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ABSTRACT 
  
 This article investigates periodic solutions for new 
nonlinear of integro-differential equations depended on 
special functions with singular kernels and boundary 
integral conditions by using the numerical analytic method 
which was introduced by Samoilenko method. Theorems on 
existence and uniqueness of a periodic solution are 
established under some necessary and sufficient conditions 
on closed and bounded domains. 
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1. INTRODUCTION 

A boundary value problem consists of a differential equation 
on a given interval and an explicit condition that the solution 
must satisfy at one or several points. The simplest instance 
of such explicit conditions is when they are all specified at 
one initial point. The solution of differential equations may 
be generally specified at more than one point. Often there 
are two points, which correspond physically to the 
boundaries of some region, so that it is a two–point 
boundary value problem [11].  The study of periodic 
solutions for non-linear system of differential equations with 
boundary conditions and boundary integral conditions is a 
very important branch in the differential equation theory 
[6,7,8,13,20]. Many results about  the  existence  and 
approximation of  periodic solutions for system of non–
linear differential equations have  been obtained  by  the 
numerical  analytic methods  that were  proposed by 
Samoilenko [3,4]  which  had been later applied in many 
studies [1,9,14,15,18]. 

Samoilenko [5] has used the numerical-analytic methods of 
periodic solutions for ordinary differential equation with 
boundary and boundary integral conditions which has the 
form:  

푑푥
푑푡

= 푓(푡,푥) 

	∫ 푥(푡)푑푡 = 푑	,				푑 ∈ 푅 ,	   

where 푥 ∈ 퐷	,퐷	is	closed	and	bounded	subset	of	푅 , 

 

 

 

the vector function 푓(푡, 푥) is defined on the domain : 

(푡, 푥) ∈ 푅 × 퐷 = (−∞,∞) × 퐷 

which is continuous in 푡, 푥 and periodic in 푡 of period 푇. 

Lemma 1.1 [4]. Let 푓(푡) be a vector function which is defined 
in the interval 0 ≤ 푡 ≤ 푇, then : 

(푓(푠) −
1
푇 푓(푠)푑푠)푑푠 ≤ 훼(푡)푀	, 

 where 푀 = max ∈[ , ]|푓(푡)| and	훼(푡) = 2푡(1− )	. 

 In this work, we investigate the existence and approximation of 
periodic solution for non-linear integro-differential equations 
with boundary integral conditions. 

푑푥
푑푡

= 푓(푡, 훾(푡,훼),훽(푡,훼),푥(푡),휇, 휀,푢)

푥(푡)푑푡 = 푑

푑푥
푑푡 = 푔(푡,훾(푡,훼),훽(푡,훼), 푦(푡),휔,휂, 푛)

푦(푡)푑푡 = 푑
⎭
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

																																	(1) 

where  

휇 = ∫ 훾(휏,훼)푥(휏)푑휏 ,휀 = ∫ 훽(휏,훼)푥(휏)푑휏, 

휔 = ∫ 	훾(휏,훼)푦(휏)푑휏 , 휂 = ∫ 	훽(휏,훼)푦(휏)푑휏,  

푢 = 	∫ 푅(푡, 휏) 푥(휏)− 푦(휏) 푑휏, 

푣 = ∫ 퐺(푡, 휏) 푥(휏) −푦(휏) 푑휏  

Where 푥 ∈ 퐷 ⊂ 푅 , 푦 ∈ 퐷 ⊂ 푅 ,퐷  and 퐷  are compact 
domains.        

Let the vector functions (푡, 훾(푡,훼), 훽(푡,훼),푥, 휇, 휀, 푢) and 
	푔(푡,훾(푡,훼),훽(푡,훼),푦,휔, 휂,푣) are defined and continuous on 
the domain :- 

	
(푡,훾(푡,훼),훽(푡,훼), 푥, 휇,푢) ∈ 푅 × 퐺 =

(−∞,∞) × 퐷 × 퐷 × 퐷 × 퐷 ×퐷
(푡, 훾(푡,훼),훽(푡,훼),푦,휔,푣) ∈ 푅 × 퐺 =

(−∞,∞) × 퐷 ×퐷 × 퐷 ×퐷 × 퐷 ⎭
⎪
⎬

⎪
⎫
																																	(2)		           
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Also	퐷 ,퐷 ,퐷 ,퐷 ,퐷  and 퐷  are  bounded domains subset of 
Euclidean space 푅 . 

where  퐷 = [휏, 휏 + 푇] × (0,1]. 

and periodic  in 푡	of	period	푇. 

Suppose that the functions 푓(푡,훾(푡,훼), 훽(푡,훼),푥, 휇, 휀,푢) and 

푔(푡, 훾(푡,훼),훽(푡,훼), 푦,휔, 휂, 푣) satisfy the following inequalities  

∥ 푓(푡, 훾(푡,훼),훽(푡,훼),푥	,휇, 휀,푢) ∥≤ 	‖훾(푡,훼)‖‖훽(푡,훼)‖	
‖	푓(푡, 푥	,휇, 휀,푢)‖ ≤ 푀 푀 푀

∥ 푔(푡,훾(푡,훼),훽(푡,훼), 푦	 ,휔,휂, 푣) ∥≤ ‖훾(푡,훼)‖‖훽(푡,훼)‖
∥ 푔(푡,푦	,휔, 휂,푣) ∥≤ 푁 푁 푁	 ⎭

⎪
⎬

⎪
⎫
	(3) 

                                                                       	 

∥ 푓(푡, 훾(푡,훼),훽(푡,훼),푥 , 휇 , 휀 ,푢 ) 

−푓(푡, 훾(푡,훼),훽(푡,훼),푥 , 휇 , 휀 ,푢 ) ∥ 

≤ 푀 푀 (퐾 ∥ 푥 − 푥 ∥ +	퐾 ∥ 휇 − 휇 ∥ +	퐾 ∥ 휀 − 휀 ∥ 

	+퐾 ∥ 푢 − 푢 ∥													 (4)	 

∥ 푔(푡, 훾(푡,훼),훽(푡,훼),푦 ,휔 , 휂 , 푣 )	 

−푔(푡,훾(푡,훼),훽(푡,훼),푦 ,휔 , 휂 , 푣 ) ∥ 

≤ 푁 푁 (퐿 ∥ 푦 − 푦 ∥ +	퐿 ∥ 휔 −	휔 ∥ 	+	퐿 ∥ 휂 − 휂 ∥ 

+퐿 ∥ 푣 − 푣 	∥													  (5) 

for all 푡 ∈ 푅 ,푥,푥 , 푥 ∈ 퐷 ,푦, 푦 , 푦 ∈ 퐷 ,휇, 휀,휔, 휂,푢 and 푣 
are belong to 퐷 ,퐷 , 퐷 ,퐷 ,퐷   and	퐷  respectively, where 
푀,푁,퐾 , 	퐾 , 	퐾 , 	퐾 , 퐿 , 	퐿 , 	퐿  and 	퐿  are positive constants. 
Also	훾(푡,훼)	and	훽(푡,훼) are special functions (Gamma and 
Beta functions) provided that	훾(푡,훼) = 훾(푡 + 푇,훼) and 
훽(푡,훼) = 훽(푡 + 푇,훼) the singular kernels 푅(푡, 휏) and 퐺(푡, 휏) 
satisfying the following conditions :- 

∥ 푅(푡, 휏) ∥≤ ℎ푒 ( )

∥ 퐺(푡, 휏) ∥≤ 휎푒 ( ) 																																																																	(6) 

where −∞ < 0 ≤ 휏 ≤ 푡 ≤ 휏 + 푇,훼 and 훿 are positive 
constants.      

Now, we defined the non-empty sets as follows :- 

퐷 = 퐺 − (
푇
2
푀 푀 푀 +

2
푇 − 2휏

푞(푥 ))

퐷 = 퐺 − (
푇
2푁 푁 푁 +

2
푇 − 2휏 푝

(푦 ))⎭
⎪
⎬

⎪
⎫
																															(7)	 

where  

푞(푥 ) = ‖푑 − 푥 푇‖ +
푇
3 − 2휏 푀 푀 푀 

and 

푝(푦 ) = ‖푑 − 푦 푇‖+ (
푇
3 − 2휏 )푁 푁 푁 

Furthermore, we suppose that the largest eigen-value of the 
matrix 

푄 =
훼(푡)푀 푀 퐹 푟 							훼(푡)푀 푀 퐹 푟

훼(푡)푁 푁 퐹 푟 							훼(푡)푁 푁 퐹 푟
		less than one ,i.e.  

