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ABSTRACT  
 

In this paper, we investigate the existence and 
uniqueness of solutions for a system of fractional 
integro-differential equations with non-separated 
integral coupled boundary conditions. Our results are 
based on the nonlinear alternative of Leray-Schauder 
type to study the existence of at least one continuous 
solution to fractional integro- differential system with 
non-separated integral coupled boundary conditions 
and uniqueness continuous solution using the Banach’s 
fixed-point theorem.The main results are well 
illustrated with the aid of an example. 
 
Key words: Caputo fractional derivative, fractional 
integro-differential , integral coupled boundary 
conditions, fixed-point theorem ,Leray-Schauder 
Alternate. 
 

1. INTRODUCTION 
 

Fractional differential equations arise in many 
engineering and scientific disciplines as the 
mathematical modeling of systems and processes in the 
fields of physics, chemistry, aerodynamics, economics, 
control theory, signal and image processing, blood 
flow phenomena, etc. [9,10,13].The theory and 
applications of the fractional differential equations 
have recently been addressed by several researchers for 
a variety of problems, we refer the reader to [1,4,8] and 
the references cited therein. Momani and Hadid have 
investigated the local and global existence theorem of 
both fractional differential equation and fractional 
integro-differential equations; see [7,11].   
 

The study of a coupled system of fractional order is 
also very significant because this kind of system can 
often occur in applications. The reader is referred to the 
papers [2,5,14,15], and the references cited therein. 
 

In [3], it is studied the following nonlinear problem 
involving nonlinear integral conditions: 

Dୡ ஑y(t) = f൫t, y(t)൯,				t ∈ [0, T], 1 < ߙ ≤ 2 

y(0) + y′(0) = 	න ݃൫(ݏ)ݕ,ݏ൯݀ݏ,
்

଴
 

y(T) + y′(T) = 	න ℎ൫(ݏ)ݕ,ݏ൯݀ݏ,
்

଴
 

Here,݂	,݃ and ℎ ∶ 	 [0,ܶ] 	× 	ܧ	 →  are given ܧ	
functions that satisfy suitable assumptions and E is 
a Banach space. By means of the technique associated 
with measures of non-compactness and the fixed-point 
theorem of Monch type, it is proved the existence of 
solutions of the problem. 
 

In [12], investigated a boundary value problem of first 
order fractional differential equations with Riemann-
Liouville integral boundary conditions of different 
order given by 
଴ାఈ௖ܦ (ݐ)ݑ = ݂൫ݐ, ݐ				,൯(ݐ)ݒ,(ݐ)ݑ ∈ [0,1], 
଴ାܦ
ఉ௖ (ݐ)ݒ = ,(ݐ)ݑ,ݐ)݃ ݐ				,((ݐ)ݒ ∈ [0,1], 

(0)ݑ = (ߜ)ݑ௣ܫߛ	 = ߛ	 න
ߜ) − ௣ିଵ(ݏ

(݌)߁ ,ݏ݀(ݏ)ݑ
ఋ

଴
			0 < ߜ

< 1 

(0)ݒ = (ߝ)ݒ௤ܫߪ	 = ߪ	 න
ߝ) − ௤ିଵ(ݏ

(ݍ)߁ ,ݏ݀(ݏ)ݒ
ఌ

଴
				0 < ߝ

< 1 
where ܦ଴ାఈ௖ ଴ାܦ , 

ఉ௖  , denote the Caputo fractional 
derivatives, 1 < ߚ,	ߙ ≤ 2,݂	,݃	 ∈ [0,1])ܥ	 ×
	ܴଶ,ܴଵ),ܽ݊݀	ݍ,݌, 	ߪ,	ߛ ∈ 	ܴ. 
 

In this paper, we consider the fractional integro- 
differential equation  

଴ାఈ௖ܦ (ݐ)ݔ = ,߬)ߚ,ݐ)݂ න,(ݐ)ݔ,(ߙ ,ݐ)ܭ (ݏ)ݔ൫(ݏ − (ݏ൯݀(ݏ)ݕ
ఠ(௧)

଴

଴ାܦ
ఊ௖ (ݐ)ݕ = ,߬)ߚ,ݐ)݃ න,(ݐ)ݕ,(ߛ ,ݐ)ܴ (ݏ)ݔ൫(ݏ − (ݏ൯݀(ݏ)ݕ

ఝ(௧)

଴ ⎭
⎪
⎬

⎪
⎫

 

																																																																																																													… (1.1) 
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with non-separated integral coupled boundary 
conditions
(0)ݔܽ + (ܶ)ݔܾ = 	 ∫ ℎଵ൫(ݏ)ݕ൯݀ݏ,்

଴ ܽ			ℎݐ݅ݓ				 + ܾ ≠ 0

(0)ݕܿ + (ܶ)ݕ݀ = 	 ∫ ℎଶ൫(ݏ)ݔ൯݀ݏ,்
଴ ܿ			ℎݐ݅ݓ					 + ݀ ≠ 0	

ൡ 

																																																																																			… (1.2) 
for all ݐ ∈ [0, ܶ],ܽ,ܾ,ܿ	,݀ ∈ ܴ1where ܦ଴ାఈ௖ ଴ାܦ , 

ఊ௖  , 
denote the Caputo fractional derivatives, 0 < ,	ߙ ߛ ≤ 1, 
also β(߬,α) and β(߬,  are said to be special functions (ߛ
provided that (Beta function). 
 

