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ABSTRACT 
  
 This article investigates periodic solutions for new 
nonlinear of integro-differential equations depended on 
special functions with singular kernels and boundary 
integral conditions by using the numerical analytic method 
which was introduced by Samoilenko method. Theorems on 
existence and uniqueness of a periodic solution are 
established under some necessary and sufficient conditions 
on closed and bounded domains. 

Key words: Numerical-analytic method, periodic solutions, 
integro-differential equations, singular kernels , boundary 
integral conditions, stability solution. 
 
1. INTRODUCTION 

A boundary value problem consists of a differential equation 
on a given interval and an explicit condition that the solution 
must satisfy at one or several points. The simplest instance 
of such explicit conditions is when they are all specified at 
one initial point. The solution of differential equations may 
be generally specified at more than one point. Often there 
are two points, which correspond physically to the 
boundaries of some region, so that it is a two–point 
boundary value problem [11].  The study of periodic 
solutions for non-linear system of differential equations with 
boundary conditions and boundary integral conditions is a 
very important branch in the differential equation theory 
[6,7,8,13,20]. Many results about  the  existence  and 
approximation of  periodic solutions for system of non–
linear differential equations have  been obtained  by  the 
numerical  analytic methods  that were  proposed by 
Samoilenko [3,4]  which  had been later applied in many 
studies [1,9,14,15,18]. 

Samoilenko [5] has used the numerical-analytic methods of 
periodic solutions for ordinary differential equation with 
boundary and boundary integral conditions which has the 
form:  

ݔ݀
ݐ݀

=  (ݔ,ݐ)݂

	∫ ்(ݐ)ݔ
଴ ݐ݀ = ݀	,				݀ ∈ ܴ௡,	   

where ݔ ∈  ,ܴ௡	of	subset	bounded	and	closed	is	ܦ,	ܦ

 

 

 

the vector function ݂(ݐ,  : is defined on the domain (ݔ

,ݐ) (ݔ ∈ ܴଵ × ܦ = (−∞,∞) ×  ܦ

which is continuous in ݐ,  .ܶ of period ݐ and periodic in ݔ

Lemma 1.1 [4]. Let ݂(ݐ) be a vector function which is defined 
in the interval 0 ≤ ݐ ≤ ܶ, then : 

ቤන (ݏ)݂) −
1
ܶන ݏ݀(ݏ)݂

்

଴
ݏ݀(

௧

଴
ቤ ≤  ,	ܯ(ݐ)ߙ

 where ܯ = max௧∈[଴,்]|݂(ݐ)| and	(ݐ)ߙ = −1)ݐ2 ௧
்
)	. 

 In this work, we investigate the existence and approximation of 
periodic solution for non-linear integro-differential equations 
with boundary integral conditions. 

ݔ݀
ݐ݀

= ,ݐ)݂ ,ߤ,(ݐ)ݔ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ (ݑ,ߝ

න ݐ݀(ݐ)ݔ = ݀ଵ
்

଴
ݔ݀
ݐ݀ = ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ,ݐ)݃ ,ߟ,߱,(ݐ)ݕ ݊)

න ݐ݀(ݐ)ݕ = ݀ଶ
்

଴ ⎭
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

																																	(1) 

where  

ߤ = ∫ ௕߬݀(߬)ݔ(ߙ,߬)ߛ
௔ ߝ,  = ∫ ௕,߬݀(߬)ݔ(ߙ,߬)ߚ

௔  

߱ = ∫ ௗ߬݀(߬)ݕ(ߙ,߬)ߛ	
௖ , ߟ = ∫ ௗ߬݀(߬)ݕ(ߙ,߬)ߚ	

௖ ,  

ݑ = 	∫ ,ݐ)ܴ ߬)൫ݔ(߬)− ൯݀߬,௧(߬)ݕ
ିஶ  

ݒ = ∫ ,ݐ)ܩ ߬)௧
ିஶ ൫ݔ(߬)   ൯݀߬(߬)ݕ−

Where ݔ ∈ ଵܦ ⊂ ܴ௡, ݕ ∈ ଶܦ ⊂ ܴ௡,ܦଵ and ܦଶ are compact 
domains.        

Let the vector functions (ݐ, ,ݔ,(ߙ,ݐ)ߚ ,(ߙ,ݐ)ߛ ,ߤ ,ߝ  and (ݑ
,߱,ݕ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ,ݐ)݃	  are defined and continuous on (ݒ,ߟ
the domain :- 

	
,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ,ݐ) ,ݔ (ݑ,ߤ ∈ ܴଵ × ଵܩ =

(−∞,∞) × ܦ × ଵܦ × ఓܦ × ఌܦ ௨ܦ×
,ݐ) (ݒ,߱,ݕ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ ∈ ܴଵ × ଶܩ =

(−∞,∞) × ܦ ଶܦ× × ఠܦ ఎܦ× × ௩ܦ ⎭
⎪
⎬

⎪
⎫
																																	(2)		           
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Also	ܦఓ ఎܦ,ఠܦ,ఌܦ,  ௩ are  bounded domains subset ofܦ ௨ andܦ,
Euclidean space ܴ௠. 

where  ܦ = [ ,߬ ߬ + ܶ] × (0,1]. 

and periodic  in ݐ	of	period	ܶ. 

Suppose that the functions ݂(ݔ,(ߙ,ݐ)ߚ ,(ߙ,ݐ)ߛ,ݐ, ,ߤ  and (ݑ,ߝ

,ݐ)݃ ,߱,ݕ ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ ,ߟ   satisfy the following inequalities (ݒ

∥ ,ݐ)݂ ,ߤ,	ݔ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ (ݑ,ߝ ∥≤ 	‖(ߙ,ݐ)ߚ‖‖(ߙ,ݐ)ߛ‖	
,ݐ)݂	‖ ,ߤ,	ݔ ‖(ݑ,ߝ ≤ ܯఉܯఊܯ

∥ ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ,ݐ)݃ 	ݕ ,ߟ,߱, (ݒ ∥≤ ‖(ߙ,ݐ)ߚ‖‖(ߙ,ݐ)ߛ‖
∥ ,߱,	ݕ,ݐ)݃ (ݒ,ߟ ∥≤ ఊܰ ఉܰܰ	 ⎭

⎪
⎬

⎪
⎫
	(3) 

                                                                       	 

∥ ,ݐ)݂ ,ଵݔ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ ,ଵߤ ଵߝ  (ଵݑ,

,ݐ)݂− ,ଶݔ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ ,ଶߤ (ଶݑ,ଶߝ ∥ 

≤ ଵܭ)ఉܯఊܯ ∥ ଵݔ − ଶݔ ∥ ଶܭ	+ ∥ ଵߤ − ଶߤ ∥ ଷܭ	+ ∥ ଵߝ − ଶߝ ∥ 

ସܭ+	 ∥ ଵݑ − ଶݑ ∥													 (4)	 

∥ ,ݐ)݃ ,ଵ,߱ଵݕ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ ,ଵߟ  	(ଵݒ

,ଶ,߱ଶݕ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ,ݐ)݃− ,ଶߟ (ଶݒ ∥ 

≤ ఊܰ ఉܰ(ܮଵ ∥ ଵݕ − ଶݕ ∥ ଶܮ	+ ∥ ߱ଵ −	߱ଶ ∥ ଷܮ	+	 ∥ ଵߟ − ଶߟ ∥ 

ସܮ+ ∥ ଵݒ ଶݒ− 	 ∥													  (5) 

for all ݐ ∈ ܴଵ,ݔ,ݔଵ, ଶݔ ∈ ,ݕ,ଵܦ ,ଵݕ ଶݕ ∈ ,ߤ,ଶܦ ,߱,ߝ  ݒ and ݑ,ߟ
are belong to ܦఓ ఎܦ,ఠܦ ,ఌܦ,  ௩ respectively, whereܦ	௨  andܦ,
,ଵܭ,ܰ,ܯ ,ଶܭ	 ,ଷܭ	 ,ସܭ	 ଵܮ , ,ଶܮ	  .ସ are positive constantsܮ	 ଷ andܮ	
Also	(ߙ,ݐ)ߛ	and	(ߙ,ݐ)ߚ are special functions (Gamma and 
Beta functions) provided that	(ߙ,ݐ)ߛ = ݐ)ߛ +  and (ߙ,ܶ
(ߙ,ݐ)ߚ = ݐ)ߚ + ,ݐ)ܴ the singular kernels (ߙ,ܶ ߬) and ݐ)ܩ, ߬) 
satisfying the following conditions :- 

∥ ,ݐ)ܴ ߬) ∥≤ ℎ݁ିఈ(௧ିఛ)

∥ ,ݐ)ܩ ߬) ∥≤  (6)																																																																	ఋ(௧ିఛ)ቋି݁ߪ

where −∞ < 0 ≤ ߬ ≤ ݐ ≤ ߬ +  are positive ߜ and ߙ,ܶ
constants.      

Now, we defined the non-empty sets as follows :- 

௶ଵܦ = ଵܩ − (
ܶ
2
ܯఉܯఊܯ +

2
ܶ − 2߬

((଴ݔ)ݍ

௶ଶܦ = −ଶܩ (
ܶ
2ܰఊ ఉܰܰ +

2
ܶ − 2߬ ݌

⎭((଴ݕ)
⎪
⎬

⎪
⎫
																															(7)	 

where  

(଴ݔ)ݍ = ‖݀ଵ − ‖଴ܶݔ + ቆ
ܶଶ

3 − 2߬ଶቇܯఊܯఉܯ 

and 

(଴ݕ)݌ = ‖݀ଶ − +‖଴ܶݕ (
ܶଶ

3 − 2߬ଶ) ఊܰ ఉܰܰ 

Furthermore, we suppose that the largest eigen-value of the 
matrix 

ܳ = ቌ
ଵݎଶܨఉܯఊܯ(ݐ)ߙ							ଵݎଵܨఉܯఊܯ(ݐ)ߙ

(ݐ)ߙ ఊܰ ఉܰܨଷݎଵ							(ݐ)ߙ ఊܰ ఉܰܨସݎଵ
ቍ		less than one ,i.e.  

