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 
ABSTRACT 
 
The sound generated by the flow past two square cylinder 
in tandem arrangements was investigated by direct 
solution of two dimensiona1, unsteady, compressible 
Navier-Stokes equation. The main objective of the 
investigation is to study the effect of the spacing between 
two square cylinders on the generation and propagation 
mechanism of the sound. Since the sound pressure is very 
small compared to normal pressure and other parameters, 
high order computational scheme was use to captured the 
pressure fluctuations. Besides that, filtering is em-ployed 
to eliminate the high frequency part caused by 
nonlinearity of the governing equations. 4th order 
Runge-Kutta method was employed for time marching 
and for the boundary condition, adiabatic and non-slip 
conditions are imposed on the surface of the square 
cylinders. Present results for near-field flow features are in 
good agreement with the experimental results by previous 
researchers though the Reynolds number ranges examined 
are different. From the results, it shows that tandem 
arrangement of two cylinders with a small spacing may be 
useful for a passive control to reduce the generated sound 
since the larger spacing (L/D > 4), the shear layer 
separated from the upstream cylinder rolls up and forms 
vortices in front of the downstream cylinder. The results 
also showed that body-vortex interaction enhances the 
amplitude of the generated sound significantly. 
 
Key words : Body-Vortex Interaction, Sound 
propagation, Tandem cylinders. 
 
1. INTRODUCTION 
 
Many numerical and experimental studies have been 
carried out to understand the characteristics of the flow 
around a bluff body. Rectangular cylinder is one of the 
typical examples of the bluff body, and a number of 
studies on the flow around rectangular cylinders have 

 
 

been done both experimentally (Okajimaj [1], Knisely 
[2], Norberg [3], Lyu et al. [4]) and computationally 
(Davis and Moore [5], Franke et al. [6], Manshoor [7], 
Kelkar and Patankar [8]).  
Flow past two square cylinders in a tandem 
arrangement is one of the simplified cases of the flow 
past an array of cylinders, and has important 
engineering applications, including heat exchangers, 
electronic devices and so on [9]. It is well known that 
the flow pattern around two cylinders in a tandem 
arrangement depends strongly on the pacing between 
the centers of the cylinders. Sakamoto et al. [10] 
experimentally investigated forces acting on two 
square cylinders in a tandem arrangement in a uniform 
flow. The Reynolds numbers examined were 2.76x104 
and 5.52x104. They observed due to different flow 
patterns below and above a critical spacing between 
the centers of the cylinders. The critical value was L/D 
= 4 where L is the spacing between the centers of the 
two cylinders and D is the cylinder diameter. L/D = 4, 
two different values of the mean drag coefficient Cd 
and the Strouhal number, St were observed due to the 
existence of the two flow patterns. Similar results were 
also obtained in the experiment of Luo and Teng [11] 
where the Reynolds number was 5.67x104. Liu and 
Chen [12] experimentally studied the flow 
characteristics around two square cylinders in a tandem 
arrangement. The spacing L/D ranged from 1.5 to 9 
and the Reynolds number ranged from 2.0x103 and 
1.6x104. They showed that hysteresis with two 
discontinuous jumps was present for all Reynolds 
numbers studied when the spacing was varied in two 
different ways, one being progressive increase and 
other a progressive decrease.  
 
The hysteresis was associated with the existence of two 
different flow patterns. In one flow pattern which 
appeared when the spacing was small, the roll-up of the 
shear layer separated from the upstream cylinder is 
suppressed called Mode I. In the other flow pattern 
which appeared with increased spacing beyond a 
critical value, the shear layer separated from the 
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upstream cylinder rolled to periodically form vortices 
and the rolled-up vortices interact with the downstream 
cylinder, named Mode II. The discontinuous jump were 
attributed to a sudden change of the flow pattern 
between the two types of flow. Liu and Chen [12] also 
observed two Cd values at each L/D in the hysteresis 
regime for both upstream and downstream cylinders 
which were associated with the existence of the two 
different flow patterns. Two values at each L/D in the 
hysteresis regime were also observed for St.  
 