푞 (푄) =
훿 + 훿 + 4(훿 − 훿 )

2
			< 1																																(8) 

where	훿 =
푇
2
푀 푀 퐹 푟 +

푇
2
푁 푁 퐹 푟 , 

훿 =
푇
2푀 푀 퐹 푟

푇
2푁 푁 퐹 푟 	 ,훿 =

푇
2푀 푀 퐹 푟  

푇
2
푁 푁 퐹 푟 ,퐹 = 퐾 +퐾 푀 (푏 − 푎) + 퐾 푀 (푏 − 푎)	 

+
ℎ
훼 퐾 ,퐹 =

ℎ
훼퐾 ,퐹 =

휎
훿 퐿 ,퐹 = 퐿 + 퐿 푁 (푑 − 푐) 

+퐿 푁 (푑 − 푐) +
휎
훿 퐿 ,푟 = 1 +

2푇
푇 − 2휏 

2.APPROXIMATION OF PERIODIC SOLUTION  

(ퟏ) 

In this section, we study the periodic approximation solution of 
(1) will be introduced by the following theorem :- 

Theorem 2.1. If the system (1) satisfy the inequalities (3) to 
(6) and the conditions (7) and (8)		has periodic solutions 
푥 = 푥(푡, 푥 , 푦 ) and 푦 = 푦(푡, 푥 , 푦 ), then the sequence of 
functions :- 

푥 (푡, 푥 , 푦 ) = 푥 + 푓( 휏, 훾(휏,훼), ,훽(휏,훼),푥 (휏,푥 , 푦 ) 

, 휇 , 휀 , 푢 )−
1
푇 푓(휏, 훾(휏,훼) ,훽(휏,훼)	,푥 (휏,푥 , 푦 ),휇 , 

휀 ,푢 ) 푑휏 + (푡 − 휏)휌																																																																(9) 

with  
푥 (푡, 푥 , 푦 ) = 푥  

휌 =
2

푇(푇 − 2휏) [	푑 − 푥 푇 − 퐿푓(푡, 훾(푡,훼),훽(푡,훼), 

푥 (푡,푥 , 푦 ),휇 , 휀 ,푢 )푑푡	] 

and  

퐿푓(푡, 훾(푡,훼),훽(푡,훼),푥 (푡, 푥 , 푦 ),휇 , 휀 , 푢 ) 

= [	푓(휏, 훾(휏,훼), 	훽(휏,훼)	,푥 (휏, 푥 , 푦 )	, 휇 , 휀 ,푢 ) 

−	
1
푇

푓(휏,훾(휏,훼),훽(휏,훼),푥 (휏, 푥 , 푦 ),휇 , 휀 ,푢 )푑휏] 

and  

푦 (푡,푥 , 푦 ) = 푦 + 푔( 휏,훾(휏,훼),훽(휏,훼), 

푦 (휏, 푥 , 푦 ),휔 ,휂 푣 )	 

−	
1
푇

푔(휏,훾(휏,훼),훽(휏, 훼),푦 (휏, 푥 , 푦 ),휔 , 휂 푣 ) 푑휏 

+(푡 − 휏)휗																																																																																							(10)	 
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with  
푦 (푡, 푥 , 푦 ) = 푦  

where  

휗 =
2

푇(푇 − 2휏)
[푑 − 푦 푇 − 퐿푔(푡,훾(푡,훼),훽(푡,훼), 

푦 (푡, 푥 , 푦 ),휔 , 휂 ,푣 )푑푡] 

and  

퐿푔(푡, 훾(푡,훼),훽(푡,훼),푦 (푡, 푥 , 푦 ),휔 , 휂 , , 푣 ) 

= [	푔(휏, 훾(휏,훼),훽(휏,훼)	,푦 (휏, 푥 , 푦 )		,휔 , 휂 , 푣 ) 

−	
1
푇

푔(휏, 훾(휏,훼)훽(휏,훼)	, 푦 (휏,푥 , 푦 )	,휔 , 휂 , 푣 )]푑휏 

where  

휇 = 훾(휏,훼)푥 (휏, 푥 , 푦 )푑휏, 휀 = 훽(휏,훼)푥 (휏,푥 , 푦 )푑휏, 

휔 = 훾(휏,훼)푦 (휏, 푥 , 푦 )푑휏, 휂 = 훽(휏,훼)푦 (휏, 푥 , 푦 )푑휏 

푢 = 푅(푡, 휏)(푥 (휏, 푥 , 푦 ) − 푦 (휏, 푥 , 푦 ))푑휏 

푣 = 퐺(푡, 휏)(푥 (휏, 푥 ,푦 )− 푦 (휏, 푥 ,푦 ))푑휏 

are periodic in 푡 of period 푇, and uniformly converges as 
푚 → ∞ on the domain :- 

(푡, 푥 ,푦 ) ∈ [휏, 휏 + 푇] × 퐷  × 퐷 																																												(11)  

to the limit function 
	푥 	(푡, 푥 ,푦 )

푦(푡,푥 , 푦 )
 defined on the domain 

(11) which is periodic in 푡 of period 푇 and satisfying the 
following integral equations :- 

푥(푡, 푥 , 푦 ) = 푥 + 푓( 휏, 훾(휏,훼),훽(휏,훼),푥(휏, 푥 , 푦 ),휇, 

	휀,푢) 	−
1
푇

푓(휏,훾(휏,훼),훽(휏,훼),푥(휏, 푥 , 푦 ),휇 , 휀,푢) 푑휏 

+(푡 − 휏)휌																																																																																								(12) 

and  

푦(푡, 푥 ,푦 ) = 푦 + 푔( 휏, 훾(휏,훼),훽(휏,훼),푦(휏, 푥 , 푦 ),휔, 

휂, 푣) −
1
푇 푔(휏, 훾(휏,훼),훽(휏,훼),푦(휏, 푥 , 푦 ),휔, 휂, 푣)푑휏 푑휏	 

	+(푡 − 휏)휗																																																																																							(13) 

which are unique solutions on the domain (11), provided that 

∥ 푥(푡, 푥 , 푦 ) − 푥 ∥

∥ 푦(푡,푥 , 푦 ) − 푦 ∥

≤

⎝

⎜
⎛
훼(푡)푀 푀 푀 +

2
푇 − 2휏

푞(푥 )	

훼(푡)푁 푁 푁 +
2

푇 − 2휏 푝
(푦 )

⎠

⎟
⎞
		 

(14)						 

and  

∥ 푥(푡,푥 , 푦 ) − 푥 (푡, 푥 ,푦 ) ∥

∥ 푦(푡, 푥 ,푦 )− 푦 (푡, 푥 , 푦 ) ∥
≤ 	푄 (퐸 − 푄) 휓 						(15) 

for all 푚 ≥ 0, 푥 ∈ 퐷 ,푦 ∈ 퐷  and 푡 ∈ 푅 , where  

휓 =
훼(푡)푀 푀 푀+ 푞(푥 )	

훼(푡)푁 푁 푁 + 푝(푦 )
,퐸	is identity matrix. 

Proof. Consider the sequence of functions 
푥 (푡, 푥 , 푦 ),푥 (푡, 푥 ,푦 ), … , 푥 (푡, 푥 ,푦 ) , … 	and 푦 (푡,푥 , 푦 )	 

, 푦 (푡, 푥 ,푦 ), … , 푦 (푡, 푥 ,푦 ) , …, defined by the recurrences 
relation (9) and (10) Each of these functions of sequence 
defined and continuous in the domain (2) and periodic in 푡 of 
period 푇. 