(ܳ)௠௔௫ݍ =
ଵߜ +ඥߜଵଶ + −ଶߜ)4 (ଷߜ

2
			< 1																																(8) 

where	ߜଵ =
ܶ
2
ଵݎଵܨఉܯఊܯ +

ܶ
2 ఊܰ ఉܰܨସݎଵ, 

ଶߜ = ൬
ܶ
ଵ൰൬ݎଶܨఉܯఊܯ2

ܶ
2 ఊܰ ఉܰܨଷݎଵ൰	 ଷߜ, = ൬

ܶ
 ଵ൰ݎଵܨఉܯఊܯ2

൬
ܶ
2 ఊܰ ఉܰܨସݎଵ൰ ଵܨ, = ଵܭ ܾ)ఊܯଶܭ+ − ܽ) + ܾ)ఉܯଷܭ − ܽ)	 

+
ℎ
ߙ ଶܨ,ସܭ =

ℎ
ଷܨ,ସܭߙ =

ߪ
ߜ ସܮ ସܨ, = ଵܮ + ଶܮ ఊܰ(݀ − ܿ) 

ଷܮ+ ఉܰ(݀ − ܿ) +
ߪ
ߜ ସܮ ଵݎ, = 1 +

2ܶ
ܶ − 2߬ 

2.APPROXIMATION OF PERIODIC SOLUTION  

(૚) 

In this section, we study the periodic approximation solution of 
(1) will be introduced by the following theorem :- 

Theorem 2.1. If the system (1) satisfy the inequalities (3) to 
(6) and the conditions (7) and (8)		has periodic solutions 
ݔ = ,ݐ)ݔ ,଴ݔ ݕ ଴) andݕ = ,ݐ)ݕ ,଴ݔ  ଴), then the sequence ofݕ
functions :- 

,ݐ)௠ାଵݔ ,଴ݔ (଴ݕ = ଴ݔ +න ൥݂(
௧

ఛ
߬, ,(ߙ,߬)ߛ ,଴ݔ,߬)௠ݔ,(ߙ,߬)ߚ,  (଴ݕ

, ,௠ߤ ,௠ߝ −(௠ݑ
1
ܶන ݂(߬, (ߙ,߬)ߛ

ఛା்

ఛ
,଴ݔ,߬)௠ݔ,	(ߙ,߬)ߚ, ௠ߤ,(଴ݕ , 

௠ߝ ௠)൩݀߬ݑ, + ݐ) −  (9)																																																																ߩ(߬

with  
,ݐ)଴ݔ ,଴ݔ (଴ݕ =  ଴ݔ

ߩ =
2

ܶ(ܶ − 2߬) [	݀ଵ ଴ܶݔ− − න ,ݐ)݂ܮ
்

଴
 ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ

,଴ݔ,ݐ)௠ݔ ௠ߤ,(଴ݕ , ௠ߝ  [	ݐ݀(௠ݑ,

and  

,ݐ)݂ܮ ,ݐ)௠ݔ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ ,଴ݔ ,௠ߤ,(଴ݕ ௠ߝ ,  (௠ݑ

= න [	݂(߬, ,(ߙ,߬)ߛ
௧

ఛ
,߬)௠ݔ,	(ߙ,߬)ߚ	 ,଴ݔ ,	(଴ݕ ௠ߤ ,  (௠ݑ,௠ߝ

−	
1
ܶන

,(ߙ,߬)ߚ,(ߙ,߬)ߛ,߬)݂
ఛା்

ఛ
,߬)௠ݔ ,଴ݔ ,௠ߤ,(଴ݕ ௠ߝ  [߬݀(௠ݑ,

and  

,଴ݔ,ݐ)௠ାଵݕ (଴ݕ = ଴ݕ +න ൥݃(
௧

ఛ
 ,(ߙ,߬)ߚ,(ߙ,߬)ߛ,߬

,߬)௠ݕ ,଴ݔ  	(௠ݒ௠ߟ,଴),߱௠ݕ

−	
1
ܶන

,(ߙ,߬)ߛ,߬)݃
ఛା்

ఛ
)ߚ ,߬ ,߬)௠ݕ,(ߙ ,଴ݔ ଴),߱௠ݕ , ௠)൩ݒ௠ߟ ݀߬ 

ݐ)+ −  	(10)																																																																																							ߴ(߬
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with  
,ݐ)଴ݕ ,଴ݔ (଴ݕ =  ଴ݕ

where  

ߴ =
2

ܶ(ܶ − 2߬)
[݀ଶ − ଴ܶݕ −න ,ݐ)݃ܮ

்

଴
 ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ

,ݐ)௠ݕ ,଴ݔ ,଴),߱௠ݕ ௠ߟ  [ݐ݀(௠ݒ,

and  

,ݐ)݃ܮ ,ݐ)௠ݕ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ ,଴ݔ ,଴),߱௠ݕ ,௠ߟ ,  (௠ݒ

= න [	݃(߬, ,(ߙ,߬)ߛ
௧

ఛ
,߬)௠ݕ,	(ߙ,߬)ߚ ,଴ݔ ,߱௠		଴)ݕ , ,௠ߟ  (௠ݒ

−	
1
ܶන

݃(߬,
ఛା்

ఛ
,	(ߙ,߬)ߚ(ߙ,߬)ߛ ,଴ݔ,߬)௠ݕ ,߱௠	଴)ݕ , ௠ߟ ,  ߬݀[(௠ݒ

where  

௠ߤ = න )௠ݔ(ߙ,߬)ߛ ,߬
௕

௔
,଴ݔ ,߬݀(଴ݕ ௠ߝ = න ,߬)௠ݔ(ߙ,߬)ߚ

௕

௔
,଴ݔ  ,߬݀(଴ݕ

߱௠ = න ,߬)௠ݕ(ߙ,߬)ߛ
ௗ

௖
,଴ݔ ,߬݀(଴ݕ ௠ߟ = න ,߬)௠ݕ(ߙ,߬)ߚ

ௗ

௖
,଴ݔ  ߬݀(଴ݕ

௠ݑ = න ,ݐ)ܴ ,߬)௠ݔ)(߬
௧

ିஶ
,଴ݔ (଴ݕ − ,߬)௠ݕ ,଴ݔ  ߬݀((଴ݕ

௠ݒ = න ,ݐ)ܩ ,߬)௠ݔ)(߬
௧

ିஶ
−(଴ݕ,଴ݔ ,߬)௠ݕ  ߬݀((଴ݕ,଴ݔ

are periodic in ݐ of period ܶ, and uniformly converges as 
݉ → ∞ on the domain :- 

,ݐ) (଴ݕ,଴ݔ ∈ [߬, ߬ + ܶ] × × ௶ଵܦ ௶ଶܦ 																																												(11)  

to the limit function ቌ
ݔ	 ,ݐ)	 (଴ݕ,଴ݔ

,଴ݔ,ݐ)ݕ (଴ݕ
ቍ defined on the domain 

(11) which is periodic in ݐ of period ܶ and satisfying the 
following integral equations :- 

,ݐ)ݔ ,଴ݔ (଴ݕ = ଴ݔ +න ൥݂(
௧

ఛ
߬, ,߬)ݔ,(ߙ,߬)ߚ,(ߙ,߬)ߛ ,଴ݔ  ,ߤ,(଴ݕ

(ݑ,ߝ	 	−
1
ܶන

,߬)ݔ,(ߙ,߬)ߚ,(ߙ,߬)ߛ,߬)݂ ,଴ݔ ߤ,(଴ݕ
ఛା்

ఛ
, ൩(ݑ,ߝ ݀߬ 

ݐ)+ −  (12)																																																																																								ߩ(߬

and  

,ݐ)ݕ (଴ݕ,଴ݔ = ଴ݕ +න ൥݃(
௧

ఛ
߬, ,߬)ݕ,(ߙ,߬)ߚ,(ߙ,߬)ߛ ,଴ݔ  ,߱,(଴ݕ

,ߟ (ݒ −
1
ܶන ݃(߬, ,(ߙ,߬)ߛ

ఛା்

ఛ
)ݕ,(ߙ,߬)ߚ ,߬ ,଴ݔ ,߱,(଴ݕ ,ߟ  	൩݀߬߬݀(ݒ

ݐ)+	 −  (13)																																																																																							ߴ(߬

which are unique solutions on the domain (11), provided that 

൮

∥ ,ݐ)ݔ ,଴ݔ (଴ݕ − ଴ݔ ∥

∥ ,଴ݔ,ݐ)ݕ (଴ݕ − ଴ݕ ∥

൲ ≤

⎝

⎜
⎛
ܯఉܯఊܯ(ݐ)ߙ +

2
ܶ − 2߬

	(଴ݔ)ݍ

(ݐ)ߙ ఊܰ ఉܰܰ +
2

ܶ − 2߬ ݌
(଴ݕ)

⎠

⎟
⎞
		 

(14)						 

and  

ቌ
∥ ,଴ݔ,ݐ)ݔ (଴ݕ − ,ݐ)௠ݔ (଴ݕ,଴ݔ ∥

∥ ,ݐ)ݕ −(଴ݕ,଴ݔ ,ݐ)௠ݕ ,଴ݔ (଴ݕ ∥
ቍ ≤ 	ܳ௠(ܧ − ܳ)ିଵ߰ଵ						(15) 

for all ݉ ≥ 0, ଴ݔ ∈ ௶ଵܦ ଴ݕ, ∈ ݐ ଶ௶ andܦ ∈ ܴଵ, where  

߰ଵ = ൮
+ܯఉܯఊܯ(ݐ)ߙ ଶ

்ିଶఛ
	(଴ݔ)ݍ

(ݐ)ߙ ఊܰ ఉܰܰ + ଶ
்ିଶఛ

(଴ݕ)݌
൲  .is identity matrix	ܧ,

Proof. Consider the sequence of functions 
,ݐ)ଵݔ ,଴ݔ ,ݐ)ଶݔ,(଴ݕ ,(଴ݕ,଴ݔ … , ,ݐ)௠ݔ , (଴ݕ,଴ݔ … 	and ݕଵ(ݔ,ݐ଴,  	(଴ݕ

, ,ݐ)ଶݕ ,(଴ݕ,଴ݔ … , ,ݐ)௠ݕ , (଴ݕ,଴ݔ …, defined by the recurrences 
relation (9) and (10) Each of these functions of sequence 
defined and continuous in the domain (2) and periodic in ݐ of 
period ܶ. 