Research of the sound generated by the flow around a 
bluff body (so called aeolian tone) has a long history of 
more than hundred years. A brief reviews on the 
aeolian tone for the case of a circular cylinder has been 
given by Inoue and Hatakeyama [13], and that for the 
case of a square cylinder have been given by Imamura 
et al. [14]. In engineering applications, the sound 
generated by two or more square cylinders in a tandem 
arrangement is important; typical examples  
are electronic devices, heat exchangers and low-rise 
building roofs.  
 
The objective in this research is to study the generation 
and propagation mechanism of the sound generated by 
the flow past two square cylinders in a tandem 
arrangement. This study also aims to increase our 
understanding of the basic nature of the sound 
generated from bluff bodies. Special attention is paid 
to the effect of the spacing between the two cylinders 
on the generation mechanism of the sound. The sound 
generation by a single square cylinder is included in 
this study as a special case where the spacing vanishes. 
 
2. FLOW MODEL AND PARAMETERS 
 
A schematic diagram of the flow model is presented in 
Figure 1. An upstream cylinder is fixed at the origin. 
The coordinates parallel and normal to the free stream 
are denoted by x and y, respectively. The origin of the 
polar coordinates (r,θ) which is used for discussion of 
far-field acoustic quantities, is placed at the midpoint 
of the two cylinders. The symbol L denotes the spacing 
between the centers of the two cylinders. The lengths 
are made dimensionless by the cylinder diameter D and 
the velocity is scaled by the speed of sound, c. The time 
and density are made dimensionless by D/c and the 
ambient density, ρ respectively. The normalized 
spacing L/D is prescribed to be in the range of 
0<L/D<7. The Mach number of a uniform flow is 
defined by Ma = U/c where U denotes the velocity of 
the uniform flow. The Reynolds number is defined as 
Re = UD/ν where ν is the kinematic viscosity. In this 
study, the Reynolds number is fixed to be 150, and the 
Mach number is 0.2.  
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Figure 1: Schematic diagram of the flow. 

 
 

3. NUMERICAL PROCEDURE 

3.1. Governing equations 
Governing equations are the two-dimensional, 
unsteady, compressible, Navier-Stokes equations. 
Ideal gas is adopted. The continuity equation is, 
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The energy equation is, 
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4. COMPUTATIONAL SCHEME 

a. Spatial derivatives 

The 8th-order Padé type compact scheme is applied for the 
spatial derivatives [15]. The reason why such a high order 
scheme is applied in this study is that the sound pressure 
is very small compared to normal pressure and other 
parameters. To capture the small value of the pressure 
fluctuation, a high-order scheme is necessary. For 
simplicity, consider a uniformly spaced mesh where the 
nodes are indexed by i. The independent variable values 
at the nodes is xi = h(i-1) for 1 < i <N and the function 
values at the nodes fi = f(xi) are given. The finite difference 
approximation f’i to the first derivative (df/dx)(xi) at the 
node i depends on the function values at nodes near i. The 
procedure of the scheme is shown here. When the grid 
width is fixed at h, pentadiagonal scheme is expressed as, 
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The procedure for the second derivatives is same as that 
for the first derivatives. The pentadiagonal Padé compact 
scheme for the second derivative f’’i is expressed as, 
 

ߦ ′݂′௜ିଶ + ߟ ′݂′௜ିଵ + ݂′′௜ + ݂′′௜ାଵ + ′݂′௜ାଶ 
           = ܽ ௙ᇱ೔శభି௙ᇱ೔షభ

௛మ
+ ܾ ௙ᇱ೔శమି௙ᇱ೔షమ

(ଶ௛)మ  

           +ܿ ௙ᇱ೔శయି௙ᇱ೔షయ(ଷ௛)మ     (6) 

b. Filtering and Time Marching 

Filtering is employed to eliminate the high-frequency part 
caused by nonlinearity of the governing equation, i.e. 
Navier-Stokes. The 4th-order tridiagonal Padé filter is used 
for filtering. The filtered function fi is written as, 
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Since the calculation for the time-marching in this 
research also requires a high accuracy, the 4th-order 
Runge-Kutta method is employed for the calculation.  

c. Boundary condition 

Adiabatic and non-slip conditions are imposed on the 
surface of the body. 
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where n is a unit normal vector perpendicular to the 
surface of a cylinder. Navier-Stokes Characteristic 
Boundary Conditions is applied for the near field, 
which is a non-reflecting condition and removes 
numerical reflection. Only waves moving from the 
boundary to the outside are concerned and waves from 
outside to the region of the calculation are excluded. 
The two-dimensional Navier-Stokes equations (1)-(4) 
are modified.  
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5. GENERATION OF GRID SYSTEM 
 
The grid is a non-uniform rectangular grid. The 
computational domain is divided into three regions of 
different grid spacings, as in Figure 2. 
 