Now, by the Lemma 	1.1 and using the sequence of functions 
(9)	and(10)	when 푚 = 0, we get  

‖푥 (푡, 푥 , 푦 ) −푥 ‖ = 푓(휏, 훾(휏,훼),
풕

흉
,훽(휏,훼),푥 , 

, 훾(휏,훼)	푥 푑휏,	 훽(휏,훼)	푥 푑휏, 푅(푡, 휏)(푥 − 푦 )푑휏) 

−	
1
푇 푓(휏,훾(휏,훼),훽(휏,훼),푥 , 훾(휏,훼)	푥 푑휏, 훽(휏,훼)												 

푥 푑휏 , 푅(푡, 휏) (푥 − 푦 )푑휏)푑휏 푑휏 + 	
2(푡 − 휏)
푇(푇 − 2휏) [	푑  

−푥 푇 − 퐿푓(푡,훾(푡,훼),훽(푡,훼),푥 , 휇, 휀,푢)푑푡	] 			 

≤ 1−
푡 − 휏
푇

‖훾(휏,훼)‖	‖훽(휏,훼)‖ 푓(휏, 푥 , 훾(휏,훼) 

	푥 푑휏, 훽(휏,훼)	푥 푑휏, 푅(푡, 휏)(푥 − 푦 )푑휏) 푑휏 

+
푡 − 휏
푇

‖훾(휏,훼)‖‖훽(휏,훼)‖ 푓(휏, 푥 , 훾(휏,훼)	푥 푑휏, 
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훽(휏,훼)	푥 푑휏 , 푅(푡, 휏)(푥 − 푦 )푑휏) 푑휏 

+
2

푇 − 2휏
[	‖푑 − 푥 푇‖ + 1−

푡 − 휏
푇

‖훾(휏,훼)‖ 

‖훽(휏,훼)‖ 푓(휏,푥 , 훾(휏,훼)	푥 푑휏, 훽(휏,훼)	푥 푑휏,		 

푅(푡, 휏)(푥 − 푦 )푑휏) 푑휏 

+
푡 − 휏
푇

‖훾(휏,훼)‖‖훽(휏,훼)‖ 푓(휏, 푥 , 훾(휏, 훼)	푥 푑휏, 

훽(휏,훼)	푥 푑휏, 푅(푡, 휏)(푥 − 푦 )푑휏) 푑휏)

⎦
⎥
⎥
⎥
⎥
⎤

푑푡	] 

hence  

‖푥 (푡, 푥 , 푦 ) − 푥 ‖ ≤ 	훼(푡)푀 푀 푀 +
2

푇 − 2휏 푞
(푥 )					(16) 

for all 푥 (푡,푥 , 푦 ) ∈ 퐺 , for all 푡 ∈ [휏, 휏 + 푇],푥 ∈ 퐷 .  

Thus, by mathematical induction, we can prove that  

‖푥 (푡, 푥 ,푦 )− 푥 ‖ ≤ 	훼(푡)푀 푀 푀 +
2

푇 − 2휏 푞
(푥 )				(17) 

Then 푥 (푡, 푥 , 푦 ) ∈ 퐺 , for all 푡 ∈ [휏, 휏 + 푇],푥 ∈ 퐷 .  

similarly  

‖푦 (푡, 푥 , 푦 ) − 푦 ‖ ≤ 	훼(푡)푁 푁 푁+
2

푇 − 2휏 푝(푦 )							(18) 

for all 푦 (푡, 푥 ,푦 ) ∈ 퐺 , for all 푡 ∈ [휏, 휏 + 푇],	 푦 ∈ 퐷 . 

and  

‖푦 (푡, 푥 ,푦 )− 푦 ‖ ≤ 	훼(푡)푁 푁 푁 +
2

푇 − 2휏 푝
(푦 )						(19) 

for all 푦 (푡,푥 , 푦 ) ∈ 퐺 , for all 푡 ∈ [휏, 휏 + 푇],	 푦 ∈ 퐷 . 

From the inequalities (18) and (19), we get (14). 

 Next, we shall prove that the sequence of functions (9) and 
(10) are convergent uniformly on the domain (11). 

When 푚 = 1 and by using Lemma 1.1 and the inequalities (4) 
and (5), we obtains 

‖푥 (푡, 푥 ,푦 ) − 푥 (푡, 푥 , 푦 )‖ = [	푓(휏, 훾(휏,훼),훽(휏,훼), 

푥 (휏, 푥 , 푦 ), 훾(휏,훼)푥 (휏, 푥 ,푦 )푑휏, 훽(휏,훼) 

푥 (휏, 푥 , 푦 )푑휏, 푅(푡, 휏) (푥 (휏,푥 , 푦 ) − 푦 (휏,푥 , 푦 ))푑휏) 

−푓(휏, 훾(휏,훼),훽(휏, 훼),푥 , 	 훾(휏,훼) 	푥 푑휏, 훽(휏,훼) 	푥 푑휏 

, 푅(푡, 휏)(푥 − 푦 )푑휏)	] 

−
1
푇 [	푓(휏,훾(휏,훼),훽(휏,훼), 푥 (휏, 푥 , 푦 ) , 훾(휏,훼) 

푥 (휏, 푥 , 푦 )푑휏, 훽(휏,훼)푥 (휏, 푥 ,푦 )푑휏, 푅(푡, 휏) 

(푥 (휏, 푥 , 푦 ) −푦 (휏, 푥 , 푦 ))푑휏) −푓(휏,훾(휏,훼),훽(휏,훼),푥  

, 훾(휏,훼) 푥 푑휏, 훽(휏,훼) 푥 푑휏, 푅(푡, 휏)(푥 − 푦 )푑휏)]푑휏

⎦
⎥
⎥
⎤
푑휏 

+
2(푡 − 휏)
푇(푇 − 2휏) 퐿푓( 	푡,훾(푡,훼),훽(푡,훼),푥 (푡, 푥 , 푦 ),휇 , 휀 ,푢 ) 

−퐿푓(푡, 훾(푡,훼),훽(푡,훼),푥 , 휇 , 휀 ,푢 ) 푑푡  

≤ 1−
푡 − 휏
푇

‖훾(휏,훼)‖‖훽(휏,훼)‖ (퐾 + 퐾 푀 (푏 − 푎) 

+퐾 푀 (푏 − 푎) +
ℎ
훼 퐾 )	‖푥 (휏, 푥 , 푦 ) − 푥 ‖+

ℎ
훼퐾  

‖푦 (휏,푥 , 푦 ) − 푦 ‖ 푑휏 

+
푡 − 휏
푇

‖훾(휏,훼)‖‖훽(휏,훼)‖ (퐾 + 퐾 푀 (푏 − 푎) 

+퐾 푀 (푏 − 푎) +
ℎ
훼
퐾 )‖푥 (휏,푥 , 푦 )− 푥 ‖ +

ℎ
훼
퐾  

‖푦 (휏,푥 , 푦 ) − 푦 ‖ 푑휏 

+
2

푇 − 2휏 (1−
푡 − 휏
푇

) ‖훾(휏,훼)‖‖훽(휏, 훼)‖ 

(퐾 + 퐾 푀 (푏 − 푎) +퐾 푀 (푏 − 푎) +
ℎ
훼 퐾 ) 

‖푥 (휏, 푥 , 푦 )− 푥 ‖+
ℎ
훼퐾

‖푦 (휏, 푥 ,푦 ) − 푦 ‖ 푑휏 
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+
푡 − 휏
푇

‖훾(휏,훼)‖‖훽(휏,훼)‖ (퐾 +퐾 푀 (푏 − 푎) 

+퐾 푀 (푏 − 푎) +
ℎ
훼
퐾 )‖푥 (휏,푥 , 푦 ) − 푥 ‖ +

ℎ
훼
퐾  

‖푦 (휏,푥 , 푦 ) −푦 ‖ 푑휏 푑푡 

therefore  

‖푥 (푡, 푥 ,푦 ) − 푥 (푡, 푥 , 푦 )‖ ≤ 훼(푡)푀 푀 퐹 푟  

‖푥 (푡, 푥 , 푦 )−푥 ‖ + 	훼(푡)푀 푀 퐹 푟 ‖푦 (푡,푥 , 푦 )−푦 ‖		(20) 

where  

휇 = 훾(휏, 훼)푥 (휏,푥 , 푦 )푑휏, 휀 = 훽(휏,훼)푥 (휏,푥 , 푦 )푑휏	 

휔 = 훾(휏,훼)푦 (휏, 푥 ,푦 )푑휏, 휂 = 훽(휏,훼)푦 (휏, 푥 , 푦 )푑휏 

푢 = 푅(푡, 휏)(푥 (휏, 푥 , 푦 )− 푦 (휏, 푥 , 푦 ))푑휏 

푣 = 퐺(푡, 휏)(푥 (휏, 푥 ,푦 )− 푦 (휏, 푥 , 푦 ))푑휏 

휇 = 훾(휏,훼)푥 푑휏, 휀 = 훽(휏,훼)푥 푑휏	 

휔 = 훾(휏,훼)푦 푑휏, 휂 = 훽(휏, 훼)푦 푑휏, 

푢 = 푅(푡, 휏)(푥 − 푦 )푑휏, 푣 = 퐺(푡, 휏)(푥 − 푦 )푑휏 

Consequently, by mathematical induction we can prove that  

‖푥 (푡, 푥 , 푦 )− 푥 (푡, 푥 ,푦 )‖	≤ 훼(푡)푀 푀 퐹 푟  

‖푥 (푡, 푥 ,푦 )− 푥 (푡, 푥 ,푦 )‖+ 	훼(푡)푀 푀 퐹 푟  

‖푦 (푡, 푥 ,푦 )−푦 (푡,푥 , 푦 )‖																																																(21) 

and   

‖푦 (푡, 푥 , 푦 ) − 푦 (푡, 푥 ,푦 )‖ ≤ 훼(푡)푁 푁 퐹 푟  

‖푥 (푡, 푥 , 푦 )−푥 ‖ + 	훼(푡)푁 푁 퐹 푟 ‖푦 (푡, 푥 ,푦 )−푦 ‖ 				(22) 

