the piers but a 

thrust capable of flipping the entire structure. 

In the following the general approach to the treatment of 

masonry structures is outlined, giving some synthetic 

insights on the masonry material behaviour with its 

admissibility conditions, and approaches for checks about 

fracture and failure, collapse activation by briefly recalling 

the limit analysis theorems for masonry. Thereafter  the 

monumental site that is referred to, the Santa Margherita 

Nuova in Procida, is   referred to in Sect.2, and the results 

from a numerical FEM campaign are shortly reported. 

 

1. LIMIT ANALYSIS EXTENDED TO NON-

TENSILE RESISTANT SOLIDS 

To apply limit analysis as a method of analysis for masonry 

arches and vaults, one may take advantage of the 

assumptions introduced by Heyman (see [1]-[4]) about the 

behaviour of these structures: 

a)  The masonry has no tensile strength: although the 

stone has a definite tensile strength, the joints between 

ashlars can be made with weak mortar or be dry.  

b) The ashlars cannot slip relative to each other: therefore, 

it is assumed that the friction between ashlars is high 

enough to prevent them from slipping. This means  

assuming that the shear component exerted between 

two contiguous ashlars does not exceed the friction 

force. 

c) Masonry has infinite compressive strength: this means 

assuming that the stresses are so low that they do not 

cause crushing of the material. Although this is an 

unsafe assumption it turns out to be well verified, since 

under normal operating conditions the average stresses 

are always lower than the limiting stresses. 

 

 

1.1 Admissibility conditions 

 

From these assumptions it is possible to derive the 

admissibility conditions Eq.(1) imposed by the NT (non-

tensile resistant) material according to which a generic 

admissible stress state σ cannot perform positive work for 

the generic fracture strain εf: 

 

                          𝝈 ꞏ  𝜺𝒇 ≤ 0       ∀ 𝛔 ∈ 𝐷0                             (1) 

 

where the generic stress state is defined as purely 

compressive σ ≤ 0, since zero tensile strength of the material 

is assumed. The generic allowable fracture strain range is 

defined as semi-positive at every point of the solid εf ≥ 0, 

since under these assumptions the only possible failure 

mechanism is the formation of opening hinges by relative 

rotation of the ashlars, thus excluding interpenetration 

between ashlars, which is obviously unrealistic [5]-[11]. 
Thus, at hinges unilateral conditions are imposed on the sign 

of the rotations: extradox hinges correspond to a relative 

counterclockwise rotation and are therefore defined as 

positive, while intradossal hinges correspond to a relative 

clockwise rotation. 
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1.2 Collapse condition 

 

In masonry structures one assumes that no energy 

dissipation occurs when developing fractures (for some 

references see [12]- [29], also with reference to protection, 

refurbishment and dynamic control [30]-[47]); masonry 

structures are still able to maintain their strength during the 

development of the collapse mechanism 

 
                                         𝝈 ꞏ 𝜺𝒇 = 0                                      (2) 

 

Let analyze a masonry structure subject to surface forces p 

acting on the free surface Sp and volume forces F acting in 

the volume V. It is possible to decompose the loads into a 

fixed rate (𝒑̅ , 𝑭̅) and a variable rate (𝜆𝒑̂, 𝜆𝑭̂) dependent 

therefore on the value of the load multiplier λ. One assumes 

that the structure is stable subjected only to fixed loads, and 

therefore only variable loads can make the structure 

unstable. 

 

One has the following conditions: 

a) Equilibrium: equilibrium between internal forces and 

external loads is guaranteed if 

 

∫ 𝝈 ⋅ 𝜺 ⅆ𝑉 = 

𝑉

∫(𝒑̅  + 𝜆𝒑̂) 𝒖 ⅆ𝑠

𝑆𝑝

+ ∫(𝑭̅ + 𝜆𝑭̂) 𝒖 ⅆ𝑉 

𝑉

 

 ∀ 𝒖 , 𝜺 = ∆𝒖  (3) 

 

b) Mechanism: enough hinges are introduced to allow for 

kinematics, and they are activated in precise ways.  The 

mechanism is a collapse mechanism uc under the 

assigned loads if  

 

