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ABSTRACT

This article investigates periodic solutions for new
nonlinear of integro-differential equations depended on
special functions with singular kernels and boundary
integral conditions by using the numerical analytic method
which was introduced by Samoilenko method. Theorems on
existence and uniqueness of a periodic solution are
established under some necessary and sufficient conditions
on closed and bounded domains.
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1. INTRODUCTION

A boundary value problem consists of a differential equation
on a given interval and an explicit condition that the solution
must satisfy at one or several points. The simplest instance
of such explicit conditions is when they are all specified at
one initial point. The solution of differential equations may
be generally specified at more than one point. Often there
are two points, which correspond physically to the
boundaries of some region, so that it is a two—point
boundary value problem [11]. The study of periodic
solutions for non-linear system of differential equations with
boundary conditions and boundary integral conditions is a
very important branch in the differential equation theory
[6,7,8,13,20]. Many results about the existence and
approximation of periodic solutions for system of non-
linear differential equations have been obtained by the
numerical analytic methods that were proposed by
Samoilenko [3,4] which had been later applied in many
studies [1,9,14,15,18].

Samoilenko [5] has used the numerical-analytic methods of
periodic solutions for ordinary differential equation with
boundary and boundary integral conditions which has the
form:

dx
E = f(t,x)

[y x(tydt=d, deR",

where x € D, D is closed and bounded subset of R,

the vector function £ (¢, x) is defined on the domain :

(t,x) € R' x D = (—00,00) X D

which is continuous in t, x and periodic in t of period T.
Lemma 1.1 [4]. Let f(t) be a vector function which is defined

intheinterval 0 <t < T, then:

t 1 T
| (@ 7| roass| < am.

where M = maXtE[O,T]lf(t)l and a(t) = 2¢(1 - g) '

In this work, we investigate the existence and approximation of
periodic solution for non-linear integro-differential equations
with boundary integral conditions.

d
d—f = f(t,y(t, @), B(t, @), x(t), u, &, u)

fo(t)dt =d,
dx ’ @
i g(txy(tx (Z),ﬁ(t, Of),}’(t)’ w, 1, n)

dt —
T
[ vye=a,
0

where

w= [y a)x(@)dr e = [0 Bz, a)x(r)dr,
= [y a)y@de,n = [ B a)y(@dr,
u= [’ R(tD)(x() - y(@))dr,

v= [ 6(tD) (x(x) - y(x))dr

Where x € D, cR",y €D, c R",D, and D, are compact
domains.

Let the wvector functions (t,y(t,a), B(t, a),x,u & u) and
gt y(t a),B(t, @), y, w,n,v) are defined and continuous on
the domain :-

(t,y(t, @), B(t, @), x,pu) € R* x G, =)
(—%,0) x D x D; xD, XD, %D,

(txy(txa):ﬁ(t:a)xyxwxv) € R1 XGZ :I
(—0,00) % D x Dy X D, X Dy X D,

)
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Also D,,D,,D,, D,,D, and D, are bounded domains subset of
Euclidean space R™.

where D = [r,7+ T] % (0,1].

and periodic in t of period T.
Suppose that the functions f (t,y(t, @), B(t, @), x, u, &, u) and
gt y(t a),B(t @), y, w,n,v) satisfy the following inequalities

I f(ey(t @), Bt a).x, pew) I (e )llllB(E )
Il £t x,pew)l| < M,MM ¥
Ig(ty(ta),B(t a),y, 0nv) I< |yt O)IIBE D |
Il g(t,y,w,n,v) IS N,NgN )

" f(txy(tx (Z),ﬂ(t, a)1x1l/‘l1l£1lu1)
_f(tx y(tx (Z),ﬂ(t, a)1x2l/‘l2152lu2) "

< MyMﬂ(K1 II X1 — Xy II +K2 II U1 — Uy II +K3 II & — & II

+K4 " u-1 - u—z "

4
" g(t, y(t, a),ﬂ(t, a)x}’b (‘)11 7711 171)
—g(t,y(t, (Z),ﬂ(t, a)lyZl W3, 12, 1]2) "

< NyNB(lq My, =y I+ Ly l Wy — wy I +Lsllmy

=2l
%)

for all t € RY,x,x,,x, € Dy,y,¥1,Y, € Dy, i, 6,0, n,u and v
are belong to D,,D, D, D,,D, andD, respectively, where
M,N,K,, K,, K, K,,L,, L,, Ly and L, are positive constants.
Alsoy(t, @) and B(t,a) are special functions (Gamma and
Beta functions) provided thaty(t,a) =y(t+T,a) and
B(t,a) = B(t +T,a) the singular kernels R(t,7) and G(t,7)
satisfying the following conditions :-

+L4 " 171 - 172 "

Il R(t,7) II< he~@¢=D) ©)
I G(t,7) II< oe=8¢D)
where —co<0<t<t<7t+T,& and § are positive
constants.
Now, we defined the non-empty sets as follows :-
2 \
=G, - ( M+ ———a(x0) |
Q)
_ T 2 |
Dy = G = G Ny NgN + ——-p(%0))
where
TZ
q(xo) = lldy — x,T|| + <? - 2'[2) M, MgM
and
TZ
p(¥o) = lldz — yoT|l + (? — 27*)N,NgN