- Flow region [0 < x < xmin], [0 < y < ymin] 
- Vortex region [xmin < x < xmid], [ymin < y < ymid] 
- Buffer region [xmid < x < xbuffer], [ymid < y < ybuffer]  

 
The spacing in the surface region is prescribed to be 
fine enough to analyze the boundary layer on the 
cylinder surfaces. The vortex region is set outside the 
flow region to capture sound waves propagating to the 
far field. In addition, the buffer region is set for the 
suppression of the wave reflection. The areas between 
the different grid widths regions are connected by a 
hyperbolic tangent function to let the grid width 
become wider smoothly, as shown in Figure 3. The 
growth rate of the grid width between the flow region 
and vortex region is within 4%, and that of the grid 
between the vortex region and the buffer region is 
within 9%.  
 

y

x

Buffer region

Vortex region

Flow region

Square 
cylinders

xmin xmid xbuffer

ymin

ymid

ybuffer

 
Figure 2: Computational domain. 
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Figure 3: Distribution of grid spacing in flow and vortex 

region. 
 

6. RESULTS AND DISCUSSION 

a. Force acting on the cylinders 

Figure 4 shows typical examples of time-histories of 
the drag and lift force acting on the two cylinders for 
the single case which is L/D = 0 and Mode I which is 
L/D = 3. The essential features of the forces acting on 
the upstream and downstream square cylinders are the 
same as those for a single square cylinder. The 
amplitude of the lift coefficient, Cl is larger than that of 
the drag coefficient, Cd and the frequency of Cd is twice 
as high as that of Cl. It should be noted that the 
amplitudes of the fluctuations of both Cd and Cl are 
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larger on the downstream cylinder than on the upstream 
cylinder in the cases of the two cylinders. In the case of 
Mode I, the amplitudes of the lift and drag of both the 
upstream and downstream cylinders are much smaller 
than those of single cylinder case, because no vortex 
shedding occurs from the upstream cylinder and no 
interaction of shed vortices with the downstream 
cylinder occurs. 
 

20202000
-0.4

-0.2

0.6

0.8

1.0

1.2

1.4

1.6
L/D=0 (Single cylinder)

t

0.4

0.2

0.0

2040 2060 2080 2100 29202900
-0.4

-0.2

0.6

0.8

1.0

1.2

1.4
L/D=3 (Mode I)

t

0.4

0.2

0.0

2940 2960 2980 3000

Cd

Cd

Cl

Cd

Cl

 
Figure 4: Time histories of the lift Cl and drag Cd 

coefficient for single cylinder and Mode I flow. (— 
upstream, ---- downstream) 

 
As shown in Figure 5 for the case of Mode II, which are 
L/D = 3.5 and 5, amplitudes of the lift and drag of both 
the upstream and downstream cylinders are much 
larger than those of the single cylinder case. It is well 
known that the fluctuations of the forces are deeply 
related to the sound generation [13], [16]. The results 
shown in Figure 5 suggest that the sound generated by 
the two cylinders may be much smaller than that 
generated by the single cylinder in Mode I and that the 
sound generated by the two cylinders in Mode II may be 
much larger than that generated by the singled cylinder. 
The results shown in Figure 5 for both cases suggest 
that the sound generated by the downstream cylinder 
may be larger than that generated by the upstream 
cylinder. 
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The mean drag coefficient, Cd and the Strouhal number, 
St for the case of Ma = 0.2 and Re = 150 are presented in 
Figure 6 against the spacing L/D. For the mean drag 
coefficient, it shows that Cd has two values at L/D = 3.5 
and 4 for both the upstream and downstream cylinders 
which corresponds to the appearance of either of the 