∫ (𝒑̅  + 𝜆𝒑̂)  ∙ 𝒖𝑐 ⅆ𝑠
𝑆𝑝

+ ∫ (𝑭̅ + 𝜆𝑭̂) ∙  𝒖𝑐 ⅆ𝑉 > 0 
𝑉

 

 (4) 

 

 

c) Admissibility: a stress respectful of the material limit 

strength and complying with masonry admissibility 

(pure compression/null stress) must be verified at each 

point of the solid.  Fracture strains also have to comply 

with strain admissibility, whence  

 

                     𝛔 ∙  𝜺 ≤ 0          (5) 

 

d) Variable loads: the work done by variable loads during 

the activation of the uc collapse mechanism is positive. 

 

             ∫  𝒑̂ ꞏ 𝒖𝒄 ⅆ𝑠
𝑆𝑝

> 0, ∫ 𝑭̂ ꞏ 𝒖𝑐 ⅆ𝑉
𝑉

 >  0      

 (6) 

 

 

1.3 Fundamental theorems of limit analysis 

 
The proportional rise of loads may be considered according 

to the load multiplier λ. Thus, the problem is reduced to the 

identification of this parameter at the collapse condition. To 

this aim, it is possible to take advantage of the two 

fundamental theorems of limit analysis: the Static Theorem 

and the Kinematic Theorem. 

To summarize, the two fundamental theorems of limit 

analysis for NRT solids make it possible to identify the load 

multiplier λc with which a collapse mechanism is associated, 

and which therefore limits the load-bearing capacity of the 

structure.                                                                   According 

to the static theorem, the collapse load multiplier λc 

corresponds to the maximum of the statically admissible 

multipliers λs.                      

The Kinematic Theorem identifies the minimum of the 

kinematically sufficient multipliers λk as the collapse load 

multiplier λc. 

In this way, the two limit analysis theorems make it possible 

to define two load multipliers, λs and λk, which constitute a 

minor and a major of the collapse load multiplier λc, 

respectively 

 

                      max {λ𝑠}   ≤   λ𝑐   ≤  min {λ𝑘}                     (7) 

 

 

2. SANTA MARGHERITA NUOVA COMPLEX 

 

The complex of Santa Margherita Nuova dates back to the 

15th century and was built to house Dominican monks who 

had abandoned the Cenobio of Santa Margherita. The 

underlying soil underwent severe morphological 

disintegration, which over the centuries led to the 

underlying rocky isthmus crumbling to the point of causing 

major damage (Figure 1) to the complex in 1956, due to 

several collapses. 

 

 
 

 
Figure 1:  South-est and south-west fronts. 

 

 
 

To cope with this situation, several interventions were 

implemented to consolidate and restore the structure, 

particularly the reconstruction of the imponent vaults placed 

to support the complex on the southwest front. 

For the reconstruction of the structure, tuff quarries located 

in the immediate vicinity of the intervention area were 

searched with the aim of preserving the rheological 

characteristics of the existing structure. The masonry 

obtained, with the use of M15 guaranteed performance 

mortar, has characteristics almost similar to the existing 

masonry. 
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The values of the mechanical characteristics of the existing 

masonry were obtained by conducting some tests executed 

on the complex that allowed the material to be classified. 

Below two tables are reported in Figure 2 with the main 

mechanical characteristics of the two masonries, showing 

that they have the same unit weight. 

 

 

 

 (a) 

 

 

 

 

 

 

 

 

 

 

 

 

(b) 

 
 

Figure 2:  Mechanical characteristics of new masonry made of 

regular soft stone ashlars, Neapolitan yellow tuff (a) and 

characteristics of existing masonry made of regular soft stone 

ashlars (b). 

 

 

2.1 FEM analysis 

 

In the following some FEM analyses are executed for 

evaluating the stress distribution within the structure by 

identifying under different loading conditions where the 

greatest tensile stresses are expected to occur at least in an 

indicative form. This is because areas where tensile stresses 

occur are prone to cracking.   