2. PRELIMINARIES  
 

Let us introduce the space ܺ = (ݐ)ݔ|(ݐ)ݔ} ∈  {[ܶ,0]ܥ
endowed with the norm ‖ݔ‖ = ;|(ݐ)ݔ|}ݔܽ݉ ݐ ∈ [0,ܶ]} 
obviously, (x,‖. ‖) is a Banach space. Also letܻ =
(ݐ)ݕ|(ݐ)ݕ} ∈  endowed with the norm {[ܶ,0]ܥ
‖ݕ‖ = ;|(ݐ)ݕ|}ݔܽ݉ ݐ ∈ [0,ܶ]}. The product space 
((ܺ × ܻ), ,ݔ)‖  is also Banach space with the norm ‖(ݕ
‖(ݕ,ݔ)‖ = ‖ݔ‖ +   .‖ݕ‖
Now, we call some basic useful definitions and 
fundamental facts of fractional calculus 
 
Definition 2.1 [9] For a function  f given on the 
interval  [a, b],  the Caputo fractional order derivative 
of f is defined by 

ఈܦ
଴
௧ (ݐ)݂ =

1
݊)߁ − ݐ)න(ߙ − ݏ݀(ݏ)௡ିఈିଵ݂(௡)(ݏ

௧

଴

		… (2.1) 

where݊ = [ߙ] + 1 and [ߙ]denotes the integer part of α, 
and Γ(. ) denotes the Gamma function,  

i.e.,Γ(z) = ∫ eି୲ஶ
଴ t୸ିଵdt. 

Definition 2.2[9]Let f be a function which is defined 
almost everywhere (a.e) on [a, b], for  ߙ > 0, we 
define 

ఈିܦ
௔
௕ ݂ =

1
ܾ)න(ߙ)߁ − ݐ݀(ݐ)ఈିଵ݂(ݐ

௕

௔

			… (2.2) 

provided that the integral (Lebesgue) exists. 

Lemma 2.3[9]  Letα > 0. Then the differential 
equation ܦఈ

଴
௧ (ݐ)݂ = 0	has solution  

f(t) = c଴ + cଵt + cଶtଶ + ⋯+ c୬ିଵt୬ିଵ 

,c୧ ∈ R, i = 0,1,2, . . n− 1,																																				… (2.3) 

and 

		I஑D஑f(t) = f(t) + c଴ + cଵt + cଶtଶ + ⋯
+ c୬ିଵt୬ିଵ 										… (2.4) 

for some  c୧ ∈ R, i = 0,1,2, . . n − 1,  n=[α]+1. 

Lemma 2.4 [6](Leray-Schauder alternative ) Let 
F ∶ 	E → Ebe a completely continuous operator (i.e., a 
map that restricted to any bounded set in E is compact). 
Let 
 

(ܨ)ߦ = 	ݔ} ∈ ܧ	 ∶ 	ݔ	 = 0		݁݉݋ݏ	ݎ݋݂(ݔ)ܨߣ	 < ߣ < 	1} 

																																																																																					… (2.5) 
 
Then either the set ξ(F) is unbounded, or F	has at least 
one fixed point. 
 

Theorem 2.5[6]((Banach fixed point theorem) 
Let  ܧ  be a Banach space . If ܶ is a contraction 
mapping on ܧ, then ܶ has one and only one fixed point 
in ܧ. 

Suppose that the functions  ݂	,݃	 ∈ [ܶ,0])ܥ	 × Ω×
,(ܴ,ଶܦ,ଵܦ	 Ω = (0, T] × (0,1],  ଶ areܦ	݀݊ܽ	ଵܦ
compact subset of  , also ߱ , ߮ , ℎଵ and ℎଶ  are 
continuous functions on  [0,ܶ] and satisfy the 
following hypotheses: 
 

Hଵ: There exist positive constants 
݇଴	,݇ଵ	, ݇ଶ	, ݈଴	, ݈ଵ	, ݈ଶ		,ܯఉఈ	ܽ݊݀	ܯఉఊsuch that 
,(ߙ,߬)ߚ,ݐ)݂‖ −(ଵݑ,ଵݔ ,(ߙ,߬)ߚ,ݐ)݂  ‖(ଶݑ,ଶݔ
															≤ ଵݔ‖ఉఈ(݇ଵܯ − +‖ଶݔ ݇ଶ‖ݑଵ − (‖ଶݑ 	… 	(2.6) 
,߬)ߚ,ݐ)݃‖ ,(ߛ −(ଵݒ,ଵݕ  ‖(ଶݒ,ଶݕ,(ߙ,߬)ߚ,ݐ)݃
															≤ ଵݕ‖ఉఊ(݇ଵܯ − +‖ଶݕ ݇ଶ‖ݒଵ − …		(‖ଶݒ (2.7) 

whereܯఉఈ = max
ఛ∈(଴,்]

ଵ
ఉ(ఛ,ఈ) 		 , ఉఊܯ = max

ఛ∈(଴,்]

ଵ
ఉ(ఛ,ఊ)		,				 

݇଴ = max
௧∈[଴,்]

,(ߙ,߬)ߚ,ݐ)݂| 0,0)|and

݈଴ = max
௧∈[଴,்]

,߬)ߚ,ݐ)݃| ,(ߛ 0,0)|for all ∈ [0,ܶ]	, ߬ ∈

(0,ܶ], ଶݕ,ଵݕ,ଶݔ,ଵݔ ∈ ଶݒ,ଵݒ,ଶݑ,ଵݑ		݀݊ܽ		ଵܦ ∈  .ଶܦ
 
Hଶ: There exist positive constants ݌଴	,݌ଵ	,  ଵݍ	݀݊ܽ		଴ݍ
such that 
‖ℎଵ(ݕଵ)− ℎଵ(ݕଵ)‖ ≤ ଵݕ‖ଵ݌ − …						‖ଶݕ (2.8) 
‖ℎଶ(ݔଵ)− ℎଶ(ݔଶ)‖ ≤ ଵݔ‖ଵݍ − …						‖ଶݔ (2.9) 
 