Now, by the Lemma 	1.1 and using the sequence of functions 
(9)	and(10)	when ݉ = 0, we get  

,ݐ)ଵݔ‖ ,଴ݔ (଴ݕ ‖଴ݔ− = ቱ
ቱන ൥݂(߬, ,(ߙ,߬)ߛ

࢚

࣎
 ,଴ݔ,(ߙ,߬)ߚ,

,න ,଴݀߬ݔ	(ߙ,߬)ߛ
௕

௔
	න ,଴݀߬ݔ	(ߙ,߬)ߚ

௕

௔
න ,ݐ)ܴ −଴ݔ)(߬ (߬݀(଴ݕ
௧

ିஶ
 

−	
1
ܶන ,଴ݔ,(ߙ,߬)ߚ,(ߙ,߬)ߛ,߬)݂

ఛା்

ఛ
න ,଴݀߬ݔ	(ߙ,߬)ߛ
௕

௔
න (ߙ,߬)ߚ
௕

௔
												 

଴݀߬ݔ ,න ,ݐ)ܴ ߬)
௧

ିஶ
଴ݔ) − ଴)݀߬)݀߬൩݀߬ݕ + 	

ݐ)2 − ߬)
ܶ(ܶ − 2߬) [	݀ଵ 

଴ܶݔ− −න ,଴ݔ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ,ݐ)݂ܮ ,ߤ [	ݐ݀(ݑ,ߝ
்

଴
ቱቱ			 

≤ ൬1−
ݐ − ߬
ܶ

൰න ‖(ߙ,߬)ߛ‖
௧

ఛ
,߬)ቱቱ݂‖(ߙ,߬)ߚ‖	 ଴,නݔ (ߙ,߬)ߛ

௕

௔
 

଴݀߬,නݔ	 ,଴݀߬ݔ	(ߙ,߬)ߚ
௕

௔
න ,ݐ)ܴ −଴ݔ)(߬ (߬݀(଴ݕ
௧

ିஶ
ቱቱ݀߬ 

+
ݐ − ߬
ܶ න ‖(ߙ,߬)ߚ‖‖(ߙ,߬)ߛ‖

ఛା்

௧
ቱቱ݂(߬, ଴,නݔ ,଴݀߬ݔ	(ߙ,߬)ߛ

௕

௔
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න ଴݀߬ݔ	(ߙ,߬)ߚ
௕

௔
,න ,ݐ)ܴ ଴ݔ)(߬ − (߬݀(଴ݕ

௧

ିஶ
ቱቱ݀߬ 

+
2

ܶ − 2߬
[	‖݀ଵ − ‖଴ܶݔ + න ൦൬1−

ݐ − ߬
ܶ

൰
்

଴
න ‖(ߙ,߬)ߛ‖
௧

ఛ
 

଴,නݔ,߬)ቱቱ݂‖(ߙ,߬)ߚ‖ ,଴݀߬ݔ	(ߙ,߬)ߛ
௕

௔
න ,଴݀߬ݔ	(ߙ,߬)ߚ
௕

௔
		 

න ,ݐ)ܴ −଴ݔ)(߬ (߬݀(଴ݕ
௧

ିஶ
ቱቱ݀߬ 

+
ݐ − ߬
ܶ න ‖(ߙ,߬)ߛ‖

ఛା்

௧
,߬)ะ݂‖(ߙ,߬)ߚ‖ ଴ݔ ,න ,߬)ߛ ,଴݀߬ݔ	(ߙ

௕

௔
 

න ,଴݀߬ݔ	(ߙ,߬)ߚ
௕

௔
න ,ݐ)ܴ ଴ݔ)(߬ − (߬݀(଴ݕ
௧

ିஶ
ቱቱ݀߬)

⎦
⎥
⎥
⎥
⎥
⎤

 [	ݐ݀

hence  

,ݐ)ଵݔ‖ ,଴ݔ (଴ݕ − ‖଴ݔ ≤ ܯఉܯఊܯ(ݐ)ߙ	 +
2

ܶ − 2߬ ݍ
 (16)					(଴ݔ)

for all ݔଵ(ݔ,ݐ଴, (଴ݕ ∈ ݐ ଵ, for allܩ ∈ [߬, ߬ + ଴ݔ,[ܶ ∈ ௶ଵܦ .  

Thus, by mathematical induction, we can prove that  

,ݐ)௠ݔ‖ −(଴ݕ,଴ݔ ‖଴ݔ ≤ ܯఉܯఊܯ(ݐ)ߙ	 +
2

ܶ − 2߬ ݍ
 (17)				(଴ݔ)

Then ݔ௠(ݐ, ,଴ݔ (଴ݕ ∈ ݐ ଵ, for allܩ ∈ [߬, ߬ + ଴ݔ,[ܶ ∈ ௶ଵܦ .  

similarly  

,ݐ)ଵݕ‖ ,଴ݔ (଴ݕ − ‖଴ݕ ≤ (ݐ)ߙ	 ఊܰ ఉܰܰ+
2

ܶ − 2߬  (18)							(଴ݕ)݌

for all ݕଵ(ݐ, (଴ݕ,଴ݔ ∈ ݐ ଶ, for allܩ ∈ [߬, ߬ + ଴ݕ 	,[ܶ ∈ ௶ଶܦ . 

and  

,ݐ)௠ݕ‖ −(଴ݕ,଴ݔ ‖଴ݕ ≤ (ݐ)ߙ	 ఊܰ ఉܰܰ +
2

ܶ − 2߬ ݌
 (19)						(଴ݕ)

for all ݕ௠(ݔ,ݐ଴, (଴ݕ ∈ ݐ ଶ, for allܩ ∈ [߬, ߬ + ଴ݕ 	,[ܶ ∈ ௶ଶܦ . 

From the inequalities (18) and (19), we get (14). 

 Next, we shall prove that the sequence of functions (9) and 
(10) are convergent uniformly on the domain (11). 

When ݉ = 1 and by using Lemma 1.1 and the inequalities (4) 
and (5), we obtains 

,ݐ)ଶݔ‖ (଴ݕ,଴ݔ − ,ݐ)ଵݔ ,଴ݔ ‖(଴ݕ = ቱ
ቱන ൥[	݂(߬, ,(ߙ,߬)ߚ,(ߙ,߬)ߛ

௧

ఛ
 

,߬)ଵݔ ,଴ݔ ଴),නݕ ,߬)ଵݔ(ߙ,߬)ߛ ଴)݀߬,නݕ,଴ݔ (ߙ,߬)ߚ
௕

௔

௕

௔
 

,߬)ଵݔ ,଴ݔ ଴)݀߬,නݕ ,ݐ)ܴ ߬)
௧

ିஶ
,଴ݔ,߬)ଵݔ) (଴ݕ − ,଴ݔ,߬)ଵݕ  (߬݀((଴ݕ

−݂(߬, ,߬)ߚ,(ߙ,߬)ߛ ,଴ݔ,(ߙ 	න (ߙ,߬)ߛ
௕

௔
଴݀߬,නݔ	 (ߙ,߬)ߚ

௕

௔
 ଴݀߬ݔ	

,න ,ݐ)ܴ ଴ݔ)(߬ − [	(߬݀(଴ݕ
௧

ିஶ
 

−
1
ܶන ,(ߙ,߬)ߚ,(ߙ,߬)ߛ,߬)݂	] ,߬)ଵݔ ,଴ݔ (଴ݕ

ఛା்

ఛ
,න (ߙ,߬)ߛ

௕

௔
 

,߬)ଵݔ ,଴ݔ ଴)݀߬,නݕ (ߙ,߬)ߚ
௕

௔
,߬)ଵݔ ଴)݀߬,නݕ,଴ݔ ,ݐ)ܴ ߬)