Furthermore, we suppose that the largest eigen-value of the
matrix
a(t)M,MgFyr;  a(t)M, MgF,ry

less than one ,i.e.

a(t)N,NgF3ry  a(t)N,NgFur
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8, +4/87 +4(8; — 85)

<1
2

qmax (Q) = (8)

T T
where 6, = EMVM;;F1T1 + ENYNBF4r1’
T T T
5, = (EMYMBFZH) (E NYNBF3T1) 03 = (E MYMﬂF1r1)

T
(5 NYNBF4r1) Fy = K, + KoM, (b — @) + KyMy(b — a)

+BK4,F2 = BK4,F3 = EL4,F4 =L+ LzNy(d )
a a 1)
+L3Ng(d —c) +EL4,r1 =1+ 2T
1) T -2t
2.APPROXIMATION OF PERIODIC SOLUTION

D

In this section, we study the periodic approximation solution of
(1) will be introduced by the following theorem :-

Theorem 2.1. If the system (1) satisfy the inequalities (3) to
(6) and the conditions (7) and (8) has periodic solutions
x = x(t,x0,V,) and y = y(t, x4, ¥,), then the sequence of
functions :-

xm+1(t, on’o) = Xo +J‘ [f(‘[l y(T, a),,ﬂ(f, a),xm(f,xO,yo)
1
y My Emy um) - ?J‘ f(Tl y(T, (Z) lﬂ(rl (Z) 1xm(Tlx01y0)uumx

Emy um)] dr + (t - T)p (9)

with
Xo(t, X0, ¥o) = Xo

2

T(T = 20) - fo Lf(t,y(t @), B(t, @),

p= [d,

xm(t1x01y0)uuml Sm, um)dt]

and

LFCE (6@, Bt @) Xt 0 Y. b )
= [ U r e, 520 e 5070t
-3 @800 2005030 b )]
and

Yma1(t:X0,¥0) = Yo + f: [g(w(f, ), B(z ),

Ym (T, X0, Y0), @y M Vi)

TJ- g(le(Tl (Z),ﬂ(‘[, a)lym(TlXOlyO)lwmlnmvm) dT

+(t —1)9 (10)
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with 2
Il x (¢, xo, —xo Il _Z
Vot X0, Vo) = o (t, x0,¥0) 0 l/a(t)MyMBM + o 2_[q(xo)\
<
where 2
Il y(t, %0, ¥0) — Yo |l a(t)NyNBN +ﬁp(3’o)
2 T et
9=———[d,—y,T—| Lg(t,y(t t
rEen R EE RV GICOVICE) "
Yt X0, Y0), @ T, Vi) UE] and
and " x(thOlyO) - xm(tl xOlyO) "
SQME-Q) 7'y, (15)
Lg(t, y(t, (Z),ﬁ(t, a),ym(t’ Xo» yO)l Wiy Mo s 1]m) || _’y(t, on’o) — _’ym(t, Xo, yO) ||
t
- f [9(r.v(7.@), B(T.@) ,Yin(T. X0, Y0) + W, T Vi) forallm = 0,x, € Dy, € Dy andt € R, where
1 [T+ a(t)MyMBM + ﬁq(xo)
- TJ- g(r, V(Tx a)ﬁ(r, a') 1 Ym (T, Xo» 3’0) y Wiy M 1Jm)]d‘[ 1701 = 5 ! Eis identity matrix.
! a(t)N,NgN "'EP(}’o)
where ) )
Proof. Consider the sequence of functions

b b t, X0, Yo), X2(t, X0, Y0), -+ t, Xo, ... and vy, (t, xo,
. :J- V(T @)%, (3, X0, yo )T, €, = J- B(T, @)%, (T, Xo, Yo) T, x1(t, X0, ¥0), %2(t, X0, ¥0) Xm(t, X0, Vo) Y1(t, %o, o)
a a

V2 (6, %0, V), ooy Vi (8, X0, Vo) ..., defined by the recurrences
relation (9) and (10) Each of these functions of sequence
defined and continuous in the domain (2) and periodic in t of

d d
o = f V(2. @)y (7. X0, Yo )T, Ty = f Bz, @)Y (T, %o, yo)d
¢ ¢ period T.

t
u, = J' R(t, T) (%, (T, X0, Vo) — Y (T, X0, Vo)) dT Now, by the Lemma 1.1 and using the sequence of functions
—oo (9) and(10) when m = 0, we get

t
v = [ GG T Cn( %030) = (30, 70D t
It x0.30) = 3ol = || | [f(r,y(r,a),,ﬂ(r,a),xo,
are periodic in t of period T, and uniformly converges as T

m — oo on the domain :-

(t, x0,y0) € [1, 7+ T] X Dy; X Dy (11)

b b t
, f ¥(z,a) xydz, f B(z.a) xyd, f Rt 7)(xo — Yo)d7)
x(t, on’o) “ “ -

to the limit function defined on the domain

1 T+T b b
Jex0 7o) 1] rereo s [ v wd [ o
(11) which is periodic in t of period T and satisfying the ‘ ¢ ¢

following integral equations :- ¢

xXodt ,J- R(t,7) (%o — yo)dr)dr] dt + 2t = 1)