Thus, by induction we can prove that 

‖푦 (푡,푥 , 푦 ) − 푦 (푡, 푥 , 푦 )‖ ≤ 훼(푡)푁 푁 퐹 푟  

‖푥 (푡, 푥 ,푦 )−푥 (푡, 푥 , 푦 )‖+ 	훼(푡)푁 푁 퐹 푟  

‖푦 (푡, 푥 ,푦 )−푦 (푡,푥 , 푦 )‖																																															(23) 

rewrite (21) and (22) in a vector form, i.e. 

휓 (푡) ≤ 푄(푡)휓 (푡)																																																														(24) 

where 

휓 =
∥ 푥 (푡, 푥 ,푦 )− 푥 (푡, 푥 , 푦 ) ∥

∥ 푦 (푡, 푥 , 푦 )− 푦 (푡,푥 , 푦 ) ∥
 

ψ =
∥ 푥 (푡, 푥 ,푦 )− 푥 (푡,푥 , 푦 ) ∥

∥ 푦 (푡,푥 , 푦 ) − 푦 (푡, 푥 ,푦 ) ∥
 

and 

푄(푡) =
			훼(푡)	푀 푀 퐹 푟 									훼(푡)	푀 푀 퐹 푟

훼(푡)	푁 푁 퐹 푟 								훼(푡)	푁 푁 퐹 푟
 

Now, we take the maximum value of the both sides of the 
inequality (24), we get 

휓 ≤ Q	ψ 																																																																																(25) 

where	푄 = 푚푎푥 ∈[ , ] 푄(푡), we obtain 

푄 =

⎝

⎜
⎛
			
푇
2푀 푀 퐹 푟 									

푇
2푀 푀 퐹 푟

푇
2 푁 푁 퐹 푟 								

푇
2푁 푁 퐹 푟 ⎠

⎟
⎞

 

and by repetition of 	(25), we find that  

휓 ≤ 푄 휓 																																																																														(26) 

and also we get  

휓 ≤ 푄 휓 																																																																			(27) 

By condition (8) then the series (27) is uniformly convergent 
that is   

푙푖푚
→

푄 휓 ≤ 푄 휓 = (퐸 − 푄) 휓 																					(28) 

Let 

푙푖푚
→

푥 (푡, 푥 , 푦 )

푦 (푡, 푥 , 푦 )
=

		푥	(푡, 푥 , 푦 )

푦(푡, 푥 , 푦 )
																											(29)	 

Finally, we show that 
	푥 	(푡, 푥 , 푦 )

푦(푡, 푥 ,푦 )
	is a unique solution of 

the system (1). Assume that 
푥̇

푦̇
 is another solution for the 

system (1) i.e.  

푥̇(푡, 푥 , 푦 ) = 푥 + 푓( 휏, 훾(휏,훼),훽(휏,훼), 푥̇(휏, 푥 ,푦 ),휇, 휀,푢)	 

−	
1
푇 푓(휏,훾(휏,훼),훽(휏,훼), 푥̇(휏,푥 , 푦 ) , 휇, 휀,푢) 푑휏 

+(푡 − 휏)휌																																																																																								(30) 

and  

푦̇(푡, 푥 ,푦 ) = 푦 + 푔( 휏, 훾(휏,훼),훽(휏,훼), 푦̇(휏, 푥 , 푦 ),휔, 
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휂, 푣) 	− 	
1
푇

푔(휏, 훾(휏,훼),훽(휏,훼), 푦̇(휏, 푥 , 푦 ) ,휔,휂, 푣) 푑휏 

+(푡 − 휏)휗																																																																																				(31) 

  where 

휇 = 훾(휏, 훼)푥̇(휏, 푥 , 푦 )푑휏, 휀 = 훽(휏,훼)푥̇(휏, 푥 , 푦 )푑휏,	 

휔 = 훾(휏,훼)푦̇(휏, 푥 ,푦 )푑휏, 휂 = 훽(휏,훼)푦̇(휏, 푥 , 푦 )푑휏, 

푢 = 푅(푡, 휏)(푥̇(휏, 푥 ,푦 )− 푦̇(휏,푥 , 푦 ))푑휏, 

푣 = 퐺(푡, 휏)(푥̇(휏, 푥 , 푦 )− 푦̇(휏, 푥 ,푦 ))푑휏 

Now, we find the difference between them, 

∥ 푥(푡,푥 , 푦 ) − 푥̇(푡, 푥 , 푦 ) ∥	≤ 1 −
푡 − 휏
푇

	 ‖훾(휏,훼)‖ 

‖훽(휏,훼)‖ ( 퐾 + 퐾 푀 (푏 − 푎)+퐾 푀 (푏 − 푎) +
ℎ
훼
퐾 ) 

	‖푥(휏, 푥 , 푦 )− 푥̇(휏, 푥 , 푦 )‖+
ℎ
훼퐾  

‖푦(휏, 푥 , 푦 ) − 푦̇(휏,푥 , 푦 )‖ 푑휏 

+
푡 − 휏
푇

	 ‖훾(휏, 훼)‖‖훽(휏,훼)‖ 

(퐾 + 퐾 푀 (푏 − 푎) + 퐾 푀 (푏 − 푎) +
ℎ
훼퐾 )	 

‖푥(휏, 푥 , 푦 ) − 푥̇(휏,푥 , 푦 )‖+
ℎ
훼 퐾  

‖푦(휏, 푥 , 푦 ) − 푦̇(휏,푥 , 푦 )‖ 푑휏 

+
2

푇 − 2휏 (1−
푡 − 휏
푇 ) ‖훾(휏,훼)‖ ‖훽(휏,훼)‖ 

(퐾 + 퐾 푀 (푏 − 푎) + 	퐾 푀 (푏 − 푎) +
ℎ
훼 퐾 ) 

‖푥(휏, 푥 , 푦 ) − 푥̇(휏,푥 , 푦 )‖+
ℎ
훼 퐾  

‖푦(휏, 푥 , 푦 ) − 푦̇(휏,푥 , 푦 )‖ 푑휏 

+
푡 − 휏
푇

‖훾(휏,훼)‖‖훽(휏,훼)‖ (퐾 +퐾 푀 (푏 − 푎) 

+	퐾 푀 (푏 − 푎) +
ℎ
훼
퐾 )‖푥(휏, 푥 , 푦 ) − 푥̇(휏, 푥 , 푦 )‖ 

+
ℎ
훼 퐾

‖푦(휏,푥 , 푦 ) − 푦̇(휏, 푥 , 푦 )‖ 푑휏

⎦
⎥
⎥
⎥
⎥
⎤

푑푡 

so,  

∥ 푥(푡,푥 , 푦 ) − 푥̇(푡, 푥 , 푦 ) ∥	≤ 훼(푡)푀 푀 퐹 푟  

‖푥(푡, 푥 , 푦 )−푥̇(푡, 푥 , 푦 )‖+ 	훼(푡)푀 푀 퐹 푟  

‖푦(푡,푥 , 푦 )−푦̇(푡, 푥 , 푦 )‖																																																										(32) 

also, we find 

∥ 푦(푡, 푥 , 푦 ) − 푦̇(푡, 푥 , 푦 ) ∥≤ 훼(푡)푁 푁 퐹 푟 	 

‖푥(푡, 푥 , 푦 )−푥̇(푡, 푥 , 푦 )‖+ 	훼(푡)푁 푁 퐹 푟  

‖푦(푡,푥 , 푦 )−푦̇(푡, 푥 , 푦 )‖																																																									(33) 

Rewrite the inequalities (32) and (33) in a vector form, we get  

∥ 푥(푡, 푥 , 푦 )− 푥̇(푡,푥 , 푦 ) ∥

∥ 푦(푡, 푥 , 푦 )− 푦̇(푡, 푥 , 푦 ) ∥
≤ 푄	 

∥ 푥(푡, 푥 , 푦 )− 푥̇(푡,푥 , 푦 ) ∥

∥ 푦(푡, 푥 , 푦 )− 푦̇(푡, 푥 , 푦 ) ∥
											(34)       

 Now, by the condition (8). 