௧

ିஶ
 

,߬)ଵݔ) ,଴ݔ (଴ݕ ,߬)ଵݕ− ,଴ݔ (߬݀((଴ݕ  ଴ݔ,(ߙ,߬)ߚ,(ߙ,߬)ߛ,߬)݂−

,න (ߙ,߬)ߛ
௕

௔
଴݀߬,නݔ (ߙ,߬)ߚ

௕

௔
଴݀߬,නݔ ,ݐ)ܴ −଴ݔ)(߬ ߬݀[(߬݀(଴ݕ

௧

ିஶ
⎦
⎥
⎥
⎤
݀߬ 

+
ݐ)2 − ߬)
ܶ(ܶ − 2߬)න ൥݂ܮ(

்

଴
,ݐ)ଵݔ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ,ݐ	 ,଴ݔ ,ଵߤ,(଴ݕ  (ଵݑ,ଵߝ

,ݐ)݂ܮ− ,଴ݔ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ ,଴ߤ ଴ߝ  ะݐ଴)൩݀ݑ,

≤ ൬1−
ݐ − ߬
ܶ

൰න ‖(ߙ,߬)ߚ‖‖(ߙ,߬)ߛ‖
௧

ఛ
቎(ܭଵ + ܾ)ఊܯଶܭ − ܽ) 

ܾ)ఉܯଷܭ+ − ܽ) +
ℎ
ߙ ,߬)ଵݔ‖	(ସܭ ,଴ݔ (଴ݕ − +‖଴ݔ

ℎ
 ସܭߙ

,଴ݔ,߬)ଵݕ‖ (଴ݕ − ଴‖൩ݕ ݀߬ 

+
ݐ − ߬
ܶ න ‖(ߙ,߬)ߚ‖‖(ߙ,߬)ߛ‖

ఛା்

௧
቎(ܭଵ + ܾ)ఊܯଶܭ − ܽ) 

ܾ)ఉܯଷܭ+ − ܽ) +
ℎ
ߙ
,଴ݔ,߬)ଵݔ‖(ସܭ −(଴ݕ ‖଴ݔ +

ℎ
ߙ
 ସܭ

,଴ݔ,߬)ଵݕ‖ (଴ݕ − ଴‖൩ݕ ݀߬ 

+
2

ܶ − 2߬න ൦(1−
ݐ − ߬
ܶ

)
்

଴
න ‖(ߙ,߬)ߛ‖
௧

ఛ
)ߚ‖ ,߬  ‖(ߙ

቎(ܭଵ + ܾ)ఊܯଶܭ − ܽ) ܾ)ఉܯଷܭ+ − ܽ) +
ℎ
ߙ  (ସܭ

,߬)ଵݔ‖ ,଴ݔ −(଴ݕ +‖଴ݔ
ℎ
ସܭߙ

,߬)ଵݕ‖ (଴ݕ,଴ݔ − ଴‖൪ݕ ݀߬ 
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+
ݐ − ߬
ܶ න ‖(ߙ,߬)ߚ‖‖(ߙ,߬)ߛ‖

ఛା்

௧
቎(ܭଵ ܾ)ఊܯଶܭ+ − ܽ) 

ܾ)ఉܯଷܭ+ − ܽ) +
ℎ
ߙ
,଴ݔ,߬)ଵݔ‖(ସܭ (଴ݕ − ‖଴ݔ +

ℎ
ߙ
 ସܭ

,଴ݔ,߬)ଵݕ‖ (଴ݕ ଴‖൩ݕ− ݀߬൩  ݐ݀

therefore  

,ݐ)ଶݔ‖ (଴ݕ,଴ݔ − ,ݐ)ଵݔ ,଴ݔ ‖(଴ݕ ≤  ଵݎଵܨఉܯఊܯ(ݐ)ߙ

,ݐ)ଵݔ‖ ,଴ݔ ‖଴ݔ−(଴ݕ + ,଴ݔ,ݐ)ଵݕ‖ଵݎଶܨఉܯఊܯ(ݐ)ߙ	  (20)		଴‖ݕ−(଴ݕ

where  

ଵߤ = න ,߬)ߛ ,߬)ଵݔ(ߙ
௕

௔
,଴ݔ ,߬݀(଴ݕ ଵߝ = න ,߬)ଵݔ(ߙ,߬)ߚ

௕

௔
,଴ݔ  	߬݀(଴ݕ

߱ଵ = න ,߬)ଵݕ(ߙ,߬)ߛ
ௗ

௖
,߬݀(଴ݕ,଴ݔ ଵߟ = න ,߬)ଵݕ(ߙ,߬)ߚ

ௗ

௖
,଴ݔ  ߬݀(଴ݕ

ଵݑ = න ,ݐ)ܴ ,߬)ଵݔ)(߬
௧

ିஶ
,଴ݔ −(଴ݕ ,߬)ଵݕ ,଴ݔ  ߬݀((଴ݕ

ଵݒ = න ,ݐ)ܩ ,߬)ଵݔ)(߬
௧

ିஶ
−(଴ݕ,଴ݔ ,߬)ଵݕ ,଴ݔ  ߬݀((଴ݕ

଴ߤ = න ଴ݔ(ߙ,߬)ߛ
௕

௔
݀߬, ଴ߝ = න ଴ݔ(ߙ,߬)ߚ

௕

௔
݀߬	 

߱଴ = න ଴ݕ(ߙ,߬)ߛ
ௗ

௖
݀߬, ଴ߟ = න ,߬)ߚ ଴ݕ(ߙ

ௗ

௖
݀߬, 

଴ݑ = න ,ݐ)ܴ ଴ݔ)(߬
௧

ିஶ
− ,߬݀(଴ݕ ଴ݒ = න ,ݐ)ܩ ଴ݔ)(߬

௧

ିஶ
−  ߬݀(଴ݕ

Consequently, by mathematical induction we can prove that  

,ݐ)௠ାଵݔ‖ ,଴ݔ −(଴ݕ ,ݐ)௠ݔ ≥	‖(଴ݕ,଴ݔ  ଵݎଵܨఉܯఊܯ(ݐ)ߙ

,ݐ)௠ݔ‖ −(଴ݕ,଴ݔ ,ݐ)௠ିଵݔ +‖(଴ݕ,଴ݔ  ଵݎଶܨఉܯఊܯ(ݐ)ߙ	

,ݐ)௠ݕ‖ ,଴ݔ,ݐ)௠ିଵݕ−(଴ݕ,଴ݔ  (21)																																																଴)‖ݕ

and   

,ݐ)ଶݕ‖ ,଴ݔ (଴ݕ − ,ݐ)ଵݕ ‖(଴ݕ,଴ݔ ≤ (ݐ)ߙ ఊܰ ఉܰܨଷݎଵ 

,ݐ)ଵݔ‖ ,଴ݔ ‖଴ݔ−(଴ݕ + (ݐ)ߙ	 ఊܰ ఉܰܨସݎଵ‖ݕଵ(ݐ,  (22)				 ଴‖ݕ−(଴ݕ,଴ݔ

Thus, by induction we can prove that 

,଴ݔ,ݐ)௠ାଵݕ‖ (଴ݕ − ,ݐ)௠ݕ ,଴ݔ ‖(଴ݕ ≤ (ݐ)ߙ ఊܰ ఉܰܨଷݎଵ 

,ݐ)௠ݔ‖ ,ݐ)௠ିଵݔ−(଴ݕ,଴ݔ ,଴ݔ +‖(଴ݕ (ݐ)ߙ	 ఊܰ ఉܰܨସݎଵ 

,ݐ)௠ݕ‖ ,଴ݔ,ݐ)௠ିଵݕ−(଴ݕ,଴ݔ  (23)																																															଴)‖ݕ

rewrite (21) and (22) in a vector form, i.e. 

߰௠ାଵ(ݐ) ≤  (24)																																																														(ݐ)௠߰(ݐ)ܳ

where 

߰௠ାଵ = ቌ
∥ ,ݐ)௠ାଵݔ −(଴ݕ,଴ݔ ,ݐ)௠ݔ ,଴ݔ (଴ݕ ∥

∥ ,ݐ)௠ାଵݕ ,଴ݔ −(଴ݕ ,଴ݔ,ݐ)௠ݕ (଴ݕ ∥
ቍ 

ψ௠ = ቌ
∥ ,ݐ)௠ݔ −(଴ݕ,଴ݔ ,଴ݔ,ݐ)௠ିଵݔ (଴ݕ ∥

∥ ,଴ݔ,ݐ)௠ݕ (଴ݕ − ,ݐ)௠ିଵݕ (଴ݕ,଴ݔ ∥
ቍ 

and 

(ݐ)ܳ = ቌ
ଵݎଶܨఉܯఊܯ	(ݐ)ߙ									ଵݎଵܨఉܯఊܯ	(ݐ)ߙ			

	(ݐ)ߙ ఊܰ ఉܰܨଷݎଵ								(ݐ)ߙ	 ఊܰ ఉܰܨସݎଵ
ቍ 

Now, we take the maximum value of the both sides of the 
inequality (24), we get 

߰௠ାଵ ≤ Q	ψ௠																																																																																(25) 

where	ܳ = ௧∈[ఛ,ఛା்]ݔܽ݉  we obtain ,(ݐ)ܳ

ܳ =

⎝

⎜
⎛
			
ܶ
ଵݎଵܨఉܯఊܯ2 									

ܶ
ଵݎଶܨఉܯఊܯ2

ܶ
2 ఊܰ ఉܰܨଷݎଵ 								

ܶ
2 ఊܰ ఉܰܨସݎଵ ⎠

⎟
⎞

 

and by repetition of 	(25), we find that  

߰௠ାଵ ≤ ܳ௠߰ଵ																																																																														(26) 

and also we get  

෍߰௜ ≤෍ܳ௜ିଵ߰ଵ																																																																			(27)
௠

௜ୀଵ

௠

௜ୀଵ

 

By condition (8) then the series (27) is uniformly convergent 
that is   

݈݅݉
௠→ஶ

෍ܳ௜ିଵ߰ଵ ≤෍ܳ௜ିଵ߰ଵ

ஶ

௜ୀଵ

௠

௜ୀଵ

= ܧ) − ܳ)ିଵ߰ଵ																					(28) 

Let 

݈݅݉
௠→ஶ

ቌ
,ݐ)௠ݔ ,଴ݔ (଴ݕ

,ݐ)௠ݕ ,଴ݔ (଴ݕ
ቍ = ቌ

,ݐ)	ݔ		 ,଴ݔ (଴ݕ

,ݐ)ݕ ,଴ݔ (଴ݕ
ቍ																											(29)	 

Finally, we show that ቌ
ݔ	 ,ݐ)	 ,଴ݔ (଴ݕ

,ݐ)ݕ (଴ݕ,଴ݔ
ቍ	is a unique solution of 

the system (1). Assume that ൭
ݔ̇

ݕ̇
൱ is another solution for the 

system (1) i.e.  