. T(T — 27) [d:
x(t,%g, Yo) = %o +f [f(r, y(T, @), B(z, a), x(T, X0, ¥o), &,

1 (=T _XOT_ J-TLf(tly(tx (Z),ﬂ(t, a),xo,,u,s,u)dt]
s,u) _TJ- f(r,y(‘r,a),ﬂ(r,a),x(‘r,xo,yo),,u,s,u)] dr 0
+(E—1)p (12)

and

<(1--) f vl 186G @l || xo f y(e.0)

t

y(tlx01y0) =Yo +J‘ [g(‘[,y(‘[, a)lﬂ(‘[l a)x}’('[:xm}%),w,
‘ R(t,7)(xo — yo)d7)|| dT

xodr,fbﬁ(r, a) xodr,f

1 T+T
77’17) _TJ- g(‘[, y(‘[, a),ﬁ(‘r, Of),}’(‘f, xOxyO)x(er]xv)dT] dt

_ T+T b
D)9 a® @ @lae ol || [ v wde

which are unique solutions on the domain (11), provided that
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fbﬁ(r, a) xodr,ft R(t,7)(xg — yo)d7)|| dT

2
T -2t

+

(s =7+ [ l(l -2 [

| b b
18 )l || £z xo f y(z,a) xodt, f Bz, a) xdr,

J-t R(t,7)(xo — yo)dr)|| dT

_ +T b
e I L COII T CE RCERL

]
b . |
f B(t, @) xodr,f R(t, ) (%o — ¥o)d7)|| d7T) Idt]

|

q(x) (16)

hence

121 (t, X0, ¥0) — Xoll < a(t)M, MgM +

T—-2t
for all x,(t,x0,v,) € Gy, forall t € [t,7+ T],x, € Dy;.
Thus, by mathematical induction, we can prove that

e, 50, 0) = ol S alOOM MM+ —q(x) (17)

Then x,,,(t, X0, yo) € Gy, forall t € [T, T+ T],x, € Dy;.

similarly
2
26 %0,30) = oll € @(ON NN +7——-p(0)  (18)
for all y,(t, x9,¥0) € G,, forall t € [t,T +T], y, € Dy;.
and
2
1ym (8, %0, ¥0) = Yol < a(O)NyNgN +———p(¥5)  (19)

for all y,,, (¢, %, Vo) € G, forall t € [, +T], y, € Dy
From the inequalities (18) and (19), we get (14).

Next, we shall prove that the sequence of functions (9) and
(10) are convergent uniformly on the domain (11).

When m = 1 and by using Lemma 1.1 and the inequalities (4)
and (5), we obtains

Il
“xz(tx xOxyO) - xl(tl xOlyO)“ = J- [[ f(Txy(Tx (Z),ﬁ(‘[, a)x
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Raad Noori Butris et al., International Journal of Advanced Trends in Computer Science and Engineering, 8(4), July- August 2019, 1509 - 1520

b b
x1(T, on’o)xJ- y(T, a)xl(‘r, xm}’o)dfxf ﬂ(‘[l (Z)
x1(T, xm}’o)dfxf R(¢,7) (x4 (T, 0, Y0) — ¥1(T, %0, ¥0))dT)
b b
_f(Tl y(T, a)lﬂ(‘[l a)lx01 J‘ y(T, (Z) deTlJ- ﬂ(‘[l (Z) deT
| R =0)dn]

1 T+T b
i) UEre@peo @, [ Vo

b t
xl(Tl xOlyO)d‘[xJ- ﬁ(‘[l a)xi(‘r, xod’o)d‘f,f R(tx T)

(x1(T, on’o) _}’1(Tx xo:}’o))df) _f(le(Tl a)lﬂ(‘[l a)xxo

b
, f y(t, @) xodr,

a

. 1
J-bﬁ(r, Q) xodr,f R(t, t)(xo — yo)dr)]drjl dt

2(t—1)

mj; [Lf( t,y(t, (Z),ﬂ(t, a),xi(t, xOlyO)uull 81,11.1)

—Lf(t, y(t, (Z),ﬂ(t, 0(), xOl I‘lOl 501 uo)] dt

<(1-25) f v MBI (K, + KM, (5 — o)

h h
+K3Mﬁ(b —a) +EK4) [1x1 (T, %0, ¥0) — Xoll + EKAL

“yl(TlelyO) - }’0“ dr

[ @ allsE ol | + ke, b - )

h h
+K3Mﬁ(b —a) +EK4)||X1(T, X1 Yo) — Xoll + EKAL

[ly1(z. %0, ¥0) — ¥oll| dT

2
T —

+

%) I(l -5 [ aonseal

h
(K, + KM, (b — a) +K3Mg(b — a) + EK“)

h
[1%1 (T, %0, o) — xoll + EK4||3’1(T, X0, Y0) = Yoll dr



t—1 T+T
[ @ ollsE ol | + KMy 0 - @
t
h h
+K3Mﬂ(b —a)+ EK4)||X1(T, X1 Yo) — Xoll + EKAL