two flow patterns, Mode I and Mode II, depending on 
the initial conditions. It may be also interesting to see in 
the figure that Cd of the downstream cylinder shows 
negative values for Mode I, in agreement with the 
experimental observations of Sakamoto et al. [9], Luo 
and Teng [11] and Liu and Chen [12]. The Strouhal 
number, St was obtained from the fluctuation of the lift 
coefficient Cl which is the same for the upstream and 
downstream cylinders, as we can see from Figures 5, in 
agreement with the experimental observation of 
Sakamoto et al. [10]. In Figure 6 for the Strouhal 
number, it shows that the St also has two values at L/D = 
3.5 and 4, respectively. The present computational 
results shown in Figure 6 are in agreement with the 
experimental observations of Liu and Chen [12], 
Sakamoto et al. [10] and Luo and Teng [11], though Re 
= 150 this study is much smaller than those in the 
experiments.  
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 Figure 6: Effect of the spacing L/D on the drag 
coefficient, Cd and Strouhal number, St. 

 
As already noted before, the generation of aeolian tone 
is related to the fluctuations of forces acting on a 
cylinder. Presented in Figure 7 is the variation with L/D 
of the amplitudes of the fluctuations of the lift and drag 
coefficients, Cl,amp and Cd,amp, for the case of Ma = 0.2 
and Re = 150. Figure 7 shows that both Cl,amp and Cd,amp 
in Mode I on both the upstream and downstream 
cylinders are much smaller than those on the single 
cylinder, and that those in Mode II are much larger than 
those on the single cylinder. Figure 7 also shows that 
both Cl,amp and Cd,amp in Mode II are much larger on the 
downstream cylinder than on the upstream cylinder, 
irrespective of the spacing L/D > 3.5, and that both 
Cl,amp and Cd,amp have two values at L/ D = 3.5 and 4, 
respectively. These results suggest that the generation 
mechanism of the aeolian tone may be different for the 
two modes and that the magnitude of the aeolian tone 
may be larger in Mode II than in Mode 1. In the following, 
we try to clarify the difference of the generation 
mechanism of the sound between the two modes.  

Figure. 5: Time histories of the lift Cl and drag Cd coefficient 
for L/D = 3.5 and 5. (— upstream, ---- downstream) 
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Figure 7: Effect of the spacing L/D on fluctuations of 

the lift and drag coefficient. 

b. Pressure fluctuations around the upstream 
cylinders 

The fluctuation pressure Δp on the cylinder surfaces for 
the case of Mode II is defined by Δp = p - p∞, which is 
the time-averaged pressure. The symbol p∞ denotes the 
ambient pressure. The fluctuation pressure Δp was 
measured at each three locations on the upstream and 
downstream cylinders; (1) the midpoints on the upper 
surfaces, A and A', (2) the midpoints on the lower 
surfaces, B and B’, and (3) the midpoints on the 
upstream surfaces C and C’, as in Figure 8. 
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Figure 8: Typical observation points on the cylinders 

surface. 

Time histories of the fluctuation pressure Δp on the 
upstream cylinder surfaces for the case of Mode II with 
L/D = 3.5 and L/D = 5 are presented in Figure 9. From 
the figure, we can see that the pressure fluctuations on 
the upper and lower surfaces are 180o phase difference, 
showing a dipolar nature of Δp. The amplitudes of Δp 
on the upper and lower surfaces, A and B are larger than 
those on the upstream surfaces, C, indicating that the 
lift dipole dominates the pressure fluctuation. These 
results are in agreement with the fluctuations of Cd and 
Cl shown in Figure 5.  
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Figure 9: Time histories of the pressure fluctuations, Δp 
at the surface of the upstream cylinders for Mode II. (L/D 

= 3.5 and 5) 
 