The numerical tests are executed for the two cases (ante or 

post reconstruction), starting from the analyses under self-

weight. Then two different loading conditions were 

considered. The first consists of a vertical distributed load 

of 6∙E4 KN/m2 applied on the first two arches while the 

second consists of a concentrated horizontal force of 6∙E4 

KN applied at the top of the structure. 
To evaluate the stress distribution, it was considered that in 

each resisting section there is a bilinear type of stress 

distribution starting from the minimum compression σmin to 

the opposite maximum stresses σmax.  

Both values are represented by means of a graphic scale 

with intensities expressed in KN/m2. 

The two models subjected to self-weight have similar 

behaviors. From the observation of the deformations (Figure 

3) what is evident is a sagging of the first two arches that is 

more pronounced in comparison with the other arch. 

From the distribution of stresses, values of σmin of pure 

compression are recorded that increase as one goes down 

inside the piers, recording maximum values at the foot of 

the piers. For the distribution of σmax, however, lower  

compressive values are recorded, but these values, although 

low, turn out to be tensile near the keystone section. 

 

 

 

 
(a) (b) 

Figure 3:  Deformation of the restored structure (a) and the 

original structure (b) subjected to the self-weight. 

 

 

 

For the first loading condition, both the original and the 

reconstituted structure show deformations very similar to 

those related to self-weight alone, with a more pronounced 

sagging of the two arches affected by the distributed load 

with consequent horizontal displacement of the 

corresponding piers as well. 

For the new structure, minimum pure compressive stress 

values are observed throughout, with lower values near the 

arches and higher values near the foot of the piers. For 

maximum tension values (Figure 4 for the reconstructed 

structure and Figure 5 for the original one), however, pure 

compressive values are recorded throughout the structure 

except for the two arches affected by the distributed load. In 

these two arches,  although low, tensile values can be 

detected near the keystone section.  

A similar situation occurs for the original structure, where, 

however, the compressive values are found to be higher in 

the last pier as compared to the restored structure.  
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Figure 4:  Distribution of σmax (KN/m2) in details on the arches 

of the reconstructed structure subjected to a vertical distributed 

load (6∙E4 KN/m2) (3D view). 

 

 

 
 

Figure 5:  Distribution of σmax (KN/m2) in details on the arches 

of the original structure subjected to a vertical distributed load 

(6∙E4 KN/m2) (3D view). 

 

 

In comparison with the new structure, higher tensile values 

are observed in the original structure in the arches near the 

keystone section. 

For the load corresponding to a horizontal force applied at 

the top, in both structures it causes a shift in the direction of 

the force of the entire upper part of the structure resulting in 

the lowering of the first two arches. 

The structures return a response in terms of stresses very 

close to each other. A pure compressive σmin distribution is 

recorded, reaching maximum values at the foot of the piers 

and minimum values at the top. For the distribution of σmax 

(Figure 6 and Figure 7), it can be seen that very low tensile 

values are recorded, practically close to zero, except for the 

shutters of the arches where, on the other hand, compressive 

values are also read for σmax. 

 

 

 

3. CONCLUSIONS  

 

In the paper one deals with historical masonry construction, 

an in particular with a monumental complex in the island of 

Procida, close to Naples, that experienced some partial 

failure. Numerical analyses performed on the original and 

on the restored structure allow to compare date and relate 

the collapse to the morphological disintegration of the 

underlying soil. 

The reconstructed structure exhibits a behavior similar to 

the original one. The substantial difference is evident in the 

last right pier of the multiple arched supporting structure, 

where, due to the thrust of the additional arcade introduced 

in the restored structure, the stress values turn out to be 

lower. 

 

 

 
 

Figure 6:  Distribution of σmax (KN/m2) in detail on the arches of 

the reconstructed structure subjected to a horizontal force applied 

at the top (6∙E4 KN) (3D View). 

 

 

 
 

Figure 7:  Distribution of σmax (KN/m2) in detail on the arches of 

the original structure subjected to a horizontal force applied at the 

top (6∙E4 KN) (3D View) 
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