[ly1 (T, %0, ¥0) — ¥oll

dr] dt

therefore
[[22 (&, 20, ¥0) — %1 (£, X0, V)l < a(t)MyMBF1r1
11 (¢, %0, Yo) =Xl + a(t)MyMﬂFzrﬂ'}ﬁ(txxo;}’o)_yoll (20)

where

b b
i = [ @@t ydne = [ Bl (@)
d d
W, :J- Y (T, @)y1 (T, X0, Y0)dT, 1y :J- B(z, @)y, (T, %0, ¥o)dT
u1=J- R(t, ) (x1 (T, X0, ¥o) — ¥1(T, X0, ¥0))dT
n= [ 605070 = (@0 y0))ds
Ho = J-by(fx a)x,dt, g = J-bﬁ(fx a)xodt

d d
W =f ¥ (T, @)y, dt, 70 =f B(z, @)y dr,
c c

t

w= [ R~y = [ 6~ e

—co

Consequently, by mathematical induction we can prove that
1241 (8, X0, o) — Xm (€, X0, o) | < a(t)M, MgFy7y

12 (£, X0, ¥0) = X1 (£, X0, ¥o) | + a(e) M, MpF,1y

1y (€, X0, ¥0) =Ym—1(t, X0, Yol (21)
and

ly2 (¢, %0, ¥0) — y1.(& X0, Y0) | < a(t)Ny NgFsry

(121 (t, x0, Yo) —Xol + a(E)N, NpFyry[ly1 (L, x0,¥0) =0l (22)
Thus, by induction we can prove that

1yme1(E %0, ¥0) = Y (E: X0, Yo) | < a(E)N, NgFsmy

12 (t, X0, Y0 ) —Xm—1(t, X0, Yo) Il + a(t)NyNBF4T1

[1¥m (€, 20, Y0) =Ym-1(&, X0, o)l (23)
rewrite (21) and (22) in a vector form, i.e.

PYmsr (1) < Q1) (€) (24)
where

Il %41 (E X0, Y0) — X (£, X0, Vo) |l
Y41 =
Il Ym+1(t X0, ¥0) — Yim (t. X0, ¥0) |
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Il % (t, X0, Y0) — Xm—1(t, X0, ¥o) |l

Y =
Il Y (£, %0, ¥0) = Ym-1(t, %0, ¥0) |
and
a(t) M,MgFr, a(t) M, MgF,r,
Q) =
a(t) N NgFsry a(t) N NgF,ry

Now, we take the maximum value of the both sides of the
inequality (24), we get

Vi1 <Q Uy (25)

where Q = max,e(; .47 Q(t), we obtain

T T

/ EMYMBF1r1 EMYMBF2r1\

Q=| |

T T

SNyNgFsry S NyNgFyry
and by repetition of (25), we find that
Ymir < QMY (26)

and also we get

id’iﬁ

By condition (8) then the series (27) is uniformly convergent
that is

Q'Y @7

s

Il
[

L

m 0o
Lm > QT <Y QY = (E- Q7 (28)
i=1 i=1
Let
xm(tlx01y0) x(tlx01y0)
lim = (29)
m-—oo
ym(tlx01y0) y(txon’o)
x (¢ %0, o)
Finally, we show that is a unique solution of

y(t, xOlyO)
x

the system (1). Assume that < > is another solution for the

y
system (1) i.e.

x(t, on’o) = Xo +J‘ |:f(T;y(T; a)lﬂ(‘[l a),)&(‘r, on’o)x#x&u)

1 T+T
- TJ- f(le(Tl a)lﬂ(‘[l a),)&(‘r,xo,yo),ﬂ,s,u)] dT

+(t—-1p (30)

and

y(txXOxYO) =Yo +J- [g(‘[, y(‘[, (Z),ﬂ(‘[, Of),}"(‘f’ xOxyO)x(Ux



1 T+T
77’17) - TJ- g(le(Tx a),ﬁ(‘f,a),}"(‘f,on’o),wlnxv)] dr

+(t — 7)9 (31)

where

b b
= f Y(z, @)i(z, x40, yo)dr, € = f B(x, a)(x, x40, yo)dr,

d d
= f Y (2. @)3(z, 20, yo)dr,n = f B(r, )3 (x. %0, o),

t

= f Rt 7Y (E(2, X0, y0) — (T, %0, Y0)) .

v= f Gt 1) (2 %0, o) — (T, %o, Vo)) T

Now, we find the difference between them,

2%, 70) = e 00 12 (1= [ @ el

1B )| €Ky + KoM, (b — a)+Kaby (b — a) + - K,)

. h
[l (T, 9, ¥o) — (T, X0, Yo) Il + EKAL
[ly(z, %0, y0) — (7, %0, }’o)“] dr

< [T ol o
(K1 + KM, (b —a) + KsMp(b — a) +gK4)

. h
[lx(z, %0, ¥0) — %(, X0, Yo)l +EK4
ly (T, %0, y0) — y(Txon’o)“] dr

2 T _ t
) Iﬂ—tT’) [ e anseal

h
(K, + K,M (b —a) + K;Mp(b—a) + EKAL)

. h
[lx(z, %0, ¥0) — %(7, %0, yo) Il + EKAL

lly (7. %0, 70) — y(Txon’o)“] de

[ @l ol |t + ki, 6 -
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h .
+ K3Mﬂ(b —a)+ EK4)||X(T, Xo: Yo) — X(T, X0, Yo) I