,ݐ)ݔ̇ ,଴ݔ (଴ݕ = ଴ݔ + න ൥݂(
௧

ఛ
߬, ,(ߙ,߬)ߚ,(ߙ,߬)ߛ ,߬)ݔ̇ ,ߤ,(଴ݕ,଴ݔ  	(ݑ,ߝ

−	
1
ܶන ,(ߙ,߬)ߚ,(ߙ,߬)ߛ,߬)݂ ,଴ݔ,߬)ݔ̇ (଴ݕ

ఛା்

ఛ
, ,ߤ  ൩݀߬(ݑ,ߝ

ݐ)+ −  (30)																																																																																								ߩ(߬

and  

,ݐ)ݕ̇ (଴ݕ,଴ݔ = ଴ݕ + න ൥݃(
௧

ఛ
߬, ,(ߙ,߬)ߚ,(ߙ,߬)ߛ ,߬)ݕ̇ ,଴ݔ  ,߱,(଴ݕ
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,ߟ (ݒ 	− 	
1
ܶන

݃(߬, ,(ߙ,߬)ߛ
ఛା்

ఛ
,(ߙ,߬)ߚ ,߬)ݕ̇ ,଴ݔ (଴ݕ ,ߟ,߱,  ൩݀߬(ݒ

ݐ)+ −  (31)																																																																																				ߴ(߬

  where 

ߤ = න )ߛ ,߬ ,߬)ݔ̇(ߙ
௕

௔
,଴ݔ ,߬݀(଴ݕ ߝ = න ,߬)ݔ̇(ߙ,߬)ߚ

௕

௔
,଴ݔ  	,߬݀(଴ݕ

߱ = න ,߬)ݕ̇(ߙ,߬)ߛ
ௗ

௖
,߬݀(଴ݕ,଴ݔ ߟ = න )ݕ̇(ߙ,߬)ߚ ,߬

ௗ

௖
,଴ݔ  ,߬݀(଴ݕ

ݑ = න ,ݐ)ܴ ,߬)ݔ̇)(߬
௧

ିஶ
−(଴ݕ,଴ݔ ,଴ݔ,߬)ݕ̇ ݀((଴ݕ ,߬ 

ݒ = න ,ݐ)ܩ ,߬)ݔ̇)(߬
௧

ିஶ
,଴ݔ −(଴ݕ ,߬)ݕ̇  ߬݀((଴ݕ,଴ݔ

Now, we find the difference between them, 

∥ ,଴ݔ,ݐ)ݔ (଴ݕ − ,ݐ)ݔ̇ ,଴ݔ (଴ݕ ∥	≤ ൬1 −
ݐ − ߬
ܶ

	൰න ‖(ߙ,߬)ߛ‖
௧

ఛ
 

൥‖(ߙ,߬)ߚ‖ ( ଵܭ + ܾ)ఊܯଶܭ − ܾ)ఉܯଷܭ+(ܽ − ܽ) +
ℎ
ߙ
 (ସܭ

,߬)ݔ‖	 ,଴ݔ −(଴ݕ ,߬)ݔ̇ ,଴ݔ +‖(଴ݕ
ℎ
 ସܭߙ

)ݕ‖ ,߬ ,଴ݔ (଴ݕ − ,଴ݔ,߬)ݕ̇  ଴)‖൩݀߬ݕ

+
ݐ − ߬
ܶ

	න ,߬)ߛ‖ ‖(ߙ,߬)ߚ‖‖(ߙ
ఛା்

௧
 

൦(ܭଵ + ܾ)ఊܯଶܭ − ܽ) + ܾ)ఉܯଷܭ − ܽ) +
ℎ
 	(ସܭߙ

,߬)ݔ‖ ,଴ݔ (଴ݕ − ,଴ݔ,߬)ݔ̇ +‖(଴ݕ
ℎ
ߙ  ସܭ

)ݕ‖ ,߬ ,଴ݔ (଴ݕ − ,଴ݔ,߬)ݕ̇  ଴)‖൩݀߬ݕ

+
2

ܶ − 2߬න ൦(1−
ݐ − ߬
ܶ )

்

଴
න ‖(ߙ,߬)ߛ‖
௧

ఛ
 ‖(ߙ,߬)ߚ‖

቎(ܭଵ + ܾ)ఊܯଶܭ − ܽ) + ܾ)ఉܯଷܭ	 − ܽ) +
ℎ
ߙ  (ସܭ

,߬)ݔ‖ ,଴ݔ (଴ݕ − ,଴ݔ,߬)ݔ̇ +‖(଴ݕ
ℎ
ߙ  ସܭ

)ݕ‖ ,߬ ,଴ݔ (଴ݕ − ,଴ݔ,߬)ݕ̇  ଴)‖൩݀߬ݕ

+
ݐ − ߬
ܶ න ‖(ߙ,߬)ߚ‖‖(ߙ,߬)ߛ‖

ఛା்

௧
቎(ܭଵ ܾ)ఊܯଶܭ+ − ܽ) 

ܾ)ఉܯଷܭ	+ − ܽ) +
ℎ
ߙ
,߬)ݔ‖(ସܭ ,଴ݔ (଴ݕ − ,߬)ݔ̇ ,଴ݔ  ‖(଴ݕ

+
ℎ
ߙ ସฮܭ

,଴ݔ,߬)ݕ‖ (଴ݕ − ,߬)ݕ̇ ,଴ݔ ଴)‖ฮ൪݀߬ݕ

⎦
⎥
⎥
⎥
⎥
⎤

 ݐ݀

so,  

∥ ,଴ݔ,ݐ)ݔ (଴ݕ − ,ݐ)ݔ̇ ,଴ݔ (଴ݕ ∥	≤  ଵݎଵܨఉܯఊܯ(ݐ)ߙ

,ݐ)ݔ‖ ,଴ݔ ,ݐ)ݔ̇−(଴ݕ ,଴ݔ +‖(଴ݕ  ଵݎଶܨఉܯఊܯ(ݐ)ߙ	

,଴ݔ,ݐ)ݕ‖ ,ݐ)ݕ̇−(଴ݕ ,଴ݔ  (32)																																																										଴)‖ݕ

also, we find 

∥ ,ݐ)ݕ ,଴ݔ (଴ݕ − ,ݐ)ݕ̇ ,଴ݔ (଴ݕ ∥≤ ఊܰ(ݐ)ߙ ఉܰܨଷݎଵ	 

,ݐ)ݔ‖ ,଴ݔ ,ݐ)ݔ̇−(଴ݕ ,଴ݔ +‖(଴ݕ (ݐ)ߙ	 ఊܰ ఉܰܨସݎଵ 

,଴ݔ,ݐ)ݕ‖ ,ݐ)ݕ̇−(଴ݕ ,଴ݔ  (33)																																																									଴)‖ݕ

Rewrite the inequalities (32) and (33) in a vector form, we get  

ቌ
∥ ,ݐ)ݔ ,଴ݔ −(଴ݕ ,଴ݔ,ݐ)ݔ̇ (଴ݕ ∥

∥ ,ݐ)ݕ ,଴ݔ −(଴ݕ ,ݐ)ݕ̇ ,଴ݔ (଴ݕ ∥
ቍ ≤ ܳ	 

ቌ
∥ ,ݐ)ݔ ,଴ݔ −(଴ݕ ,଴ݔ,ݐ)ݔ̇ (଴ݕ ∥

∥ ,ݐ)ݕ ,଴ݔ −(଴ݕ ,ݐ)ݕ̇ ,଴ݔ (଴ݕ ∥
ቍ											(34)       

 Now, by the condition (8). 

ቌ
∥ ,ݐ)ݔ ,଴ݔ −(଴ݕ ,଴ݔ,ݐ)ݔ̇ (଴ݕ ∥

∥ ,ݐ)ݕ ,଴ݔ −(଴ݕ ,ݐ)ݕ̇ ,଴ݔ (଴ݕ ∥
ቍ → ൭

0

0
൱ 

that is  

ቌ
ݔ		 ,ݐ)	 ,଴ݔ (଴ݕ

,଴ݔ,ݐ)ݕ (଴ݕ
ቍ = ቌ

,ݐ)ݔ̇ ,଴ݔ (଴ݕ

,ݐ)ݕ̇ ,଴ݔ (଴ݕ
ቍ 

this proves that the solution is a unique of the system (1) for all  

ݐ ∈ [߬, ߬ + ଴ݔ,[ܶ ∈ ௶ଵܦ ଴ݕ, ∈ ௶ଶܦ (ݐ)ߙ, ≤
ܶ
2	.							 