Now, let us consider the relation between the lift forces 
acting on the cylinders and pressure fluctuations near 
the cylinders. In Figure 5, Cl on the upstream cylinder 
takes one of its positive peaks at t ≃ 2030, showing that 
an upward lift force is acting on the cylinder. In other 
words, around this instant, Δp is negative on the upper 
side of the cylinder whereas it is positive on the lower 
side. In fact, Figure 9 for L/D = 3.5, it shows that 
around this instant measured at the location A on the 
upper side is negative and that measured at B on the 
lower side is positive. The figure also shows that the 
profiles of Δp measured on the upper and lower surfaces 
on the upstream cylinders are deformed from the 
sinusoidal form which is observed for a single 
cylinder/square cylinder [13]. 
For the two cylinders case, body-vortex interaction may 
affect the pressure fluctuation around the upstream 
cylinder. The deformed profiles of Δp in Figure 9 are 
attributed to the effect of body-vortex interaction. As an 
evidence, time histories of Δp on the cylinder surfaces for 
a larger spacing of L/D = 5 are presented in the Figure 9 
for comparison. By comparing the both results, we can see 
that the profiles of Δp on the upstream cylinder are more 
sinusoidal for L/D = 5 than those for L/D = 3.5. This is 
because the effect of body-vortex interaction on Δp on the 
upstream cylinder decreases with increasing L/D. From 
both results also we may say that the pressure fluctuation 
around the upstream cylinder in Mode II is generated 
mainly by the vortex shedding from the upstream cylinder, 
and that the effect of body-vortex interaction on it is 
minor. As shown Figure 7, the amplitude of the lift of the 
upstream cylinder decreases with increasing spacing L/D 
between the two cylinders, because the effect of 
body-vortex interaction decreases with increasing L/D.   
 
Body-vortex interaction affects also the surface pressure 
fluctuations on the upstream cylinder, as shown in Figure 
10 for L/D = 3.5 and 5. The effect of body-vortex 
interaction first appears in a flow near the downstream 
surface of the upstream cylinder. Taking these points 
into consideration, Δp was measured at the following 
eight locations; (1) at the upstream two corners of the 
upstream cylinder, D and E; (2) at the downstream two 
corners of the upstream cylinder, F and G; as in Figure 
8.  
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From the figure, it shows that the profiles of Δp 
measured at the downstream corners (F and G) of the 
upstream cylinder are more deformed, due to the effect 
of body-vortex interaction than those at both the 
upstream corners (D and E). Again the profiles 
measured at the downstream corners of the upstream 
cylinder for L/D = 5, shown in Figure 10 are more 
sinusoidal than those for L/D = 3.5, due to the smaller 
effect of body-vortex interaction on the upstream 
cylinder for L/D = 5. 
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Figure 10: Time histories of the pressure fluctuations, Δp 
at the corner of the upstream cylinders for Mode II. (L/D = 

3.5 and 5) 

c. Pressure fluctuations around the downstream 
cylinders 

On the downstream cylinder, Cl in Figure 5 (L/D = 3.5) 
takes one of its positive peaks at t ≃ 2025 (and ≃ 2070) 
and a negative peak at t ≃ 2045 (and ≃ 2095). In 
agreement with the negative peak in Figure 5 (L/D = 
3.5), Figure 11 shows that Δp measured at the location 
A' on the upper side is positive and that measured at B' 
on the lower side is negative at t ≃ 2045, which is vice 
versa for the positive peak of Cl at t ≃ 2025 (and ≃ 
2070). 
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Figure 11: Time histories of the pressure fluctuations, Δp 
at the surface of the downstream cylinders for Mode II. 

(Re = 150, L/D = 3.5) 
 
Again, it can see that the effect of body-vortex 
interaction first appears in a flow near the downstream 
surface of the upstream cylinder. The points that was 

taking for consideration to measure Δp are at the 
following eight locations; (1) at the upstream two 
corners of the upstream cylinder, D’ and E’; (2) at the 
downstream two corners of the upstream cylinder, F’ 
and G’; as in Figure 8. In the Figure 11, it shows that the 
profiles of Δp measured at the downstream corners (F' 
and G') of the downstream cylinder are double-peaked 
whereas those measured at the upstream corners (D' and 
E') are single-peaked. The double-peaked profiles at F' 
and G' show that the pressure fluctuations near the 
downstream corners are generated by both body-vortex 
interaction and the vortex shedding. 
 
On the other hand, the single peaked profiles at D' and 
E' show that the pressure fluctuations near the upstream 
corners are generated mainly by body-vortex interaction 
and that the effect of the vortex shedding is not large 
enough to deform the profiles at the upstream corners. 
Similar double-peaked profiles at the downstream 
corners and single-peaked profiles at the upstream 
corners of the downstream cylinder are also observed 
for L/D = 5, as shown in Figure 12. Both cases of Mode 
I and II in the figure also show that the magnitudes of 
Δp at the upstream corners are larger than those at the 
downstream corners. These results show that 
body-vortex interaction has a larger effect than the 
vortex shedding on the generation of the pressure 
fluctuation around the downstream cylinder.   
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Figure 12: Time histories of the pressure fluctuations, Δp 
at the corner of the cylinders for Mode II. (Re = 150, L/D 