଴݌ = max
௧∈[଴,்]

|ℎଵ(0)|andݍ଴ = max
௧∈[଴,்]

|ℎଶ(0)|  for all 

ݐ ∈ [0,ܶ]	, ߬ ∈ (0,ܶ], ଶݕ,ଵݕ,ଶݔ,ଵݔ ∈  .ଵܦ
 

Hଷ: The functions ݐ)ܭ, ,ݐ)ܴ and (ݏ  satisfy the  (ݏ
following conditions, there exist positive constants 
 such that ݏܴ	݀݊ܽ	ݏܭ

න ݏ݀‖(ݏ,ݐ)ܭ‖
(ݐ)߱

0
≤ 	ݏܭ

න ݏ݀‖(ݏ,ݐ)ܴ‖ ≤ ݏܴ
(ݐ)ߛ

0

for	all		s, ݐ ∈ [0,ܶ]

⎭
⎪
⎬

⎪
⎫

… (2.10) 

 

To define the solution of the boundary value problem 
(1.1) and (1.2), we need the following lemma 
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Lemma 2.6Let the functions  ݂	,݃	 ∈ [ܶ,0])ܥ	 × Ω ×
 ଶ,ܴ) be continuous functions , then the solutionܦ,ଵܦ	
of the fractional integro-differential equation (1.1) with 
boundary condition (1.2) is the follows 
 

(ݐ)ݔ =
1

ܽ + ܾන ℎଵ൫(ݏ)ݕ൯݀ݏ
்

଴
−

ܾ
ܽ + ܾ

1
 (ߙ)߁

න(ܶ − ,ݏ)ఈିଵ݂(ݏ ,(ߙ,߬)ߚ න,(ݏ)ݔ ,ݏ)ܭ (ߤ)ݔ൫(ߤ − (ߤ൯݀(ߤ)ݕ
ఠ(௦)

଴
ݏ݀

்

଴

 

+ 	
1

ݐ)න(ߙ)߁ − න,(ݏ)ݔ,(ߙ,߬)ߚ,ݏ)ఈିଵ݂(ݏ (ߤ)ݔ൫(ߤ,ݏ)ܭ
ఠ(௦)

଴

௧

଴
− …																					ݏ݀(ߤ൯݀(ߤ)ݕ (2.11) 

and 

(ݐ)ݕ =
1

ܿ + ݀ න ℎଶ൫(ݏ)ݔ൯݀ݏ
்

଴
−

݀
ܿ + ݀

1
 (ߛ)߁

න(ܶ − ,߬)ߚ,ݏ)ఊିଵ݂(ݏ න,(ݏ)ݕ,(ߛ (ߤ)ݔ൫(ߤ,ݏ)ܴ − (ߤ൯݀(ߤ)ݕ
ఝ(௦)

଴
ݏ݀

்

଴

 

+ 	
1

ݐ)න(ߛ)߁ − ,߬)ߚ,ݏ)ఊିଵ݂(ݏ න,(ݏ)ݕ,(ߛ (ߤ)ݔ൫(ߤ,ݏ)ܴ
ఝ(௦)

଴

௧

଴
− …																	ݏ݀(ߤ൯݀(ߤ)ݕ (2.12) 

 

Proof:  By Lemma  2.3, we reduce the problem (1.1) 
and (1.2) to an equivalent integral equation 
 

(t)ݔ = ఈ଴ܫ
௧ f(t) + c଴			ܽ݊݀		ݕ(t) = ఊ଴ܫ

௧ g(t) + cଵ 
																																																																									… (2.13) 

(t)ݔ =
1

ݐ)න(ߙ)߁ − ,(ߙ,߬)ߚ,ݏ)ఈିଵ݂(ݏ ,(ݏ)ݔ
௧

଴

 

න (ߤ)ݔ൫(ߤ,ݏ)ܭ − (ߤ൯݀(ߤ)ݕ
ఠ(௦)

଴
ݏ݀ + c଴ 

and 

(t)ݕ =
1

ݐ)න(ߛ)߁ − ,߬)ߚ,ݏ)ఊିଵ݂(ݏ ,(ߛ ,(ݏ)ݕ ݏ݀
௧

଴

 

න (ߤ)ݔ൫(ߤ,ݏ)ܴ − (ߤ൯݀(ߤ)ݕ
ఝ(௦)

଴
ݏ݀ + cଵ 

Applying the boundary condition (1.2), we find that   

c଴ =
1

ܽ + ܾන ℎଵ൫(ݏ)ݕ൯݀ݏ
்

଴
−

ܾ
ܽ + ܾ

1
 (ߙ)߁

න(ܶ − න,(ݏ)ݔ,(ߙ,߬)ߚ,ݏ)ఈିଵ݂(ݏ (ߤ)ݔ൫(ߤ,ݏ)ܭ
ఠ(௦)

଴

்

଴
−  ݏ݀(ߤ൯݀(ߤ)ݕ

and 

cଵ =
1

ܿ + ݀න ℎଶ൫(ݏ)ݔ൯݀ݏ
்

଴
−

݀
ܿ + ݀

1
 (ߛ)߁

න(ܶ − ,߬)ߚ,ݏ)ఊିଵ݂(ݏ න,(ݏ)ݕ,(ߛ (ߤ)ݔ൫(ߤ,ݏ)ܴ
ఝ(௦)

଴

்

଴
−  ݏ݀(ߤ൯݀(ߤ)ݕ

Substitute  c଴ and cଵ in (2.13) , we get the solutions 
(2.11) and (2.12). 
 