 

3. EXISTENCE OF PERIODIC SOLUTION OF THE 
SYSTEM (૚)          

The existence of periodic solution for the system (1) is 
uniquely connected with existence of zeros of the functions 
Δଵ∗∗(0,ݔ଴,  -: which defined by (଴ݕ,଴ݔ,0)∗∗଴) and Δଶݕ

Δଵ∗∗(0,ݔ଴, (଴ݕ =
2

ܶ(ܶ − 2߬) ଴ܶݔ] − ݀ଵ + න ݂ܮ
்

଴
,ݐ)  (ߙ,ݐ)ߛ

,ݐ)ݔ,(ߙ,ݐ)ߚ, ,଴ݔ ,ߤ,(଴ݕ  [	ݐ݀(ݑ,ߝ

+ 	
1
ܶන ,(ߙ,߬)ߚ,(ߙ,߬)ߛ,߬)݂

ఛା்

ఛ
,଴ݔ,߬)ݔ ,ߤ,(଴ݕ  (35)													߬݀(ݑ,ߝ

Δଶ∗∗(0,ݔ଴, (଴ݕ =
2

ܶ(ܶ − 2߬) ଴ܶݕ] − ݀ଶ + න ݃ܮ
்

଴
 ,(ߙ,ݐ)ߛ,ݐ)
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,ݐ)ݕ,(ߙ,ݐ)ߚ ,଴ݔ ,ߟ,߱,(଴ݕ  [	ݐ݀(ݒ

+ 	
1
ܶන

,(ߙ,߬)ߚ,(ߙ,߬)ߛ,߬)݃
ఛା்

ఛ
,߬)ݕ ,଴ݔ ,ߟ,߱,(଴ݕ  (36)											߬݀(ݒ

where ቌ
,ݐ)ݔ ,଴ݔ (଴ݕ

,ݐ)ݕ ,଴ݔ (଴ݕ
ቍ

	

 is the limiting function of the sequence of 

functions (9) and (10).       

The equations (35) and (36) are approximately determined 
from the sequence of functions :-  

Δଵ௠∗∗ ,଴ݔ,0) (଴ݕ =
2

ܶ(ܶ − 2߬) ଴ܶݔ	] − ݀ଵ + න ,ݐ)݂ܮ
்

଴
 ,(ߙ,ݐ)ߛ

,(ߙ,ݐ)ߚ ,ݐ)௠ݔ ,଴ݔ ,(଴ݕ ,௠ߤ ௠ߝ  [	ݐ݀	(௠ݑ,

	+
1
ܶන

݂(߬,
ఛା்

ఛ
,଴ݔ,߬)௠ݔ(ߙ,߬)ߚ,(ߙ,߬)ߛ ,(଴ݕ ,௠ߤ ௠ߝ  (37)		௠)݀߬ݑ,

and  

Δଶ௠∗∗ (଴ݕ,଴ݔ,0) =
2

ܶ(ܶ − 2߬) ଴ܶݕ	] − ݀ଶ + න ,ݐ)݃ܮ
்

଴
 ,(ߙ,ݐ)ߛ

,ݐ)௠ݕ,(ߙ,ݐ)ߚ ,଴ݔ ௠ߟ,߱௠	଴)ݕ  [ݐ݀	(௠ݒ,

+
1
ܶන

݂(߬,
ఛା்

ఛ
,଴ݔ,߬)௠ݕ,(ߙ,߬)ߚ,(ߙ,߬)ߛ ଴),߱௠ݕ , ௠ߟ	  			(38)	௠)݀߬ݒ,

Theorem 3.1.  Let all assumptions and conditions of the 
theorem 2.1 satisfied, then we get the following inequality :- 

ቌ
∥ Δଵ∗∗(0, ,଴ݔ (଴ݕ −Δଵ௠∗∗ ,଴ݔ,0) (଴ݕ ∥

∥ Δଶ∗∗(0,ݔ଴, (଴ݕ −Δଶ௠∗∗ (଴ݕ,଴ݔ,0) ∥
ቍ ≤ 

 

ቌ
〈൫ ଵܵܯఊܯఉܨଵ				 ଵܵܯఊܯఉܨଶ൯,ܳ௠(ܧ − ܳ)ିଵ߰ଵ〉

〈൫ ଵܵ ఊܰ ఉܰܨଷ				ܵ ଵ ఊܰ ఉܰܨସ൯,ܳ௠(ܧ − ܳ)ିଵ߰ଵ〉
ቍ																(39) 

where	ܵ ଵ = 1 +
2

ܶ − 2߬
 (ݐ)ߙ

Proof. By the equations (35) and (37), we get  

∥ Δଵ∗∗(0,ݔ଴, (଴ݕ − Δଵ௠∗∗ ,଴ݔ,0) (଴ݕ ∥= ቱ
2

ܶ(ܶ − 2߬)  ଴ܶݔ	]

−݀ଵ +න ,ݐ)݂ܮ ,(ߙ,ݐ)ߛ
்

଴
,(ߙ,ݐ)ߚ ,ߤ [	ݐ݀(ݑ,ߝ +

1
ܶන ݂(߬,

ఛା்

ఛ
 

,߬)ݔ,(ߙ,߬)ߚ,(ߙ,߬)ߛ ,଴ݔ ଴),නݕ (ߙ,߬)ߛ
௕

௔
,߬)ݔ ,଴ݔ ଴)݀߬,නݕ (ߙ,߬)ߚ

௕

௔
 

,଴ݔ,߬)ݔ ଴)݀߬,නݕ ,ݐ)ܴ ,߬)ݔ)(߬ ,଴ݔ (଴ݕ 	− ,߬)ݕ ,଴ݔ 	߬݀(	߬݀(଴ݕ
௧

ିஶ
 

−
2

ܶ(ܶ − 2߬) ଴ܶݔ	] − ݀ଵ +න ,(ߙ,ݐ)ߛ,ݐ)݂ܮ
்

଴
 ,(ߙ,ݐ)ߚ

,ݐ)௠ݔ ,଴ݔ ,௠ߤ,(଴ݕ ௠ߝ  	[	ݐ݀(௠ݑ,

−
1
ܶන ݂(߬, ,଴ݔ,߬)௠ݔ,(ߙ,߬)ߚ,(ߙ,߬)ߛ ,(଴ݕ

ఛା்

ఛ
න (ߙ,߬)ߚ
௕

௔
			 

,଴ݔ,߬)௠ݔ ଴)݀߬,නݕ (ߙ,߬)ߚ
௕

௔
,߬)௠ݔ ଴)݀߬,නݕ,଴ݔ ,ݐ)ܴ ߬)

௧

ିஶ
 

,߬)௠ݔ) ,߬)௠ݕ	−(଴ݕ,଴ݔ ,଴ݔ  ଴))݀߬)݀߬ะݕ

≤
2

ܶ(ܶ − 2߬)න

⎣
⎢
⎢
⎡
(1−

ݐ − ߬
ܶ

)න ‖(ߙ,߬)ߚ‖‖(ߙ,߬)ߛ‖
௧

ఛ

்

଴
 

቎(ܭଵ + ܾ)ఊܯଶܭ − ܽ) + ܾ)ఉܯଷܭ − ܽ) + 	
ℎ
ߙ
 (ସܭ

,߬)ݔ‖	 ,଴ݔ ,߬)௠ݔ−(଴ݕ ,଴ݔ  ‖(଴ݕ

+
ℎ
ߙ
,଴ݔ,߬)ݕ‖ସܭ (଴ݕ ,߬)௠ݔ− ,଴ݔ ଴)ฯ൪ݕ ݀߬ 

+
ݐ − ߬
ܶ න ‖(ߙ,߬)ߛ‖

ఛା்

௧
‖(ߙ,߬)ߚ‖ ቎(ܭଵ + ܾ)ఊܯଶܭ − ܽ) 

ܾ)ఉܯଷܭ+ − ܽ) +
ℎ
ߙ ,଴ݔ,߬)ݔ‖(ସܭ (଴ݕ − ,଴ݔ,߬)௠ݔ  ‖(଴ݕ

	+
ℎ
ߙ
,߬)ݕ‖ସܭ ,଴ݔ −(଴ݕ ,߬)௠ݕ ,଴ݔ ଴)‖൪ݕ ݀߬

⎦
⎥
⎥
⎥
⎥
⎤

 ݐ݀

+
1
ܶන

‖(ߙ,߬)ߛ‖
ఛା்

ఛ
ଵܭ)቎		‖(ߙ,߬)ߚ‖ + ܾ)ఊܯଶܭ − ܽ)	 

ܾ)ఉܯଷܭ+ − ܽ) +
ℎ
ߙ
,଴ݔ,߬)ݔ‖(ସܭ (଴ݕ − ,଴ݔ,߬)௠ݔ  ‖(଴ݕ

+
ℎ
ߙ ସܭ

,଴ݔ,߬)ݕ‖ (଴ݕ ,߬)௠ݕ− ,଴ݔ ଴)‖൪ݕ ݀߬ 

 

hence  

∥ Δଵ∗∗(0,ݔ଴, (଴ݕ − Δଵ௠∗∗ (0, ,଴ݔ (଴ݕ ∥≤								 

ൻ	( ଵܵܯఊܯఉܨଵ							 ଵܵܯఊܯఉܨଶ),ܳ௠(ܧ − ܳ)ିଵ߰ଵ	⟩															(40) 

similarly, we have  

∥ Δଶ∗∗(0,ݔ଴, (଴ݕ − Δଶ௠∗∗ (଴ݕ,଴ݔ,0) ∥	 

ൻ	( ଵܵ ఊܰ ఉܰܨଷ							 ଵܵܰఊ ఉܰܨସ),ܳ௠(ܧ −ܳ)ିଵ߰ଵ	⟩													(41) 

i.e. the inequality (39) will be satisfied for all ݉ ≥ 0. 
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Theorem 3.2.  Let the system (1) be defined on the interval 
[ܽ, ܾ] and [ܿ,݀] in ܴଵ and periodic in ݐ of period ܶ. Suppose 
that the sequence of functions (9) and (10) satisfies the 
following inequalities :- 