]
i |
+ = Ki[lly(r. 0. 0) = 3z %0 yo) ||| d [t

S0,
Il x(t,x0, o) — %(t, X0, ¥0) | < a(t)M, MgF;7y

[[x(t, x0, yo) =% (t, X0, Yo) | + a(t)M, MgF,r,

1y (t, %0, ¥0) =¥ (¢t X0, Yol (32)
also, we find

Iy (¢, x0,¥0) = ¥(t. X0, ¥0) I< a(t)N, NgF3ry

llx(t, X0, ¥0) =% (t, X0, yo) Il + ()N, NpFyry

Ly (¢, x0, ¥0) =¥ (&, X0, ¥o) (33)

Rewrite the inequalities (32) and (33) in a vector form, we get

" x(t, xOlyO) - x(txon’o) "
=0
" y(t, xOlyO) —y(t, xOlyO) "

" x(t, xOlyO) - x(txon’o) "
(34)
" y(t, xOlyO) —y(t, xOlyO) "

()

Now, by the condition (8).
Il x(t, xq, ¥o) — X(t, X0, Vo) |l

Il y(t, x0,¥0) — Y(t, %0, ¥0) |l

that is
x(tlx01y0) x(t, xOlyO)
y(tlx01y0) y(txon’o)

this proves that the solution is a unique of the system (1) for all

T
t € [t,7 +T] xo € D1;,y0 € Doy, a(t) SE.

3. EXISTENCE OF PERIODIC SOLUTION OF THE
SYSTEM (1)

The existence of periodic solution for the system (1) is
uniquely connected with existence of zeros of the functions
A7 (0, xq, ) and A% (0, x,,y,) Which defined by :-

LxoT — dy + f L ()

2
A77(0, %0, ¥0) = )

1ﬁ(t1 a),x(t, xo,yo),l-l, £ u)dt]

+ %J-rﬂf(r,y(r, @), B(x, @), x(T, X0, Vo), i, & W)dT @5)

T

A3 (0,%0, ¥0) = T —d, + J- Lg (t.y(t a),

0

2
T(T — 21)



ﬁ(tx Of),}’(f, xo,yo), (4),7'], 1])dt]
1 T+T
+ ?J- g(‘r,y(‘r,a),ﬁ(‘r, a),y(r,xo,yo),w,n,v)dr (36)

x(t, xOl yO)
where

y(t, xOl }’0)
functions (9) and (10).

is the limiting function of the sequence of

The equations (35) and (36) are approximately determined
from the sequence of functions :-

D5 (0,20, ¥) = [xoT — dy + f LF(ty(t, ),

2
T(T — 27)

ﬁ(t,a')xxm(t, xo’yO)’/‘lmemxum) dt]
+%J-T+ f(r,y@ @), BT, @)% (T, Xo, Vo), s Ems U ) AT (37)

and

T

[yoT — dy + f Lg(t. (¢, a),

2
A5 (0,x0,¥0) = T =20
0

ﬂ(tl a)x}’m(tx X0, }’0) Wiy N 1]m) dt]

1 T+T
+TJ- f(T, y(‘[, (Z),ﬂ(‘[, a),ym(‘[,xo,yo), wml nmlvm)dr (38)

Theorem 3.1. Let all assumptions and conditions of the
theorem 2.1 satisfied, then we get the following inequality :-

I A;*(O, xOlyO) _A;:n(oxon’o) I
<

I A*z*(oxon’o) - A;:n(olxmyo) I

((S:MyMgF,  S\M,MgF,),Q™(E = Q)" ,)
(39)
((S1N,NgFs SN, NgFy), Q™ (E — Q)" 1)
2
T -2t
Proof. By the equations (35) and (37), we get

where§; =1+

a(t)

I AT"(0,x0,¥0) — A7 (0, X0, ¥o) II= ) [xT

2
T(T — 21

T 1 T+T
R R G COYICONTNTE By (G
b b
V@@ﬁ@@w@%yﬂfﬂwﬂﬂmmmﬂjﬁ@@

x(T1x01y0)dTlJ-t R(t, r)(x(‘r, xOlyO) —y(‘[, xOlyO)dT )dT

2

_W[XOT —-d; +J; Lf(t,y(t, a),B(t a),

xm(tl xOl yO)uuml ‘Sml um)dt ]
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1 T+T b
_TJ; f(le(Tl a)lﬂ(‘[l a)xxm(TxXOxYO)xJ;ﬂ(Tx (Z)

t

b
xm(Txon’o)deJ- ﬂ(‘[l a)xm(‘[, xm}’o)dfxf R(t, T)

(xm(Tl xOlyO) - ym(Tx Xo» yO))dT)dT

[
2 Tl t—1 t
Sfﬁtzaﬁlﬂ——yﬁﬁnﬂnwmm@am

h
(Ky + K,M, (b — a) + K;Mp(b — a) + EKAL)

[1x(z, X0, Yo) =X (T, X0, Yo) Il

dt

h
+EK4||}’(T’xo’ yO) - xm(Tl xOlyO)

[ @l Bl |+ Ky (b - a)

h
+K;Mg(b — a) +EK4)IIx(r,xo,yo) — Xm (T, X0, Yo) Il

1
] |
+— Kally(T.X0, ¥0) = ym (7. %0, yo) l  d7) dt

(K, + KzMy(b —a)

1 +T
+?£ Iy I 1B )

h
+K3Mﬂ(b - a) +EK4)“x(Tlx01y0) - xm(TlXOlyO)“
h
+— Kally(7.%0, %0) = ym (7. %0, Yo)l | do

hence

I AT (0, %, ¥o) — AT (0, X0, ¥0) 1<
((SiM,MgF, S, M,MF,),Q™(E — Q) ', )

similarly, we have

I A5 (0, %0, ¥o) — A3 (0, %, o) |l

S1NyNgF,),Q™(E — Q) ™'y )

i.e. the inequality (39) will be satisfied for all m = 0.