3. MAIN RESULTS 
 

First, we define the operator  ௙ܶ௚:ܺ × ܻ → ܺ × ܻ by 

௙ܶ௚(ݕ,ݔ)(ݐ) = ൬ ଵܶ(ݕ,ݔ)(ݐ)
ଶܶ(ݕ,ݔ)(ݐ)൰ = 

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

1
ܽ + ܾ

න ℎଵ൫(ݏ)ݕ൯݀ݏ
்

଴
−

ܾ
ܽ + ܾ

1
(ߙ)߁

න(ܶ − ,߬)ߚ,ݏ)ఈିଵ݂(ݏ න,(ݏ)ݔ,(ߙ (ߤ)ݔ൫(ߤ,ݏ)ܭ − (ߤ൯݀(ߤ)ݕ
ఠ(௦)

଴
ݏ݀

்

଴

+

1
න(ߙ)߁

ݐ) − ,(ߙ,߬)ߚ,ݏ)ఈିଵ݂(ݏ න,(ݏ)ݔ ,ݏ)ܭ (ߤ)ݔ൫(ߤ − (ߤ൯݀(ߤ)ݕ
ఠ(௦)

଴
ݏ݀

௧

଴

1
ܿ + ݀

න ℎଶ൫(ݏ)ݔ൯݀ݏ
்

଴
−

݀
ܿ + ݀

1
(ߛ)߁

න(ܶ − ,߬)ߚ,ݏ)ఊିଵ݂(ݏ න,(ݏ)ݕ,(ߛ (ߤ)ݔ൫(ߤ,ݏ)ܴ − (ߤ൯݀(ߤ)ݕ
ఝ(௦)

଴
ݏ݀

்

଴

+

1
න(ߛ)߁

ݐ) − ,ݏ)ఊିଵ݂(ݏ ,߬)ߚ ,(ߛ න,(ݏ)ݕ ,ݏ)ܴ (ߤ)ݔ൫(ߤ − (ߤ൯݀(ߤ)ݕ
ఝ(௦)

଴
ݏ݀

௧

଴ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 

																																																																																																															… (2.14) 
Theorem 3.1  Assume that the functions  ݂	,݃	 ∈
[ܶ,0])ܥ	 × Ω×  ଶ,ܴ) be continuous functions andܦ,ଵܦ	
satisfy Hଵ	, Hଶ	, Hଷ  and 
 

Hସ:Let Ω௫௬ ⊂ ܺ × ܻ be bounded, there exist positive 
constants ܮ,ܯ,ܲ and  ܳ such that 
,(ߙ,߬)ߚ,ݐ)݂‖ ,ݔ ‖(ݑ ≤  			,	ܯఉఈܯ
,(ߙ,߬)ߚ,ݐ)݂‖ ,ݕ ‖(ݖ ≤  	ܮఉఊܯ
ܽ݊݀			 
‖ℎଵ(ݕ)‖ ≤ ܲ		, ‖ℎଶ(ݔ)‖ ≤ ܳ			 
where 
௦ܯ = min	{1−ܯଵ݉ଶ +݉ଷ ఉఊ݈ଶܴ௦ܯଷܯ+ 	,		 
ଷ݉ସܯ−1																					 +݉ଵ  {	௦ܭఉఈ݇ଶܯଵܯ+
Then the boundary value problems (1.1) and (1.2) has 
at least one solution. 
 

Proof: First, we show that the operator ௙ܶ௚:ܺ × ܻ →
ܺ × ܻ is completely continuous, by continuity of the 
functions ݂	,݃	,ℎଵ,ℎଶ	,߱	ܽ݊݀	߮, then the operator ௙ܶ௚ 
is continuous. 
 

Let Ω௫௬ ⊂ ܺ × ܻ be bounded, there exist a positive 
constants ܯ and  ܮ such that 
,(ߙ,߬)ߚ,ݐ)݂‖ ,ݔ ‖(ݑ ≤  		,		ܯఉఈܯ
,(ߙ,߬)ߚ,ݐ)݂‖ ,ݕ ‖(ݖ ≤  	ܮఉఊܯ
ܽ݊݀		 
‖ℎଵ(ݕ)‖ ≤ ܲ		, ‖ℎଶ(ݔ)‖ ≤ ܳ			 
Then for any (ݔ, (ݕ ∈ Ω௫௬ , we have 



Raad N.Butris et al., International Journal of Advanced Trends in Computer Science and Engineering, 9(2), March - April 2020, 1479 – 1485 

1482 
 

‖ ଵܶ(ݔ, ‖(ݐ)(ݕ ≤
1

|ܽ + ܾ|න ฮℎଵ൫(ݏ)ݕ൯ฮ݀ݏ
்

଴

+
ܾ

|ܽ + න(ߙ)߁|ܾ
(ܶ − 1−ߙ(ݏ

ܶ

0

 

ብ݂(ݏ, න,(ݏ)ݔ,(ߙ,߬)ߚ (ߤ)ݔ൫(ߤ,ݏ)ܭ − (ߤ൯݀(ߤ)ݕ
ఠ(௦)

଴
ብ݀ݏ +

1
 (ߙ)߁

න(ݐ − ఈିଵ(ݏ ብ݂(ݏ, න,(ݏ)ݔ,(ߙ,߬)ߚ (ߤ)ݔ൫(ߤ,ݏ)ܭ
ఠ(௦)

଴

௧

଴

−  ݏብ݀(ߤ൯݀(ߤ)ݕ

So that  

‖ ଵܶ(ݕ,ݔ)(ݐ)‖ ≤
ܶܲ

|ܽ + ܾ| + ቆ
|ܾ|

|ܽ + ܾ| + 1ቇ
ܶఈܯఉఈܯ
ߙ)߁ + 1) 