∥ 푥(푡, 푥 , 푦 )− 푥̇(푡,푥 , 푦 ) ∥

∥ 푦(푡, 푥 , 푦 )− 푦̇(푡, 푥 , 푦 ) ∥
→

0

0
 

that is  

		푥 	(푡, 푥 , 푦 )

푦(푡,푥 , 푦 )
=

푥̇(푡, 푥 , 푦 )

푦̇(푡, 푥 , 푦 )
 

this proves that the solution is a unique of the system (1) for all  

푡 ∈ [휏, 휏 + 푇],푥 ∈ 퐷 ,푦 ∈ 퐷 ,훼(푡) ≤
푇
2	.							 

 

3. EXISTENCE OF PERIODIC SOLUTION OF THE 
SYSTEM (ퟏ)          

The existence of periodic solution for the system (1) is 
uniquely connected with existence of zeros of the functions 
Δ∗∗(0,푥 , 푦 ) and Δ∗∗(0,푥 ,푦 ) which defined by :- 

Δ∗∗(0,푥 , 푦 ) =
2

푇(푇 − 2휏) [푥 푇 − 푑 + 퐿푓 (푡, 훾(푡,훼) 

,훽(푡,훼),푥(푡, 푥 , 푦 ),휇, 휀,푢)푑푡	] 

+ 	
1
푇 푓(휏,훾(휏,훼),훽(휏,훼),푥(휏,푥 , 푦 ),휇, 휀,푢)푑휏													(35) 

Δ∗∗(0,푥 , 푦 ) =
2

푇(푇 − 2휏) [푦 푇 − 푑 + 퐿푔 (푡,훾(푡,훼), 
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훽(푡,훼),푦(푡, 푥 , 푦 ),휔,휂, 푣)푑푡	] 

+ 	
1
푇

푔(휏,훾(휏,훼),훽(휏,훼), 푦(휏, 푥 , 푦 ),휔,휂, 푣)푑휏											(36) 

where 
푥(푡, 푥 , 푦 )

푦(푡, 푥 , 푦 )
	

 is the limiting function of the sequence of 

functions (9) and (10).       

The equations (35) and (36) are approximately determined 
from the sequence of functions :-  

Δ∗∗ (0,푥 , 푦 ) =
2

푇(푇 − 2휏) [	푥 푇 − 푑 + 퐿푓(푡, 훾(푡,훼), 

훽(푡,훼), 푥 (푡, 푥 , 푦 ), 휇 , 휀 ,푢 )	푑푡	] 

	+
1
푇

푓(휏,훾(휏,훼),훽(휏,훼)푥 (휏,푥 , 푦 ), 휇 , 휀 ,푢 )푑휏		(37) 

and  

Δ∗∗ (0,푥 ,푦 ) =
2

푇(푇 − 2휏) [	푦 푇 − 푑 + 퐿푔(푡, 훾(푡,훼), 

훽(푡,훼),푦 (푡, 푥 , 푦 )	휔 ,휂 ,푣 )	푑푡] 

+
1
푇

푓(휏, 훾(휏,훼),훽(휏,훼),푦 (휏,푥 , 푦 ),휔 , 	휂 ,푣 )푑휏	(38)			 

Theorem 3.1.  Let all assumptions and conditions of the 
theorem 2.1 satisfied, then we get the following inequality :- 

∥ Δ∗∗(0, 푥 , 푦 ) −Δ∗∗ (0,푥 , 푦 ) ∥

∥ Δ∗∗(0,푥 , 푦 ) −Δ∗∗ (0,푥 ,푦 ) ∥
≤ 

 

〈 푆 푀 푀 퐹 				푆 푀 푀 퐹 ,푄 (퐸 − 푄) 휓 〉

〈 푆 푁 푁 퐹 				푆 푁 푁 퐹 ,푄 (퐸 − 푄) 휓 〉
																(39) 

where	푆 = 1 +
2

푇 − 2휏
훼(푡) 

Proof. By the equations (35) and (37), we get  

∥ Δ∗∗(0,푥 , 푦 ) − Δ∗∗ (0,푥 , 푦 ) ∥=
2

푇(푇 − 2휏) [	푥 푇 

−푑 + 퐿푓(푡, 훾(푡,훼),훽(푡,훼), 휇, 휀,푢)푑푡	] +
1
푇 푓(휏, 

훾(휏,훼),훽(휏,훼),푥(휏, 푥 , 푦 ), 훾(휏,훼) 푥(휏, 푥 , 푦 )푑휏, 훽(휏,훼) 

푥(휏,푥 , 푦 )푑휏, 푅(푡, 휏)(푥(휏, 푥 , 푦 ) 	− 푦(휏, 푥 , 푦 )푑휏	)푑휏	 

−
2

푇(푇 − 2휏) [	푥 푇 − 푑 + 퐿푓(푡,훾(푡,훼),훽(푡,훼), 

푥 (푡, 푥 , 푦 ),휇 , 휀 ,푢 )푑푡	]	 

−
1
푇 푓(휏, 훾(휏,훼),훽(휏,훼),푥 (휏,푥 , 푦 ), 훽(휏,훼)			 

푥 (휏,푥 , 푦 )푑휏, 훽(휏,훼)푥 (휏, 푥 ,푦 )푑휏, 푅(푡, 휏) 

(푥 (휏, 푥 ,푦 )−	푦 (휏, 푥 , 푦 ))푑휏)푑휏  

≤
2

푇(푇 − 2휏)
⎣
⎢
⎢
⎡
(1−

푡 − 휏
푇

) ‖훾(휏,훼)‖‖훽(휏,훼)‖ 

(퐾 + 퐾 푀 (푏 − 푎) + 퐾 푀 (푏 − 푎) + 	
ℎ
훼
퐾 ) 

	‖푥(휏, 푥 , 푦 )−푥 (휏, 푥 , 푦 )‖ 

+
ℎ
훼
퐾 ‖푦(휏,푥 , 푦 ) −푥 (휏, 푥 , 푦 ) 푑휏 

+
푡 − 휏
푇

‖훾(휏,훼)‖ ‖훽(휏,훼)‖ (퐾 + 퐾 푀 (푏 − 푎) 

+퐾 푀 (푏 − 푎) +
ℎ
훼 퐾 )‖푥(휏,푥 , 푦 ) − 푥 (휏,푥 , 푦 )‖ 

	+
ℎ
훼
퐾 ‖푦(휏, 푥 , 푦 )− 푦 (휏, 푥 , 푦 )‖ 푑휏

⎦
⎥
⎥
⎥
⎥
⎤

푑푡 

+
1
푇

‖훾(휏,훼)‖‖훽(휏,훼)‖		 (퐾 + 퐾 푀 (푏 − 푎)	 

+퐾 푀 (푏 − 푎) +
ℎ
훼
퐾 )‖푥(휏,푥 , 푦 ) − 푥 (휏,푥 , 푦 )‖ 

+
ℎ
훼 퐾

‖푦(휏,푥 , 푦 ) −푦 (휏, 푥 , 푦 )‖ 푑휏 

 

hence  

∥ Δ∗∗(0,푥 , 푦 ) − Δ∗∗ (0, 푥 , 푦 ) ∥≤								 

	(푆 푀 푀 퐹 							푆 푀 푀 퐹 ),푄 (퐸 − 푄) 휓 	⟩															(40) 

similarly, we have  

∥ Δ∗∗(0,푥 , 푦 ) − Δ∗∗ (0,푥 ,푦 ) ∥	 

	(푆 푁 푁 퐹 							푆 푁 푁 퐹 ),푄 (퐸 −푄) 휓 	⟩													(41) 

i.e. the inequality (39) will be satisfied for all 푚 ≥ 0. 
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Theorem 3.2.  Let the system (1) be defined on the interval 
[푎, 푏] and [푐,푑] in 푅  and periodic in 푡 of period 푇. Suppose 
that the sequence of functions (9) and (10) satisfies the 
following inequalities :- 