( (S1N,NgF;

Raad Noori Butris et al., International Journal of Advanced Trends in Computer Science and Engineering, 8(4), July- August 2019, 1509 - 1520

(40)

(41)
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Theorem 3.2. Let the system (1) be defined on the interval
[a,b] and [c,d] in R and periodic in t of period T. Suppose
that the sequence of functions (9) and (10) satisfies the
following inequalities :-

rodmtin A1n (0,20, 70) <

—(($:MyMgF,  S;M,MgF;),Q™(E — Q)~"y)

max A}, (0, x,, >
ool et 1m(0,%0,¥0)

((S:M,MgF,  S,M,MgF,), Q™(E — Q)~*yy)
<
rodmin Az (0,20, o)
—((S:NyNgF3 SNy NgF,),Q™(E — Q)"yy)

max A% (0,x,v,) =
X0€J1.Y0€J2 am o Yo

((SiNyNgF5  S;N,NgF,),Q™(E — Q) ')

(42)

|
)

(43)

|
)

T
~ M, MM +

2
where Xo E]1 = [a + 2 mq(xo)

T 2
b —EMyM;;M—m‘Z(xo)]
and
_ T 2
Yo €J,=|c "'ENyN;;N "'mp(%)
d TN NgN 2
d =25 NyNg T_ZTp(yo)]
X x(t, xo,yo)
Then (1) has a periodic solution < > =
y y(t, on’o)

forx, € [a+J,b —Ji]and y, € [c + ], d — ],].

Proof . Let x,,x, and y,,y, be any points belonging on the
intervals I, and I, respectively, such that

A (0.xy, 1) = min_ A (0. %0, 7o)
. 44
A (0,5, y,) =  max  A7(0,x0,y0) (44
Xo€l1,YoEl,
A;:n(olxllyl) = min A;:n(olxmyo)
. oo (45)
A5 (0,%5,¥,) = rﬁ%x A2m(0 X0, Yo)

By using the inequalities (40), (41), (42), and (43), we obtains

|

AT(0,x1,31) = AT (0, x4, y1) +
(A;*(O,xp Y1) — A;:n(olxp}ﬁ)) <0

- - (46)
AT (0, %1, y1) = A5 (0, x5, y,) +
(A;*(Oxsz’z) - A;:n(olxbyz)) >0 )
A;*(lellyl) =A§§n(0,x1,y1)+ \I
(85 (031,31) ~ 80 (0,31,31)) < O ¥ “n

A3 (0,x1,y1) = A5, (O, sz’z) +
+(45(0,%5,y,) — 85 (0,%5,,)) > 0 )

and from the continuity of the functions A}*(0,x,,y,) and
A5(0,x0,v0) and the inequalities (3.10) and (3.11), then
there exist and isolated singular points x° € [x;,x,] and
y° € [y1, y,] such that A3*(0, x4, y,) = A%*(0, x4, ¥,) = 0. This

x> x(thOlyO)

means that (1) has a periodic solution <

y y(tlx01y0)
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4. STABILITY PERIODIC SOLUTION OF THE SYSTEM
(€))

Theorem 4.1.
are defined by :-

If the function A3*(0,x,,y,) and A5 (0,x,, o)
AT"(0,x0,¥0) ¢ Dy X Dyp > R™

A7 (0,%0, ¥0) = [x,T —d; + J-TLf (t.y(t o),

2
T(T — 21)

ﬂ(t’ a),x(t, xm}’o)xﬂl £ u)dt]

+ %J'rﬂf(r,y(r, @), B(x, @), x(T, xg, Vo), s & W)dT “8)

and

A5 (0, %9, ¥0) : Dy X Dy > R™

T
A3 (0,%0, y0) = T —d, + J- Lg (t.y(t a),
0

2
T(T — 21)

ﬁ(tx Of),}’(f, xo,yo), w, 771 1])dt]
1 T+T
+ TJ- g(Txy(Tx (Z),ﬂ(‘[, a),y(r,xo,yo),w,n,v)dr (49)

x(t, xOlyO)

where is the limits of the sequences (9) and

y(t, Xo yO)
(10) respectively, the following inequality holds :-

2
I 45 (0,%0, o) I / My MpM + 54 (%0) \

) <| | (50)
Il 83(0,%0, o) | \ NN + T(Ti 55700
I A7 (0,x5, y0) — A7°(0,x5, ¥6) 1< 1y Il — x|l
+ 1 llys — 8l (51)
and
I 45" (0,x5, y5) — 87°(0,x5,¥8) 1< Iy [lxg — Gl
+ 1, llys — 5l (52)
E, = gMyMﬂFzrfuﬂz A gNyNBFﬂfuiuz,
I = S, + M,MgS, u3(F,ryu; + F, E,)
Ay = M,MgS; us(Fy E; + F, 1 up),
I3 = NyNgS;us( F3myup + F, E),
I, = S, + N,NgS; us(Fs By + Fymywy),
u, = (1 - gM},MﬁFiri)_1 Uy = (1 - gNyNﬂF4r1)_1,
z 2
u; = (1- M Ny MgNgF,Farf u; up)™* = T—2s