݉݅݊
௫బ∈௃భ ,௬బ∈௃మ

Δଵ௠∗∗ (଴ݕ,଴ݔ,0) ≤																																	

−〈൫ ଵܵܯఊܯఉܨଵ				 ଵܵܯఊܯఉܨଶ൯, Q௠(ܧ− Q)ିଵψଵ〉
ݔܽ݉

௫బ∈௃భ ,௬బ∈௃మ
Δଵ௠∗∗ (଴ݕ,଴ݔ,0) ≥																																	

〈൫ ଵܵܯఊܯఉܨଵ				 ଵܵܯఊܯఉܨଶ൯, Q௠(ܧ − Q)ିଵψଵ〉 ⎭
⎪
⎬

⎪
⎫

														(42) 

݉݅݊
௫బ∈௃భ,௬బ∈௃మ

Δଶ௠∗∗ ,଴ݔ,0) (଴ݕ ≤																																	

−〈൫ ଵܵ ఊܰ ఉܰܨଷ				 ଵܵ ఊܰ ఉܰܨସ൯, Q௠(ܧ − Q)ିଵψଵ〉
ݔܽ݉

௫బ∈௃భ,௬బ∈௃మ
Δଶ௠∗∗ ,଴ݔ,0) (଴ݕ ≥																																	

〈൫ ଵܵ ఊܰ ఉܰܨଷ				 ଵܵܰఊ ఉܰܨସ൯, Q௠(ܧ −Q)ିଵψଵ〉 ⎭
⎪
⎬

⎪
⎫

																(43) 

where	ݔ଴ ∈ ଵܬ = ൤ܽ +
ܶ
ܯఉܯఊܯ2 +

2
ܶ − 2߬  	(଴ݔ)ݍ

, ܾ −
ܶ
2
−ܯఉܯఊܯ

2
ܶ − 2߬

 ൨(଴ݔ)ݍ

and  

଴ݕ ∈ ଶܬ = ൤ܿ +
ܶ
2
ܰఊ ఉܰܰ +

2
ܶ − 2߬

 (଴ݕ)݌

	,݀ −
ܶ
2 ఊܰ ఉܰܰ−

2
ܶ − 2߬  ൨(଴ݕ)݌

Then (1) has a periodic solution ൭
ݔ

ݕ
൱ = ቌ

,ݐ)ݔ (଴ݕ,଴ݔ

,ݐ)ݕ (଴ݕ,଴ݔ
ቍ 

 for ݔ଴ ∈ [ܽ + ܾ,ଵܬ − ଴ݕ ଵ] andܬ ∈ [ܿ + ݀,ଶܬ −  .[ଶܬ

Proof . Let ݔଵ, ,ଵݕ ଶ andݔ  ଶ be any points belonging on theݕ
intervals ܫଵ and ܫଶ respectively, such that 

Δଵ௠∗∗ ,ଵݔ,0) (ଵݕ = ݉݅݊
௫బ∈ூభ,௬బ∈ூమ

Δଵ௠∗∗ ,଴ݔ,0) (଴ݕ

Δଵ௠∗ ,ଶݔ,0) (ଶݕ = ݔܽ݉
௫బ∈ூభ,௬బ∈ூమ

Δଵ௠∗∗  (44)																												ൡ(଴ݕ,଴ݔ,0)

Δଶ௠∗∗ (ଵݕ,ଵݔ,0) = ݉݅݊
௫బ∈ூభ,௬బ∈ூమ

Δଶ௠∗∗ (଴ݕ,଴ݔ,0)

Δଶ௠∗∗ (ଶݕ,ଶݔ,0) = ݔܽ݉
௫బ∈ூభ,௬బ∈ூమ

Δଶ௠∗∗ ,଴ݔ,0)  (45)																											଴)ൡݕ

By using the inequalities (40), (41), (42), and (43), we obtains 

Δଵ∗∗(0,ݔଵ, (ଵݕ = Δଵ௠∗∗ ଵݔ,0) (ଵݕ, +																			
൫Δଵ∗∗(0,ݔଵ, (ଵݕ − Δଵ௠∗∗ ଵݔ,0) ଵ)൯ݕ, < 0

Δଵ∗∗(0,ݔଵ, (ଵݕ = Δଵ௠∗∗ ,ଶݔ,0) (ଶݕ +																				
(Δଵ∗∗(0,ݔଶ, (ଶݕ − Δଵ௠∗∗ ,ଶݔ,0) ((ଶݕ > 0 ⎭

⎪
⎬

⎪
⎫
																						(46) 

		

Δଶ∗∗(0,ݔଵ, (ଵݕ = Δଶ௠∗∗ ,ଵݔ,0) (ଵݕ +																			
+൫Δଶ∗∗(0,ݔଵ, (ଵݕ − Δଶ௠∗∗ (0, ଵ)൯ݕ,ଵݔ < 0

Δଶ∗∗(0,ݔଵ,ݕଵ) = Δଶ௠∗∗ (0, (ଶݕ,ଶݔ +																				
+(Δଶ∗∗(0,ݔଶ, (ଶݕ − Δଶ௠∗∗ (0, ((ଶݕ,ଶݔ > 0 ⎭

⎪
⎬

⎪
⎫
																						(47) 

and from the continuity of the functions Δଵ∗∗(0, ,଴ݔ  ଴) andݕ
Δଶ∗∗(0	, ,଴ݔ  ), then	(3.10) and (3.11	଴) and the inequalitiesݕ
there exist and isolated singular points  ݔ଴ ∈ ,ଵݔ]  ଶ] andݔ
଴ݕ ∈ ,ଵݕ] ,଴ݔ ,ଶ] such that Δଵ∗∗(0ݕ (଴ݕ = Δଶ∗∗(0, ݔ଴, (଴ݕ = 0. This 

means that (1) has a periodic solution ൭
ݔ

ݕ
൱ = ቌ

,ݐ)ݔ (଴ݕ,଴ݔ

,ݐ)ݕ ,଴ݔ (଴ݕ
ቍ. 

4. STABILITY PERIODIC SOLUTION OF THE SYSTEM 
(૚)          

Theorem 4.1.  If the function Δଵ∗∗(0,ݔ଴, ,଴ݔ,଴) and Δଶ∗∗(0ݕ  (଴ݕ
are defined by :-  

Δଵ∗∗(0, ݔ଴, (଴ݕ ∶ 	 ௶ଵܦ × ௶ଶܦ → ܴ௡ 

Δଵ∗∗(0,ݔ଴, (଴ݕ =
2

ܶ(ܶ − 2߬) ଴ܶݔ] − ݀ଵ + න ݂ܮ
்

଴
,ݐ)  ,(ߙ,ݐ)ߛ

,ݐ)ݔ,(ߙ,ݐ)ߚ ,ߤ,(଴ݕ,଴ݔ  [	ݐ݀(ݑ,ߝ

+ 	
1
ܶන ,(ߙ,߬)ߚ,(ߙ,߬)ߛ,߬)݂

ఛା்

ఛ
,଴ݔ,߬)ݔ ,ߤ,(଴ݕ  (48)												߬݀(ݑ,ߝ

	and 

Δଶ∗∗(0, ݔ଴, (଴ݕ ∶ 	 ௶ଵܦ × ௶ଶܦ → ܴ௡ 

Δଶ∗∗(0,ݔ଴, (଴ݕ =
2

ܶ(ܶ − 2߬) ଴ܶݕ] − ݀ଶ + න ݃ܮ
்

଴
 ,(ߙ,ݐ)ߛ,ݐ)

,ݐ)ݕ,(ߙ,ݐ)ߚ ,଴ݔ ,߱,(଴ݕ ,ߟ  [	ݐ݀(ݒ

+ 	
1
ܶන )ߚ,(ߙ,߬)ߛ,߬)݃ ,߬ ,(ߙ

ఛା்

ఛ
,߬)ݕ ,଴ݔ ,ߟ,߱,(଴ݕ  (49)										߬݀(ݒ

where ቌ
,ݐ)ݔ ,଴ݔ (଴ݕ

,ݐ)ݕ ,଴ݔ (଴ݕ
ቍ is the limits of the sequences (9) and 

(10) respectively, the following inequality holds :-  

ቌ
∥ Δଵ∗∗(0,ݔ଴, (଴ݕ ∥

∥ Δଶ∗∗(0,ݔ଴, (଴ݕ ∥
ቍ ≤

⎝

⎜
⎛
ܯఉܯఊܯ +

2
ܶ(ܶ − 2߬) 	(଴ݔ)ݍ

ఊܰ ఉܰܰ +
2

ܶ(ܶ − ݌(2߬
(଴ݕ)

⎠

⎟
⎞
				(50)	 