푚푖푛
∈ , ∈

Δ∗∗ (0,푥 ,푦 ) ≤																																	

−〈 푆 푀 푀 퐹 				푆 푀 푀 퐹 , Q (퐸− Q) ψ 〉
푚푎푥
∈ , ∈

Δ∗∗ (0,푥 ,푦 ) ≥																																	

〈 푆 푀 푀 퐹 				푆 푀 푀 퐹 , Q (퐸 − Q) ψ 〉 ⎭
⎪
⎬

⎪
⎫

														(42) 

푚푖푛
∈ , ∈

Δ∗∗ (0,푥 , 푦 ) ≤																																	

−〈 푆 푁 푁 퐹 				푆 푁 푁 퐹 , Q (퐸 − Q) ψ 〉
푚푎푥
∈ , ∈

Δ∗∗ (0,푥 , 푦 ) ≥																																	

〈 푆 푁 푁 퐹 				푆 푁 푁 퐹 , Q (퐸 −Q) ψ 〉 ⎭
⎪
⎬

⎪
⎫

																(43) 

where	푥 ∈ 퐽 = 푎 +
푇
2푀 푀 푀 +

2
푇 − 2휏 푞(푥 )	 

, 푏 −
푇
2
푀 푀 푀−

2
푇 − 2휏

푞(푥 )  

and  

푦 ∈ 퐽 = 푐 +
푇
2
푁 푁 푁 +

2
푇 − 2휏

푝(푦 ) 

	,푑 −
푇
2 푁 푁 푁−

2
푇 − 2휏 푝(푦 )  

Then (1) has a periodic solution 
푥

푦
=

푥(푡, 푥 ,푦 )

푦(푡, 푥 ,푦 )
 

 for 푥 ∈ [푎 + 퐽 ,푏 − 퐽 ] and 푦 ∈ [푐 + 퐽 ,푑 − 퐽 ]. 

Proof . Let 푥 , 푥  and 푦 , 푦  be any points belonging on the 
intervals 퐼  and 퐼  respectively, such that 

Δ∗∗ (0,푥 , 푦 ) = 푚푖푛
∈ , ∈

Δ∗∗ (0,푥 , 푦 )

Δ∗ (0,푥 , 푦 ) = 푚푎푥
∈ , ∈

Δ∗∗ (0,푥 ,푦 ) 																												(44) 

Δ∗∗ (0,푥 ,푦 ) = 푚푖푛
∈ , ∈

Δ∗∗ (0,푥 ,푦 )

Δ∗∗ (0,푥 ,푦 ) = 푚푎푥
∈ , ∈

Δ∗∗ (0,푥 , 푦 ) 																											(45) 

By using the inequalities (40), (41), (42), and (43), we obtains 

Δ∗∗(0,푥 , 푦 ) = Δ∗∗ (0,푥 ,푦 ) +																			
Δ∗∗(0,푥 , 푦 ) − Δ∗∗ (0,푥 ,푦 ) < 0

Δ∗∗(0,푥 , 푦 ) = Δ∗∗ (0,푥 , 푦 ) +																				
(Δ∗∗(0,푥 , 푦 ) − Δ∗∗ (0,푥 , 푦 )) > 0 ⎭

⎪
⎬

⎪
⎫
																						(46) 

		

Δ∗∗(0,푥 , 푦 ) = Δ∗∗ (0,푥 , 푦 ) +																			
+ Δ∗∗(0,푥 , 푦 ) − Δ∗∗ (0, 푥 ,푦 ) < 0

Δ∗∗(0,푥 ,푦 ) = Δ∗∗ (0, 푥 ,푦 ) +																				
+(Δ∗∗(0,푥 , 푦 ) − Δ∗∗ (0, 푥 ,푦 )) > 0 ⎭

⎪
⎬

⎪
⎫
																						(47) 

and from the continuity of the functions Δ∗∗(0, 푥 , 푦 ) and 
Δ∗∗(0	, 푥 , 푦 ) and the inequalities	(3.10) and (3.11	), then 
there exist and isolated singular points  푥 ∈ [푥 , 푥 ] and 
푦 ∈ [푦 , 푦 ] such that Δ∗∗(0, 푥 , 푦 ) = Δ∗∗(0, 푥 , 푦 ) = 0. This 

means that (1) has a periodic solution 
푥

푦
=

푥(푡, 푥 ,푦 )

푦(푡, 푥 , 푦 )
. 

4. STABILITY PERIODIC SOLUTION OF THE SYSTEM 
(ퟏ)          

Theorem 4.1.  If the function Δ∗∗(0,푥 , 푦 ) and Δ∗∗(0,푥 , 푦 ) 
are defined by :-  

Δ∗∗(0, 푥 , 푦 ) ∶ 	 퐷 × 퐷 → 푅  

Δ∗∗(0,푥 , 푦 ) =
2

푇(푇 − 2휏) [푥 푇 − 푑 + 퐿푓 (푡, 훾(푡,훼), 

훽(푡,훼),푥(푡, 푥 ,푦 ),휇, 휀,푢)푑푡	] 

+ 	
1
푇 푓(휏,훾(휏,훼),훽(휏,훼),푥(휏,푥 , 푦 ),휇, 휀,푢)푑휏												(48) 

	and 

Δ∗∗(0, 푥 , 푦 ) ∶ 	 퐷 × 퐷 → 푅  

Δ∗∗(0,푥 , 푦 ) =
2

푇(푇 − 2휏) [푦 푇 − 푑 + 퐿푔 (푡,훾(푡,훼), 

훽(푡,훼),푦(푡, 푥 , 푦 ),휔, 휂, 푣)푑푡	] 

+ 	
1
푇 푔(휏,훾(휏,훼),훽(휏, 훼),푦(휏, 푥 , 푦 ),휔,휂, 푣)푑휏										(49) 

where 
푥(푡, 푥 , 푦 )

푦(푡, 푥 , 푦 )
 is the limits of the sequences (9) and 

(10) respectively, the following inequality holds :-  

∥ Δ∗∗(0,푥 , 푦 ) ∥

∥ Δ∗∗(0,푥 , 푦 ) ∥
≤

⎝

⎜
⎛
푀 푀 푀 +

2
푇(푇 − 2휏) 푞(푥 )	

푁 푁 푁 +
2

푇(푇 − 2휏)푝
(푦 )

⎠

⎟
⎞
				(50)	 

∥ Δ∗∗(0,푥 , 푦 ) −Δ∗∗(0,푥 ,푦 ) ∥≤ 	 퐼 	‖푥 − 푥 ‖	 

+	퐼 	‖푦 − 푦 ‖																		(51) 

and  

∥ Δ∗∗(0,푥 , 푦 ) −Δ∗∗(0,푥 ,푦 ) ∥≤ 	 퐼 	‖푥 − 푥 ‖	 

+	퐼 	‖푦 − 푦 ‖																	(52) 

퐸 = 	
푇
2푀 푀 퐹 푟 푢 푢 	, 	퐸 = 	

푇
2푁 푁 퐹 푟 푢 푢 , 

퐼 = 	 푆 + 	푀 푀 푆 	푢 (	퐹 	푟 	푢 + 	퐹 	퐸 ) 

, 퐼 = 	푀 푀 푆 	푢 (	퐹 	퐸 + 	퐹 	푟 	푢 ), 

퐼 = 	푁 푁 푆 	푢 (		퐹 	푟 	푢 + 퐹 	퐸 ), 

퐼 = 	 푆 + 	푁 푁 푆 	푢 (	퐹 	퐸 + 	퐹 	푟 	푢 ), 

푢 = 	 1 −
푇
2
푀 푀 퐹 푟 ,푢 = 	 1−

푇
2
푁 푁 퐹 푟 , 

푢 = 	 (1−
푇
4 푀 푁 푀 푁 퐹 퐹 푟 	푢 	푢 ) , , 푆 =

2
푇 − 2휏 

Proof. From (	48), we have  

∥ Δ∗∗(0,푥 , 푦 ) ∥	=
2

푇(푇 − 2휏) [	푥 푇 − 푑 + 퐿푓(푡, 훾(푡,훼), 
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훽(푡,훼)	,푥(푡,푥 , 푦 ), 휇, 휀,푢)푑휏	] 