Proof. From ( 48), we have

I A3°(0.x0,y0) Il = Sl —d; + f LF(ty(t, @),

2
T(T — 2t



ﬂ(t’ (Z) xx(txon’o)x M €, u)dT]

+ %J;T+Tf(rxy(rx (Z),ﬁ(‘[, a),x(‘r,xo,yo),

b b
f Y (1, @)x(t, %0, y0)d1, f Bz, a)x(t, x0,y0) d,

J‘t R(t, T) (x(‘r, xOl }’0) - y(T, xOl yO))dT)dT

< ﬁ[ llxoT — || + f ' l(l —“TT) f ol

1Bz o)l

b b
£, %t %0 o). f ¥(z, @) x(T, %o, Y0 )d, f Bz a)

x(TlXOlyO)dTlJ-t R(t,‘[) (x(‘r, xOlyO) —y(‘[, xOlyO))dT dT

— +T b
7 f Iy 1B ) [ G x(2. %00 o), f N

b ¢
x(r,xo,yo)dr,f B(z, a)x(r,xo,yo)dr,f R(t,7)

]

|
(x(‘r, X0, yO) - y(‘[, xOlyO))dT)dT dt | dt ]

1 T+T b
.o f Iy @ ) 1B )l || (2, 22 20, o). f y(z, @)

T

b ¢
x(r,xo,yo)dr,f B(z, a)x(r,xo,yo)dr,f R(t,7)

(x(, %0, o) — ¥(1, %0, ¥0) )dr)dr|| de
so, we have
*% 2
I A7°(0,x0,¥0) I < M, MpM +WQ(XO) (33)
Similarly, by using (49), we get
2
1 A5 (0, %0, yo) Il < N,NgN +m?(}’o) (54)

Also rewrite (53) and (54) in a vector form we get (50).

Again from (48), we obtain

I A7 (0,x5,¥5) — A7 (0,3, ¥5) 1= of —dy

2
TT—2L*

+ f LF(ty (6 a) Bt @) x(t,xh, yd). e w)de ]
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1 +T b
+ ?J; f(le(Tl a)lﬂ(‘[l a)xx(fxxéx%%)xj; y(T, (Z)
b ¢
x(t, xé,y&)dr,f B(r,a) x(z, xé,y&)dr,f R(t,T)

(x(z. x5,98) — y(z, x5, y5))dr)de

~ g AT+ | Ly o,

x(t, x5, y5), u, €, u)dt ]

1 T+T b
-7 rereoseo @ [ e

b ¢
x(z, xg,yg)dr,f B(z,a) x(r,xg,yg)dr,f R(t,7)

(x(‘r, x(%lyg) - Y(Txngyg))dT)

- 2 2] + 2 J‘T . t—1
L T o N (G )

f ly Gz I B )l | (K, + KoM, (b — @) + Ky My (b — a)

+BK 1.1y 2 4,2 +ﬁK
P Dx(, x5,¥0) — x(z, x5, )l e

ly(z, x5, v5) — ¥(xz, xé,yé)ll] dr

(K, + K;M, (b — a)

t—1 +T
[ e olisEol
t
h 1 1 2 2
+K3Mﬁ(b —a)+ EK4)||X(T, x5, ¥Y0) — x(, x5, ¥5)l
h 1 1 2 2
+ EK4“y(T1 on’o) - y(T, on’o)” dT dt
1 +T
*r f lly(z, ) IB (z, )l [ (K, + KoM, (b — a)
h 1 1 2 2
+K;Mg(b — a) + ~Ka) [l (z, x5, ¥0) — x(z, x5, y5) I

h
+EK4“y(Tlx(%1y&) _y(T, x(%lyg)“ dr

So, the last inequality becomes



+MyM[i’SlF1“x(tl x%x}’&)_ x(t, x(%lyg)“ + M‘yM[i’SlFZ

llx(t, x5, 5)— x(¢, x8, y§) | (55)
Also, by using equation (4.2), we have

I A5 (0,x5, ¥5) — 85°(0,x3,¥6) 1< S, llys — w3l

+N, NSy Fsllx(t, x5, y5) — x(t, x5, y§)|l + N, NS, F,

lly (¢t x5, v5) — ¥ (t. x5, yO) (56)

where x(t, x5, o), x(t, x5, ), ¥(t, x5, 5) and y(t, x§,y5) are
the solutions of the integral equations :-

x(t, x(l)cly(l)c) = x(l)( + J-t[f(_[’y(_[’ a),ﬂ(‘r, a),x(‘r, x(l)cly(l)()uuxgx

u) +%J-T+Tf(r, y(r,a), B(z, ), x(t,x¥, y¥), u, s,u)dr] dr

2(t—1)

m [dl _x(l)(T _J; Lf(t,y(t, (Z),ﬂ(t, a)x

x(t, x(’)‘,y(’)‘),ﬂ,s,u)dt] (57)

and

y(t.x§,y6) = y§ +f [g(r,y(r,a),ﬂ(r, @), y(T.x§,y5, .1

1 T+T
’v) - TJ- g(T’y(T’ a),ﬂ(‘[, a)x}’(fx x(l)(ly(l)()lw,n,v)d'[ dt
2(t — T
T((;—Z)[dz ‘y(')‘T‘fo Lg(t,y(t a),p(t a),

y(t, x(’)‘,yé‘),w,n,V)dt] (58)

with
x§ (¢, xE, yE) = x§, y§ (t, x§, y§) = y& where k = 1,2.