																										≤
ܶܲ

|ܽ + ܾ| +  ଵܯܯఉఈܯ

 Similarly, we get 
 

‖ ଶܶ(ݕ,ݔ)(ݐ)‖ ≤
ܶܳ

|ܿ + ݀| + ቆ
|݀|

|ܿ + ݀| + 1ቇ
ܶఊܯఉఊܮ
ߛ)߁ + 1) 

																										≤
ܶܳ

|ܿ + ݀|  ଷܯܮఉఊܯ+

Thus, it follows from the above inequalities that that 
operator ௙ܶ௚is uniformly bounded. 
Next, we show that ௙ܶ௚ is equicontinuous, let 
0 ≤ ଵݐ ≤ ଶݐ ≤ ܶ, then we have 
ฮ ଵܶ൫ݔ(ݐଶ), ൯(ଶݐ)ݕ − ଵܶ൫ݔ(ݐଵ),ݕ(ݐଵ)൯ฮ ≤ 

ቯ
1

ଶݐ)න(ߙ)߁ − ,(ߙ,߬)ߚ,ݏ)݂	ఈିଵ(ݏ න,(ݏ)ݔ (ߤ,ݏ)ܭ
ఠ(௦)

଴

௧మ

଴

 

൫(ߤ)ݔ − ݏ݀(ߤ൯݀(ߤ)ݕ −
1

න(ߙ)߁
ଵݐ) − ఈିଵ(ݏ

௧భ

଴

 

න,(ݏ)ݔ,(ߙ,߬)ߚ,ݏ)݂ −(ߤ)ݔ൫(ߤ,ݏ)ܭ (ߤ൯݀(ߤ)ݕ
ఠ(௦)

଴
 ብݏ݀

	≤ 	
ܯఉఈܯ
(ߙ)߁ ቌන((ݐଶ − ఈିଵ(ݏ − ଵݐ) − ݏ݀(ఈିଵ(ݏ

௧భ

଴

+ න(ݐଶ − ݏఈିଵ݀(ݏ

௧మ

௧భ

ቍ 

	≤ 	
ܯఉఈܯ
ߙ)߁ + 1) ଶఈݐ) −  (ଵఈݐ

Also, we have  
ฮ ଶܶ൫ݔ(ݐଶ), ൯(ଶݐ)ݕ − ଶܶ൫ݔ(ݐଵ),  ൯ฮ(ଵݐ)ݕ

≤
ܮఉఊܯ
(ߛ)߁ ቌන

ଶݐ)) − ఈିଵ(ݏ − ଵݐ) − ݏ݀(ఈିଵ(ݏ

௧భ

଴

+ න(ݐଶ − ݏఈିଵ݀(ݏ

௧మ

௧భ

ቍ 

≤	
ܮఉఊܯ

ߛ)߁ + 1) ଶఈݐ) −  (ଵఈݐ

Therefore the operator ௙ܶ௚(ݕ,ݔ) is completely 
continuous, as a consequence of steps together with 
Arzela-Ascoli theorem, we find that the operator 
௙ܶ௚(ݕ,ݔ) is equicontinuous. Finally, it will be verified 

that the set 

൫ߦ ௙ܶ௚൯ = ൛(ݔ, (ݕ 	 ∈ 	ܺ × (ݕ,ݔ)|ܻ 	
= ߣ ௙ܶ௚(ݕ,ݔ)				݂ݎ݋	݁݉݋ݏ		0 < ߣ
< 	1} 

is bounded, let (ݔ, (ݕ ∈ ൫ߦ ௙ܶ௚൯ then  (ݕ,ݔ) 	=
ߣ ௙ܶ௚(ݕ,ݔ) , for any ݐ	 ∈ [0,ܶ], we have 
(ݐ)ݔ = 	ߣ ଵܶ(ݕ,ݔ)(௧)and(ݐ)ݕ = 	ߣ ଶܶ(ݕ,ݔ)(௧) , so that 
 

‖(ݐ)ݔ‖ ≤
+‖(ݐ)ݕ‖ଵ݌)ܶ (଴݌

|ܽ + ܾ| +
ܶఈ

ߙ)߁ + 1)ቆ
|ܾ|

|ܽ+ ܾ| + 1ቇ 

൫ܯఉఈ൫݇ଵ‖(ݐ)ݔ‖+ ݇ଶܭ௦(‖(ݐ)ݔ‖+ ൯(‖(ݐ)ݕ‖ + ݇଴൯ 
≤ +‖(ݐ)ݔ‖ଵ݉ଶܯ ൫݉ଵ +‖(ݐ)ݕ‖௦൯ܭఉఈ݇ଶܯଵܯ+ ଵ݇଴ܯ

+
଴݌ܶ

|ܽ + ܾ| 

and 

‖(ݐ)ݕ‖ ≤
+‖(ݐ)ݔ‖ଵݍ)ܶ (଴ݍ

|ܿ + ݀| +
ܶఊ

ߛ)߁ + 1)ቆ
|݀|

|ܿ + ݀| + 1ቇ 

൫ܯఉఊ൫݈ଵ‖(ݐ)ݕ‖ + ݈ଶܴ௦(‖(ݐ)ݔ‖+ ൯(‖(ݐ)ݕ‖ + ݈଴൯ 
	≤ ൫݉ଷ + ଷ݈଴ܯ+‖(ݐ)ݕ‖ଷ݉ସܯ+‖(ݐ)ݔ‖ఉఊ݈ଶܴ௦൯ܯଷܯ

+
଴ݍܶ

|ܿ + ݀| 

which implies  
+‖(ݐ)ݔ‖ ‖(ݐ)ݕ‖ ≤ ൫ܯଵ݉ଶ +݉ଷ

 ‖(ݐ)ݔ‖(ఉఊ݈ଶܴ௦ܯଷܯ+

+൫ܯଷ݉ସ + ݉ଵ  ଵ݇଴ܯ+‖(ݐ)ݕ‖௦൯ܭఉఈ݇ଶܯଵܯ+

ଷ݈଴ܯ	+	 +
଴݌ܶ

|ܽ + ܾ| +
଴ݍܶ

|ܿ + ݀| 

Consequently  
+‖(ݐ)ݔ‖ ‖(ݐ)ݕ‖ ≤ 
ܶ ቀ ௣బ

|௔ା௕| + ௤బ
|௖ାௗ|ቁ+ܯଵ݇଴ + ଷ݈଴ܯ	

௦ܯ
 

 

which proves that ߦ൫ ௙ܶ௚൯ is bounded, thus by lemma 
2.4, the operator ௙ܶ௚ has at least one fixed point. Hence 
the boundary value problem (1.1) and (1.2) has at least 
one solution. 
 