+ 	
1
푇

푓(휏,훾(휏,훼),훽(휏,훼),푥(휏,푥 , 푦 ), 

훾(휏,훼)푥(휏, 푥 ,푦 )푑휏, 훽(휏,훼)푥(휏, 푥 ,푦 )푑휏, 

푅(푡, 휏) 푥(휏,푥 , 푦 ) − 푦(휏, 푥 , 푦 ) 푑휏)푑휏  

≤
2

푇(푇 − 2휏) [	‖푥 푇 − 푑 ‖+ 1 −
푡 − 휏
푇

‖훾(휏,훼)‖ 

‖훽(휏,훼)‖ 푓(휏, 	푥(휏,푥 , 푦 ), 훾(휏,훼)푥(휏, 푥 ,푦 )푑휏, 훽(휏, 훼)	 

푥(휏,푥 , 푦 )푑휏, 푅(푡, 휏) 푥(휏, 푥 , 푦 ) −푦(휏, 푥 , 푦 ) 푑휏 푑휏			 

+ 	
푡 − 휏
푇

‖훾(휏, 훼)‖‖훽(휏,훼)‖ 푓(휏, 푥(휏, 푥 , 푦 ), 훾(휏,훼) 

푥(휏,푥 , 푦 )푑휏, 훽(휏, 훼)푥(휏,푥 , 푦 )푑휏,	 푅(푡, 휏) 

푥(휏, 푥 , 푦 ) − 푦(휏, 푥 ,푦 ) 푑휏)푑휏 푑휏

⎦
⎥
⎥
⎥
⎤

푑푡	] 

+ 	
1
푇

‖훾(휏,훼)‖‖훽(휏,훼)‖ 푓(휏,푥(휏, 푥 ,푦 ), 훾(휏,훼) 

푥(휏,푥 , 푦 )푑휏, 훽(휏, 훼) 푥(휏, 푥 , 푦 )푑휏, 푅(푡, 휏) 

푥(휏, 푥 , 푦 ) − 푦(휏, 푥 ,푦 ) 푑휏)푑휏 푑휏 

so, we have  

∥ Δ∗∗(0,푥 , 푦 ) ∥	≤	푀 푀 푀 +
2

푇(푇 − 2휏) 푞(푥 )															(53) 

Similarly, by using (49), we get  

∥ Δ∗∗(0,푥 , 푦 ) ∥	≤	푁 푁 푁 +
2

푇(푇 − 2휏) 푝
(푦 )															(54) 

Also rewrite (53) and (54) in a vector form we get (50). 

Again from (48), we obtain 

∥ Δ∗∗(0,푥 , 푦 ) − Δ∗∗(0,푥 ,푦 ) ∥=
2

푇(푇 − 2휏) [	푥 푇 − 푑  

+ 퐿푓(푡, 훾(푡,훼) ,훽(푡,훼),푥(푡,푥 , 푦 ),휇, 휀,푢)푑푡	] 

+ 	
1
푇 푓(휏,훾(휏,훼),훽(휏,훼),푥(휏,푥 , 푦 ), 훾(휏,훼) 

푥(휏, 푥 , 푦 )푑휏, 훽(휏,훼) 	푥(휏, 푥 ,푦 )푑휏, 푅(푡, 휏) 

	 푥(휏, 푥 ,푦 ) − 푦(휏, 푥 , 푦 ) 푑휏)푑휏 

−	
2

푇(푇 − 2휏) [	푥 푇 − 푑 + 퐿푓(푡, 훾(푡,훼),훽(푡,훼), 

푥(푡, 푥 , 푦 ),휇, 휀,푢)푑푡	] 

−	
1
푇 푓(휏,훾(휏,훼),훽(휏,훼) ,푥(휏, 푥 , 푦 ), 훾(휏,훼) 

푥(휏, 푥 , 푦 )푑휏, 훽(휏,훼) 	푥(휏,푥 , 푦 )푑휏, 푅(푡, 휏) 

푥(휏, 푥 ,푦 )− 푦(휏,푥 , 푦 ) 푑휏)  

≤	
2

푇 − 2휏
‖푥 −푥 ‖ +

2
푇(푇 − 2휏) (1 −

푡 − 휏
푇 ) 

‖훾(휏, 훼)‖‖훽(휏,훼)‖ (퐾 +퐾 푀 (푏 − 푎) + 퐾 푀 (푏 − 푎)				 

+ 	
ℎ
훼
퐾 )‖푥(휏, 푥 ,푦 ) − 푥(휏, 푥 ,푦 )‖ +

ℎ
훼
퐾  

‖푦(휏, 푥 ,푦 )− 푦(휏, 푥 , 푦 )‖ 푑휏		 

+ 	
푡 − 휏
푇

‖훾(휏,훼)‖‖훽(휏,훼)‖ (퐾 +퐾 푀 (푏 − 푎) 

+퐾 푀 (푏 − 푎) + 	
ℎ
훼 퐾 )‖푥(휏, 푥 , 푦 ) − 푥(휏, 푥 , 푦 )‖ 

+ 	
ℎ
훼퐾

‖푦(휏, 푥 , 푦 ) − 푦(휏, 푥 , 푦 )‖ 푑휏 푑푡 

+
1
푇
		 ‖훾(휏,훼)‖‖훽(휏,훼)‖ (퐾 + 퐾 푀 (푏 − 푎) 

+퐾 푀 (푏 − 푎) + 	
ℎ
훼 퐾 )	‖푥(휏, 푥 ,푦 ) − 푥(휏, 푥 , 푦 )‖ 

+
ℎ
훼 퐾

‖푦(휏,푥 , 푦 ) − 푦(휏, 푥 ,푦 )‖ 푑휏		 

So, the last inequality becomes 

∥ Δ∗∗(0,푥 , 푦 ) −Δ∗∗(0,푥 ,푦 ) ∥≤ 	푆 ‖푥 − 푥 ‖	 
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+푀 푀 푆 퐹 ‖푥(푡, 푥 ,푦 )−	푥(푡, 푥 , 푦 )‖+ 푀 푀 푆 퐹  

‖푥(푡, 푥 , 푦 )−	푥(푡, 푥 , 푦 )‖																																																								(55) 

Also, by using equation (4.2), we have  

∥ Δ∗∗(0,푥 , 푦 )− Δ∗∗(0, 푥 ,푦 ) ∥≤ 	푆 ‖푦 − 푦 ‖	 

+푁 푁 푆 퐹 ‖푥(푡,푥 , 푦 ) − 	푥(푡, 푥 , 푦 )‖ + 푁 푁 푆 퐹 	 

‖푦(푡,푥 , 푦 ) −푦(푡, 푥 , 푦 )‖																																																						(56) 

where 푥(푡, 푥 , 푦 ),푥(푡, 푥 , 푦 ), 푦(푡, 푥 , 푦 ) and 푦(푡, 푥 ,푦 ) are 
the solutions of the integral equations :- 

푥(푡, 푥 , 푦 ) = 푥 + 푓(휏, 훾(휏,훼),훽(휏,훼),푥(휏, 푥 , 푦 ),휇, 휀, 

	푢) +
1
푇

푓(휏, 훾(휏,훼),훽(휏,훼), 푥(휏,푥 , 푦 ),휇, 휀,푢)푑휏 푑휏 

	+
2(푡 − 휏)
푇(푇 − 2휏) 	 푑 − 푥 푇 − 퐿푓(푡, 훾(푡,훼),훽(푡,훼), 

푥(푡, 푥 , 푦 ),휇, 휀,푢)푑푡 																																																												(57) 

and  

푦(푡, 푥 , 푦 ) = 푦 + 푔(휏,훾(휏,훼),훽(휏,훼),푦(휏, 푥 , 푦 ,휔, 휂 

, 푣) −	
1
푇 푔(휏, 훾(휏,훼),훽(휏,훼),푦(휏, 푥 ,푦 ),휔, 휂, 푣)푑휏 푑휏 

+
2(푡 − 휏)
푇(푇 − 2휏) 푑 − 푦 푇 − 퐿푔(푡,훾(푡,훼),훽(푡,훼), 

		푦(푡, 푥 , 푦 ),휔,휂, 푣)푑푡 																																																							(58) 

with  

푥 (푡, 푥 , 푦 ) = 푥 , 푦 (푡, 푥 , 푦 ) = 푦  where 푘 = 1,2. 