From the equation (58) and using Lemma 1.1, we get

t—r1
It b, 8) = 2t 8 RN <l = 2311+ (1= )
t
f Iy (e, @) NG )l | Ky + KoMy (b — @) + KoMy(b — a)
h 1 1 2 2 h
+ EK4)||X(T, on’o) - x(t, on’o)“ +EK4

ly(z, x3,v8) — y(z. %2, yD)| | 4T

+ t_TTJ- lly(z, DI NB (T, ) | (K, + KzMy(b —-a)
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h
+ KMy (b — a) + —K)llx(z,x5,y5) — (2, x5, y5)

1|
h
+ = Kally(r,x8, 98) = (@15, 7)) de

2
T -2t

+

| I(l -9 [ olise ol

h
(Ky + KoM, (b—a) + K;Mg(b—a) + EKAL)

llx(r. x5, v6) — x(7. x5, )

1|
h
+ = Kally(r.x8, 98) = (@1, y) de

+ t_TTf lly(z, ) B (z, )l | (Ky + KM, (b — a)

h
+ KsMy(b = @) + = K, lx(x,xb, 78) = (5. 8, )|

h
+ EK4IIy(T, x5, ¥5) — y(1, xé}/é)ll] dT] dt
T

T
<(1- EMyMBF1T1)_1T1||x3 — x| + EM},MﬁFzr1

T
(1= 5 M, MpFyr) ™ Hly(r b, v8) = (@ v
so that

||x(t, xé,y&) - x(t, Xg,yg)“ < rlulllx(% - x(%“

M, M Farysly (e 3, 13) =y (.33, ) (59)
Now, from (58), we get

lly(t. x5, ¥0) = y(t. x5, y) I < ruzllys — ¥3ll

Ny NpFaryt (e, y8) = 2 xd ) (60)

Substituting the last inequality in (59), as follows
llx(t, x5, y6) — x(t, x8, yO | < ruqllxg — %3]

1 2 T
+§MYMBF2r1u1 [rullys — yoll + ENyNBF3r1u2

llx(r, x5, v0) — x(t,x3, yo)l 1
TZ 2 -1 1 2
<(@1- ZM},N},MBNBFZFJ1 U uy) T truyllxg — x5

T T?
+ EM},MﬁFzrfuiu2 (1- TM},N},MBNHFZF3r12uiu2)‘1

llys = ¥5li

Then we write this equation as follows



llx(t. x5, ¥6) — x(t, x5, y)| < rugusllxg — x5l

+E usllys — 3l (61)
Also, substituting (60) in (61), we obtain
ly (x5, v6) — ¥(t, x5, YOI < Eyusllxg — x5l

+riuuslys — vl (62)

So, substituting the inequalities (61) and (62) in inequality
(55), we get the inequality (51).

Similarly, substituting the inequalities (61) and (62) in
inequality (56), we get the inequality (52).

Theorem 4.2. Let the system (1) be defined in the domain
(3). Suppose that G, and G, be closed and bounded domain
subset of domain D,;, and D,;. Then, G, and G, have points at
which the A —constant is zero, then for any point x, € D,, and
Vo € Dy, the following inequality holds :-

Il A57(0,x0,¥0) Il < ((S;M,MgF, S;M,MgF, ),Q™

2
(E-Q) "¢y )+ M,MgM + m‘](xo) (63)
and
Il A% (0,0, ¥0) I ((SiN, NgFs  SiN,NgF, ),Q™
2
(E-Q) ™", )+ N NN + WP(}%) (64)

for allm > 0 and x, € D5}, ¥, € D,,.

Proof . By using the inequality (39), we get

Il A5 (0, X0, ¥o) Il =1l A%, (0, %0, ¥0) — A7(0, %0, ¥0)
+A77(0, x0, Vo) |l

< 11 A (0,0, ¥0) — AT(0, x4, ¥0) II + 1 A77(0, %0, ¥o) |l

<((SiMyMgFy  SiM,MF,),Q™(E — Q) ™'y )

2
MMM+ 5y 4(%0)

Again from (39), we get

Il 8570, %0, ¥0) Il = 1 5,0, %, ¥0) — A57(0,x0,¥,)
+A%5(0, x4, Vo) |l

< 11 A%0(0, 0, ¥0) — A3 (0,20, ¥0) II + 11 A5°(0, x, ¥o) |l

< ((SiNyNgFs SiN,NgF, ),Q™(E — Q)" )

2
+N, NgN + mp(yo)

5. CONCLUSION

In this paper, we have established the existence and
approximation of the periodic solutions for non-linear integro-
differential equations depended on special functions with
singular kernels and boundary integral conditions. The
numerical-analytic method has been used to study the periodic
solutions of ordinary differential equations which were
introduced by (Samoilenko, A. M.). Also, we expand the result
obtained by Samoilenko to change the periodic system of non-
linear differential equations with intial condition to periodic
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system of non-linear differential equations with boundary
integral conditions.
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