Theorem 3.2 Assume that the functions  ݂	,݃	 ∈
[ܶ,0])ܥ	 × Ω×  ଶ,ܴ) be continuous functions andܦ,ଵܦ	
satisfy Hଵ	, Hଶ	ܽ݊݀	Hଷ. In addition assume that  
(݉ଵ + ݉ଶܯଵ) + (݉ଷ +݉ସܯଷ) < 1	 
where 

݉ଵ =
ଵ݌ܶ

|ܽ + ܾ| ,			݉ଶ = ఉఈ(݇ଵܯ + ݇ଶܭ௦)	,݉ଷ =
ଵݍܶ

|ܿ + ݀| 			 ,

݉ସ = ఉఊ(݈ଵܯ + ݈ଶܴ௦)	,ܯଵ =
ܶఈ

ߙ)߁ + 1)ቆ
|ܾ|

|ܽ + ܾ| + 1ቇ

ଷܯ			݀݊ܽ			 =
ܶఊ

ߛ)߁ + 1)ቆ
|݀|

|ܿ + ݀| + 1ቇ
⎭
⎪⎪
⎬

⎪⎪
⎫

 

																																																																																							… (2.15) 
Then the fractional integro-differential equations (1.1) 
with boundary conditions (1.2) has a unique solution. 
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Proof. Since Hଵ	, Hଶ	ܽ݊݀	Hଷ are satisfy and we have  
 

ݎ ≥
்௣బ

|௔ା௕| ଵ݇଴ܯ+ + ்௤బ
|௖ାௗ| ଷ݈଴ܯ+

1− ଵ݉ଶܯ] + ݉ଵ ଷ݉ସܯ+ +݉ଷ] 
 

First, we show that ௙ܶ௚ܤ௥ ⊂ ௥ܤ  , where  
௥ܤ = (ݕ,ݔ)	} ∈ ܺ × ܻ: ‖(ݕ,ݔ)‖ ≤  {(ݎ

For (ݔ, (ݕ ∈  ௥ , we haveܤ

| ଵܶ(ݕ,ݔ)(ݐ)| ≤
1

|ܽ + ܾ|න หℎଵ൫(ݏ)ݕ൯ห݀ݏ
்

଴
+

ܾ
|ܽ +  (ߙ)߁|ܾ

න(ܶ − ఈିଵ(ݏ ቤ݂((ݏ)ݔ,(ߙ,߬)ߚ,ݏ,න (ߤ)ݔ൫(ߤ,ݏ)ܭ
ఠ(௦)

଴

்

଴

− ቤ(ߤ൯݀(ߤ)ݕ  ݏ݀

+
1

ݐ)න(ߙ)߁ − ఈିଵ(ݏ ቤ݂((ݏ)ݔ,(ߙ,߬)ߚ,ݏ,න (ߤ)ݔ൫(ߤ,ݏ)ܭ
ఠ(௦)

଴

௧

଴

− ቤ(ߤ൯݀(ߤ)ݕ  ݏ݀

	≤
1

|ܽ + ܾ|න หℎଵ൫(ݏ)ݕ൯ห݀ݏ
்

଴
+

ܾ
|ܽ + ܶ)න(ߙ)߁|ܾ − ఈିଵ(ݏ

்

଴

 

ቤ݂((ݏ)ݔ,(ߙ,߬)ߚ,ݏ,න −(ߤ)ݔ൫(ߤ,ݏ)ܭ (ߤ൯݀(ߤ)ݕ
ఠ(௦)

଴
− ,(ߙ,߬)ߚ,ݏ)݂ 0,0)

+ ,(ߙ,߬)ߚ,ݏ)݂ 0,0)ቤ݀ݏ +
1

 (ߙ)߁

න(ݐ − ఈିଵ(ݏ ቤ݂((ݏ)ݔ,(ߙ,߬)ߚ,ݏ,න (ߤ)ݔ൫(ߤ,ݏ)ܭ
ఠ(௦)

଴

௧

଴
− (ߤ൯݀(ߤ)ݕ − ,(ߙ,߬)ߚ,ݏ)݂ 0,0)