From the equation (58) and using Lemma 1.1, we get  

‖푥(푡, 푥 , 푦 ) − 푥(푡, 푥 , 푦 )‖ ≤ ‖푥 − 푥 ‖+ (1−
푡 − 휏
푇 ) 

‖훾(휏,훼)‖‖훽(휏,훼)‖ (퐾 + 	퐾 푀 (푏 − 푎) + 	퐾 푀 (푏 − 푎)		 

+ 	
ℎ
훼
퐾 )‖푥(휏, 푥 ,푦 )− 푥(휏, 푥 ,푦 )‖+

ℎ
훼
퐾  

						

	‖푦(휏, 푥 , 푦 ) − 푦(휏,푥 , 푦 )‖ 푑휏 

+ 	
푡 − 휏
푇

‖훾(휏, 훼)‖‖훽(휏,훼)‖ (퐾 +퐾 푀 (푏 − 푎)	 

+	퐾 푀 (푏 − 푎) + 	
ℎ
훼
퐾 )‖푥(휏, 푥 ,푦 ) − 푥(휏, 푥 , 푦 )‖ 

						

+
ℎ
훼
퐾 ‖푦(휏,푥 , 푦 ) − 푦(휏, 푥 ,푦 )‖

⎦
⎥
⎥
⎤
푑휏 

+
2

푇 − 2휏 (1−
푡 − 휏
푇 ) ‖훾(휏,훼)‖‖훽(휏, 훼)‖ 

(퐾 + 	퐾 푀 (푏 − 푎) + 	퐾 푀 (푏 − 푎) 	+ 	
ℎ
훼
퐾 ) 

‖푥(휏,푥 , 푦 ) − 푥(휏,푥 , 푦 )‖						 
						

+
ℎ
훼
퐾 ‖푦(휏,푥 , 푦 ) − 푦(휏, 푥 ,푦 )‖

⎦
⎥
⎥
⎤
푑휏		 

+ 	
푡 − 휏
푇

‖훾(휏,훼)‖‖훽(휏,훼)‖ (퐾 + 퐾 푀 (푏 − 푎)	 

+	퐾 푀 (푏 − 푎) +
ℎ
훼
퐾 ‖푥(휏, 푥 , 푦 )− 푥(휏, 푥 , 푦 )‖ 

+ 	
ℎ
훼
퐾 ‖푦(휏, 푥 , 푦 ) − 푦(휏, 푥 , 푦 )‖ 푑휏 푑푡		 

≤ (1 −
푇
2
푀 푀 퐹 푟 ) 푟 ‖푥 − 푥 ‖ +

푇
2
푀 푀 퐹 푟  

(1−
푇
2푀 푀 퐹 푟 ) 	‖푦(휏, 푥 , 푦 )− 푦(휏, 푥 , 푦 )‖ 

so that  

‖푥(푡, 푥 ,푦 )− 푥(푡, 푥 , 푦 )‖ ≤ 푟 푢 ‖푥 − 푥 ‖ 

+
푇
2
푀 푀 퐹 푟 푢 ‖푦(휏, 푥 , 푦 ) −푦(휏,푥 , 푦 )‖																						(59) 

Now, from (58), we get  

‖푦(푡,푥 , 푦 )− 푦(푡, 푥 , 푦 )‖ ≤ 푟 푢 ‖푦 − 푦 ‖ 

+
푇
2
푁 푁 퐹 푟 푢 ‖푥(휏, 푥 , 푦 )− 푥(휏, 푥 , 푦 )‖																							(60) 

Substituting the last inequality in (59), as follows 

‖푥(푡, 푥 ,푦 )− 푥(푡, 푥 , 푦 )‖ ≤ 푟 푢 ‖푥 − 푥 ‖ 

+
푇
2
푀 푀 퐹 푟 푢 	[	푟 푢 ‖푦 − 푦 ‖ + 	

푇
2
푁 푁 퐹 푟 푢  

‖푥(휏,푥 , 푦 ) − 푥(휏,푥 , 푦 )‖	]		 

	≤ (1 −
푇
4 푀 푁 푀 푁 퐹 퐹 푟 푢 푢 ) 푟 푢 ‖푥 − 푥 ‖ 

+ 	
푇
2
푀 푀 퐹 푟 푢 푢 	(1 −

푇
4
푀 푁 푀 푁 퐹 퐹 푟 푢 푢 )  

‖푦 − 푦 ‖ 

Then we write this equation as follows  
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‖푥(푡, 푥 , 푦 ) − 푥(푡, 푥 , 푦 )‖ ≤ 푟 푢 푢 ‖푥 − 푥 ‖ 

+퐸 푢 ‖푦 − 푦 ‖																						(61) 

Also, substituting (60) in (61), we obtain 

‖푦(푡,푥 , 푦 ) −푦(푡, 푥 , 푦 )‖ ≤ 퐸 푢 ‖푥 − 푥 ‖ 

+푟 푢 푢 ‖푦 − 푦 ‖																		(62) 

So, substituting the inequalities (61) and (62) in inequality 
(55), we get the inequality (51). 

Similarly, substituting the inequalities (61) and (62) in 
inequality (56), we get the inequality (52). 

Theorem 4.2.  Let the system (1) be defined in the domain 
(3). Suppose that 퐺  and 퐺  be closed and bounded domain 
subset of domain 퐷  and 퐷 . Then, 퐺  and 퐺  have points at 
which the Δ −constant is zero, then for any point 푥 ∈ 퐷  and 
푦 ∈ 퐷 , the following inequality holds :- 

∥ Δ∗∗(0,푥 , 푦 ) ∥	≤ 푆 푀 푀 퐹 				푆 푀 푀 퐹 		 ,푄  

(퐸 − Q) 휓 	⟩+ 	푀 푀 푀 +
2

푇(푇 − 2휏) 푞(푥 )						(63) 

and  

∥ Δ∗∗ (0,푥 , 푦 ) ∥≤ 푆 푁 푁 퐹 				푆 푁 푁 퐹 		 ,푄  

(퐸 − Q) 휓 	⟩+ 	푁 푁 푁 +
2

푇(푇 − 2휏) 푝
(푦 )								(64) 

for all 푚 ≥ 0 and 푥 ∈ 퐷 ,푦 ∈ 퐷 . 

Proof .  By using the inequality (39), we get  

∥ Δ∗∗ (0,푥 , 푦 ) ∥	=	∥ Δ∗∗ (0,푥 , 푦 )− Δ∗∗(0,푥 , 푦 ) 

+Δ∗∗(0, 푥 , 푦 ) ∥																		 

≤		∥ Δ∗∗ (0, 푥 , 푦 ) −Δ∗∗(0,푥 , 푦 ) ∥ +	∥ Δ∗∗(0,푥 , 푦 ) ∥   

≤ 	(푆 푀 푀 퐹 							푆 푀 푀 퐹 ),푄 (퐸 −푄) 휓 	⟩	 

+	푀 푀 푀+
2

푇(푇 − 2휏)푞
(푥 )				 

Again from (39), we get 

∥ Δ∗∗ (0,푥 , 푦 ) ∥	= 	∥ Δ∗∗ (0, 푥 , 푦 ) − Δ∗∗(0,푥 ,푦 ) 

+Δ∗∗(0, 푥 , 푦 ) ∥																		 

	≤		∥ Δ∗∗ (0,푥 , 푦 ) − Δ∗∗(0,푥 ,푦 ) ∥ +	∥ Δ∗∗(0,푥 , 푦 ) ∥  

≤ 푆 푁 푁 퐹 				푆 푁 푁 퐹 		 ,푄 (퐸 − Q) 휓 	⟩ 

+푁 푁 푁+
2

푇(푇 − 2휏) 푝(푦 ) 

5. CONCLUSION 

In this paper, we have established the existence and 
approximation of the periodic solutions for non-linear integro-
differential equations depended on special functions with 
singular kernels and boundary integral conditions. The 
numerical-analytic method has been used to study the periodic 
solutions of ordinary differential equations which were 
introduced by (Samoilenko, A. M.). Also, we expand the result 
obtained by Samoilenko to change the periodic system of non-
linear differential equations with intial condition to periodic 

system of non-linear differential equations with boundary 
integral conditions. 
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