= 5) 
 
As already noticed before in Figure 5 for L/D = 3.5, Cl 
on the downstream cylinder takes one of its positive 
peaks at t ≃ 2025 (and ≃ 2070) and a negative peak at t 
≃ 2045 (and ≃ 2095). Figure 12 shows that Δp 
measured at G’ takes its negative peak at t ≃ 2030 
whereas Δp at E' takes its negative peak at t ≃ 2050 
which is much closer to the time of the negative peak of 
Cl at t ≃ 2045. The negative peak of Δp at G' is 
generated by the vortex shedding from the lower side of 
the downstream cylinder whereas that at E' is generated 
by body-vortex interaction. Therefore, the result shown 
in Figure 12 indicates that the effect of body-vortex 
interaction on the negative peak of Cl is larger than the 
effect of the vortex shedding. Similarly, it can be seen 
that the positive peak of Cl at ≃ 2025 (and ≃ 2070) is 
also affected mainly by body-vortex interaction.  
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The lift coefficient Cl is obtained by integrating Δp over 
the upper and lower cylinder surfaces. Figure 13 shows 
R.M.S distributions of Δp on the upper and lower 
surfaces of both the upstream and downstream 
cylinder's surfaces. From Figure 13, it shows that the 
magnitude of Δp fluctuation on the downstream 
cylinder is much larger than that on the upstream 
cylinder on the upstream part of the cylinder D (E) and 
D’ (E’) in Figure 8, and that Δp on the downstream 
cylinder decrease monotonically with increasing 
distance x from D' (E') to F' (G'). This results show that 
the lift force fluctuation on the downstream cylinder is 
generated more on the upstream part than on the 
downstream part, indicating that the lift force 
fluctuation is produced mainly by body-vortex 
interaction. Similar results are also obtained in the other 
cases of L/D in Mode II. 
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Figure 13: The distributions of R.M.S of the pressure 

fluctuations on the cylinders (Re = 150, L/D = 3.5) 
 

All the results shown in this section show that 
body-vortex interaction plays a primary role in the 
generation of the pressure fluctuation around the 
downstream cylinder.  
 
7. CONCLUSION 
 
The sound generated by two square cylinders placed in 
a tandem arrangement in a uniform flow at low Mach 
number has been studied by direct numerical 
simulation of the two-dimensional unsteady 
compressible Navier-Stokes equations. The effect of 
the spacing L/D between the centers of the two 
cylinders on the generation mechanism of the sound 
has been investigated in detail. Present computational 
results for near-field flow features are in good 
agreement with the experimental observations by 
previous researcher [10-12] though the Reynolds 
number ranges examined are different.  
 
This result suggests that tandem arrangement of two 
cylinders with a small spacing may be useful for a 
passive control to reduce the generated sound. When 
the spacing is large (L/D > 4), the shear layer separated 
from the upstream cylinder rolls up and forms vortices 
in front of the downstream cylinder (Mode II). The 
rolled up vortices interact with the downstream 
cylinder (body-vortex interaction) and generate the 
pressure fluctuation around the downstream cylinder. 
Therefore, in Mode II, pressure fluctuations are 
generated mainly by body-vortex interaction. The effect 

of body-vortex interaction on the pressure fluctuation 
around the upstream cylinder is minor. On the other 
hand, body-vortex interaction plays a primary role in the 
generation of the pressure fluctuation from the 
downstream cylinder. The present result has shown 
that the pressure wave generated near the downstream 
cylinder by body-vortex interaction is dominant and 
body-vortex interaction has a primary effect on the 
sound generation in Mode II. The magnitude of the 
generated sound is much larger in Mode II than both 
Mode I and the single cylinder case. The magnitude at 
L/D = 3.5 in Mode II was more than 300 times as large 
as that at L/D = 3.5 in Mode I and more than four times 
as large as that in the single square cylinder case. These 
results show that body-vortex interaction enhances the 
amplitude of the generated sound significantly. In the 
range of L/D between 3.5 and 4, either Mode I or Mode 
II appears depending on the initial condition. Both the 
mean drag coefficient Cd and the Strouhal number St 
have two values at L/D = 3.5 and 4, respectively.  
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