+ ,(ߙ,߬)ߚ,ݏ)݂ 0,0)ቤ  ݏ݀

So that  

| ଵܶ(ݕ,ݔ)(ݐ)| ≤
ܶ

|ܽ + ܾ| +‖(ݐ)ݕ‖ଵ݌)  (଴݌

+
|ܾ|ܶఈ

|ܽ + ߙ)߁|ܾ + 1) × 

൫ܯఉఈ൫݇ଵ‖(ݐ)ݔ‖+ ݇ଶܭ௦(‖(ݐ)ݔ‖+ +൯(‖(ݐ)ݕ‖ ݇଴൯ 

+ 	
ܶఈ

ߙ)߁ + 1) × 

൫ܯఉఈ൫݇ଵ‖(ݐ)ݔ‖+ ݇ଶܭ௦(‖(ݐ)ݔ‖+ +൯(‖(ݐ)ݕ‖ ݇଴൯ 
 From (2.15), we can get  
 

| ଵܶ(ݕ,ݔ)(ݐ)| ≤ ൬
ଵ݌ܶ

|ܽ+ ܾ| ݎ +
଴݌ܶ

|ܽ + ܾ|൰ 

					+
ܶఈ

ߙ)߁ + 1)ቆ
|ܾ|

|ܽ+ ܾ| + 1ቇ ൫ܯఉఈ(݇ଵ + ݇ଶܭ௦)ݎ+ ݇଴൯ 

			≤ ൬݉ଵݎ+
଴݌ܶ

|ܽ + ܾ|൰ +ݎଵ(݉ଶܯ+ ݇଴) 

In the same way, we can obtain that 

| ଶܶ(ݕ,ݔ)(ݐ)| ≤ ൬
ଵݍܶ

|ܽ+ ܾ| ݎ +
଴ݍܶ

|ܿ + ݀|൰ 

+
ܶఊ

ߛ)߁ + 1)ቆ
|݀|

|ܿ + ݀| + 1ቇ൫ܯఉఊ(݈ଵ + ݈ଶܴ௦)ݎ+ ݈଴൯ 

	≤ ൬݉ଷݎ+
଴ݍܶ

|ܿ + ݀|൰ +ݎଷ(݉ସܯ+ ݈଴) 

Consequently, 

ห ௙ܶ௚(ݔ, ห(ݐ)(ݕ ≤ ൬݉ଵݎ +
଴݌ܶ

|ܽ + ܾ|൰ ݎଵ(݉ଶܯ+ + ݇଴) 

																						+ ൬݉ଷݎ +
଴ݍܶ

|ܿ + ݀|൰ ݎଷ(݉ସܯ+ + ݈଴) ≤  ݎ

Now, from  (ݔଵ,ݕଵ), (ଶݕ,ଶݔ) ∈ ܺ × ܻ and for any 
t∈ [0,ܶ] , we have 
ฮ ଵܶ(ݔଶ,ݕଶ)(௧) − ଵܶ(ݔଵ,ݕଵ)(௧)ฮ ≤ 

1
|ܽ + ܾ|න หℎଵ൫ݕଶ(ݏ)൯ − ℎଵ൫ݕଵ(ݏ)൯ห݀ݏ

்

଴
+ 

ܾ
|ܽ + ܶ)න(ߙ)߁|ܾ − ఈିଵ(ݏ ቤ݂(ݔ,(ߙ,߬)ߚ,ݏଶ(ݏ),න (ߤ,ݏ)ܭ

ఠ(௦)

଴

்

଴

 

൫ݔଶ(ߤ)− (ߤ൯݀(ߤ)ଶݕ − 

න,(ݏ)ଵݔ,(ߙ,߬)ߚ,ݏ)݂ −(ߤ)ଵݔ൫(ߤ,ݏ)ܭ (ߤ൯݀(ߤ)ଵݕ
ఠ(௦)

଴
ቤ ݏ݀ +	 

1
ܶ)න(ߙ)߁ − ,(ݏ)ଶݔ,(ߙ,߬)ߚ,ݏ)݂|ఈିଵ(ݏ

்

଴

 

න −(ߤ)ଶݔ൫(ߤ,ݏ)ܭ (ߤ൯݀(ߤ)ଶݕ
ఠ(௦)

଴
− 

න,(ݏ)ଵݔ,(ߙ,߬)ߚ,ݏ)݂ −(ߤ)ଵݔ൫(ߤ,ݏ)ܭ (ߤ൯݀(ߤ)ଵݕ
ఠ(௦)

଴
ቤ  ݏ݀

	≤
ଵ݌ܶ

|ܽ + −(ݐ)ଶݕ‖|ܾ +‖(ݐ)ଵݕ 	
|ܾ|

|ܽ + ܾ|
ఉఈܶఈܯ

ߙ)߁ + 1) 

(݇ଵ‖ݔଶ(ݐ)− +‖(ݐ)ଵݔ ݇ଶܭ௦(‖ݔଶ(ݐ)−  +‖(ݐ)ଵݔ

−(ݐ)ଶݕ‖ (‖(ݐ)ଵݕ + 		
ఉఈܶఈܯ

ߙ)߁ + 1) (݇ଵ‖ݔଶ(ݐ)−  	+‖(ݐ)ଵݔ

݇ଶܭ௦(‖ݔଶ(ݐ)− +‖(ݐ)ଵݔ −(ݐ)ଶݕ‖  ((‖(ݐ)ଵݕ
 

		≤
ଵ݌ܶ

|ܽ + ܾ| −(ݐ)ଶݕ‖ ‖(ݐ)ଵݕ

+ 		
ఉఈܶఈܯ

ߙ)߁ + 1)ቆ
|ܾ|

|ܽ + ܾ| + 1ቇ 

		((݇ଵ + ݇ଶܭ௦)‖ݔଶ(ݐ)−  +‖(ݐ)ଵݔ
݇ଶܭ௦‖ݕଶ(ݐ)−  ‖(ݐ)ଵݕ
 

From (2.15), we find that  
 

ฮ ଵܶ(ݔଶ,ݕଶ)(௧) − ଵܶ(ݔଵ,ݕଵ)(௧)ฮ ≤ −(ݐ)ଶݔ‖ଵ݉ଶܯ  ‖(ݐ)ଵݔ
												+(݉ଵ −(ݐ)ଶݕ‖(௦ܭଵ݇ଶܯ+ …				‖(ݐ)ଵݕ (2.16) 
 

Similarly, we get 
 

ฮ ଶܶ(ݔଶ,ݕଶ)(௧) − ଶܶ(ݔଵ,ݕଵ)(௧)ฮ	≤ (
ଵݍܶ

|ܿ + ݀| +
ఉఊܶఊܯ

ߛ)߁ + 1) 

ቆ
|݀|

|ܿ + ݀| + 1ቇ ݈ଶܴ௦)‖ݔଶ(ݐ)−  +‖(ݐ)ଵݔ
 

ఉఊܶఊܯ

ߛ)߁ + 1)ቆ
|݀|

|ܿ + ݀| + 1ቇ (݈ଵ + ݈ଶܴ௦)‖ݕଶ(ݐ)−  ‖(ݐ)ଵݕ
 

						≤ (݉ଷ −(ݐ)ଶݔ‖(ଷ݈ଶܴ௦ܯ+  +‖(ݐ)ଵݔ
 

−(ݐ)ଶݕ‖ଷ݉ସܯ …																																								‖(ݐ)ଵݕ (2.17) 
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It follows from (2.16) and (2.17) that 
ฮ ௙ܶ௚(ݔଶ,ݕଶ)(ݐ)− ௙ܶ௚(ݔଵ,ݕଵ)(ݐ)ฮ 	≤ 
[݉ଵ + ௦ܭଵ(݇ଶܯ +݉ଶ) + ݉ଷ ଷ(݈ଶܴ௦ܯ+ + ݉ସ)] × 
−(ݐ)ଶݔ‖ +‖(ݐ)ଵݔ −(ݐ)ଶݕ‖ …			(‖(ݐ)ଵݕ (2.18) 
 

Since  
݉ଵ ௦ܭଵ(݇ଶܯ+ + ݉ଶ) +݉ଷ ଷ(݈ଶܴ௦ܯ+ +݉ସ) < 1 

 

Therefore,  ௙ܶ௚ is contraction operator, so by Banach 
fixed point, which is the unique solution of the 
boundary value problems (1.1) and (1.2). This 
completes the proof. 
 
4. EXAMPLE 
 

Consider the following system of fractional integro-
differential equation 
 

଴ା଴.ହ௖ܦ (ݐ)ݔ =
1

(ߙ,߬)ߚ100 (݁௧ + sin൫(ݐ)ݔ൯ ,

+න ݐ) + −(ݏ)ݔଵ/ଶ൫(ݏ ݏ൯݀(ݏ)ݕ
௧

଴
ݐ							( ∈ [0,2],

଴ା଴.ହ௖ܦ (ݐ)ݔ =
1

,߬)ߚ2 (ߛ (
2

15 +
|(ݐ)ݕ|

9݁௧(1 + 				,(|(ݐ)ݕ|

+
1

50න
ݐ) + −(ݏ)ݔଵ/ଷ൫(ݏ ݏ൯݀(ݏ)ݕ

௧మ

଴
ݐ			( ∈ [0,2]

⎭
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

	… (4.1) 

 

with non-separated integral coupled boundary 
condition 

(0)ݔ20 + (2)ݔ = 	න
1

5(1 + ,ݏ݀(|(ݏ)ݕ|
ଶ

଴

(0)ݕ30 + (2)ݕ = 	න
1

(10 + ,ݏ݀(|(ݏ)ݔ|
ଶ

଴ ⎭
⎪
⎬

⎪
⎫
				… (4.2) 

where 

(ߙ,߬)ߚ = (ߛ,߬)ߚ = න
ఛିଵݏ

(1 + ఛା଴.ହ(ݏ 	ݏ݀
ஶ

଴
 

means	thatܯఉఈ = max
ఛ∈(଴,ଶ]

1
(ߙ,߬)ߚ 	= 0.75 =  ఉఊܯ

 
Here  		ܶ = 2	, ߙ = ߛ = 0.5	,ܽ = 20	, ܿ = 30	, ܾ =
݀ = 1	, (ݐ)߱ = (ݐ)߮,		ݐ =  	,	ଶݐ
 

,ݐ)ܭ (ݏ = ݐ) + (ݏ
భ
మ	,			ܴ(ݐ, (ݏ = ݐ) + (ݏ

భ
య	,		 

ℎଵ൫(ݐ)ݕ൯ =
1

5(1 + 		(|(ݐ)ݕ| ,ℎଶ൫(ݐ)ݔ൯ =
1

(10 +  (|(ݏ)ݔ|
 

we obtain that ܭ௦ = 5.3333	, ܴ௦ = 12	,		 
݇ଵ = ݇ଶ = 0.01	, ݈ଵ = 0.0556	, ݈ଶ = 0.01,			 
݇଴ = 0.0554	, ݈଴ = ଴݌			,	0.05 = ଵ݌ = 0.2	,	 
଴ݍ = ଵݍ			,	0.1 = 0.01	,݉ଵ = 0.019		,	 
݉ଶ = 0.0475	,			݉ଷ = 0.00065		݉ସ = 0.1317		,			 
 

ଵܯ = ଷܯ			,		1.6718 = 1.6472	 
 

Therefore                   

݉ଵ ௦ܭଵ(݇ଶܯ+ +݉ଶ) + ݉ଷ ଷ(݈ଶܴ௦ܯ+ + ݉ସ)
= 0.6028 < 1 

 

By Theorem 3.2, the coupled boundary value problem 
(4.1) and (4.2) has at least one solution. 
 
5. CONCLUSION 
 

In this paper, we have investigated the existence results 
for a system of nonlinear fractional integro-differential 
equations with coupled non-separated integral 
boundary conditions (1.1.) and (1.2) by using the 
Leray–Schauder fixed point theorem and uniqueness 
results for that system by using the Banach contraction 
principle and. Finally, we give example to demonstrate 
our results. 
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