∥ Δଵ∗∗(0,ݔ଴ଵ , (଴ଵݕ −Δଵ∗∗(0,ݔ଴ଶ (଴ଶݕ, ∥≤ 	 ଴ଵݔ‖	ଵܫ −  	‖଴ଶݔ

଴ଵݕ‖	ଶܫ	+ −  (51)																		଴ଶ‖ݕ

and  

∥ Δଶ∗∗(0,ݔ଴ଵ , (଴ଵݕ −Δଶ∗∗(0,ݔ଴ଶ (଴ଶݕ, ∥≤ 	 ଴ଵݔ‖	ଷܫ −  	‖଴ଶݔ

଴ଵݕ‖	ସܫ	+ −  (52)																	଴ଶ‖ݕ

ଵܧ = 	
ܶ
,	ଶݑଵݑଵଶݎଶܨఉܯఊܯ2 ଶܧ	 = 	

ܶ
2 ఊܰ ఉܰܨଷݎଵଶݑଵݑଶ, 

ଵܫ = 	 ଶܵ + ఉܯఊܯ	 ଵܵ	ݑଷ(	ܨଵ	ݎଵ	ݑଵ +  (ଶܧ	ଶܨ	

, ଶܫ = ఉܯఊܯ	 ଵܵ	ݑଷ(	ܨଵ	ܧଵ +  ,(ଶݑ	ଵݎ	ଶܨ	

ଷܫ = 	ܰఊ ఉܰ ଵܵ	ݑଷ(		ܨଷ	ݎଵ	ݑଵ +  ,(ଶܧ	ସܨ

ସܫ = 	 ܵଶ + 	 ఊܰ ఉܰ ଵܵ	ݑଷ(	ܨଷ	ܧଵ +  ,(ଶݑ	ଵݎ	ସܨ	

ଵݑ = 	 ൬1 −
ܶ
2
ଵ൰ݎଵܨఉܯఊܯ

ିଵ

ଶݑ, = 	 ൬1−
ܶ
2 ఊܰ ఉܰܨସݎଵ൰

ିଵ

, 

ଷݑ = 	 (1−
ܶଶ

4 ఊܯ ఊܰܯఉ ఉܰܨଶܨଷݎଵଶ	ݑଵ	ݑଶ)ିଵ, , ܵଶ =
2

ܶ − 2߬ 

Proof. From (	48), we have  

∥ Δଵ∗∗(0,ݔ଴, (଴ݕ ∥	= ቱ
2

ܶ(ܶ − 2߬) ଴ܶݔ	] − ݀ଵ + න ,ݐ)݂ܮ ,(ߙ,ݐ)ߛ
்

଴
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,଴ݔ,ݐ)ݔ,	(ߙ,ݐ)ߚ ,(଴ݕ ,ߤ  [	߬݀(ݑ,ߝ

+ 	
1
ܶන

,(ߙ,߬)ߛ,߬)݂
ఛା்

ఛ
,଴ݔ,߬)ݔ,(ߙ,߬)ߚ  ,(଴ݕ

න ,߬)ݔ(ߙ,߬)ߛ ,߬݀(଴ݕ,଴ݔ
௕

௔
න ,߬)ݔ(ߙ,߬)ߚ (଴ݕ,଴ݔ
௕

௔
݀߬, 

න ,ݐ)ܴ ߬)
௧

ିஶ
൫ݔ,߬)ݔ଴, (଴ݕ − ,߬)ݕ ,଴ݔ  ଴)൯݀߬)݀߬ቯݕ

≤
2

ܶ(ܶ − 2߬) ଴ܶݔ‖	] − ݀ଵ‖+ න ൦൬1 −
ݐ − ߬
ܶ

൰
்

଴
න ‖(ߙ,߬)ߛ‖
௧

ఛ
 

)ะ݂‖(ߙ,߬)ߚ‖ ,߬ ,଴ݔ,߬)ݔ	 ଴),නݕ (ߙ,߬)ߛ
௕

௔
,߬)ݔ ଴)݀߬,නݕ,଴ݔ )ߚ ,߬ (ߙ

௕

௔
	 

,଴ݔ,߬)ݔ ଴)݀߬,නݕ ,ݐ)ܴ ߬) ൫ݔ(߬, ,଴ݔ (଴ݕ ,߬)ݕ− ,଴ݔ 			଴)൯݀߬ቯ݀߬ݕ
௧

ିஶ
 

+ 	
ݐ − ߬
ܶ න ,߬)ߛ‖ ‖(ߙ

ఛା்

௧
,߬)ะ݂‖(ߙ,߬)ߚ‖ ,߬)ݔ ,଴ݔ ଴),නݕ (ߙ,߬)ߛ

௕

௔
 

,଴ݔ,߬)ݔ ଴)݀߬,නݕ )ߚ ,߬ ,଴ݔ,߬)ݔ(ߙ ,߬݀(଴ݕ
௕

௔
	න ,ݐ)ܴ ߬)

௧

ିஶ
 

൫ݔ(߬, ,଴ݔ (଴ݕ − ,߬)ݕ ଴)൯݀߬)݀߬ቯ݀߬ݕ,଴ݔ

⎦
⎥
⎥
⎥
⎤

 [	ݐ݀

+ 	
1
ܶන

‖(ߙ,߬)ߛ‖
ఛା்

ఛ
,߬)ݔ,߬)ะ݂‖(ߙ,߬)ߚ‖ ଴),නݕ,଴ݔ (ߙ,߬)ߛ

௕

௔
 

,଴ݔ,߬)ݔ ଴)݀߬,නݕ )ߚ ,߬ (ߙ
௕

௔
,߬)ݔ ,଴ݔ ݀(଴ݕ ,߬න ,ݐ)ܴ ߬)

௧

ିஶ
 

൫ݔ(߬, ,଴ݔ (଴ݕ − ,߬)ݕ  ଴)൯݀߬)݀߬ቯ݀߬ݕ,଴ݔ

so, we have  

∥ Δଵ∗∗(0,ݔ଴, (଴ݕ ܯఉܯఊܯ	≥	∥ +
2

ܶ(ܶ − 2߬)  (53)															(଴ݔ)ݍ

Similarly, by using (49), we get  

∥ Δଶ∗∗(0,ݔ଴, (଴ݕ ∥	≤	 ఊܰ ఉܰܰ +
2

ܶ(ܶ − 2߬) ݌
 (54)															(଴ݕ)

Also rewrite (53) and (54) in a vector form we get (50). 

Again from (48), we obtain 

∥ Δଵ∗∗(0,ݔ଴ଵ , (଴ଵݕ − Δଵ∗∗(0,ݔ଴ଶ (଴ଶݕ, ∥= ቱ
2

ܶ(ܶ − 2߬) ଴ଵܶݔ	] − ݀ଵ 

+න ,ݐ)݂ܮ (ߙ,ݐ)ߛ
்

଴
଴ଵݔ,ݐ)ݔ,(ߙ,ݐ)ߚ, , ,ߤ,(଴ଵݕ  [	ݐ݀(ݑ,ߝ

+ 	
1
ܶන ,߬)ݔ,(ߙ,߬)ߚ,(ߙ,߬)ߛ,߬)݂

ఛା்

ఛ
଴ଵݔ , ଴ଵ),නݕ (ߙ,߬)ߛ

௕

௔
 

,߬)ݔ ଴ଵݔ , ଴ଵ)݀߬,නݕ (ߙ,߬)ߚ
௕

௔
,߬)ݔ	 ଴ଵݔ ଴ଵ)݀߬,නݕ, ,ݐ)ܴ ߬)

௧

ିஶ
 

	൫ݔ(߬, ଴ଵݔ (଴ଵݕ, − ,߬)ݕ ,଴ଵݔ  ߬݀(଴ଵ)൯݀߬ݕ

−	
2

ܶ(ܶ − 2߬) ଴ଶܶݔ	] − ݀ଵ + න ݂ܮ
்

଴
,ݐ)  ,(ߙ,ݐ)ߚ,(ߙ,ݐ)ߛ

,ݐ)ݔ ,଴ଶݔ ,ߤ,(଴ଶݕ  [	ݐ݀(ݑ,ߝ

−	
1
ܶන (ߙ,߬)ߚ,(ߙ,߬)ߛ,߬)݂

ఛା்

ఛ
,߬)ݔ, ,଴ଶݔ ଴ଶ),නݕ (ߙ,߬)ߛ

௕

௔
 

,߬)ݔ ଴ଶݔ , ଴ଶ)݀߬,නݕ (ߙ,߬)ߚ
௕

௔
଴ଶݔ,߬)ݔ	 , ଴ଶ)݀߬,නݕ ,ݐ)ܴ ߬)

௧

ିஶ
 

൫ݔ(߬, ଴ଶݔ −(଴ଶݕ, ଴ଶݔ,߬)ݕ ,  ଴ଶ)൯݀߬)ቯݕ

≤	
2

ܶ − 2߬
‖଴ଶݔ−଴ଵݔ‖ +

2
ܶ(ܶ − 2߬)න ൦(1 −

ݐ − ߬
ܶ )

்

଴
 

න ,߬)ߛ‖ ‖(ߙ
௧

ఛ
‖(ߙ,߬)ߚ‖ ቎(ܭଵ ܾ)ఊܯଶܭ+ − ܽ) + ܾ)ఉܯଷܭ − ܽ)				 

+ 	
ℎ
ߙ
,߬)ݔ‖(ସܭ ଴ଵݔ (଴ଵݕ, − ,߬)ݔ ଴ଶݔ ‖(଴ଶݕ, +

ℎ
ߙ
 ସܭ

,߬)ݕ‖ ଴ଵݔ −(଴ଵݕ, ,߬)ݕ ,଴ଶݔ  		଴ଶ)‖൩݀߬ݕ

+ 	
ݐ − ߬
ܶ න ‖(ߙ,߬)ߚ‖‖(ߙ,߬)ߛ‖

ఛା்

௧
൥(ܭଵ ܾ)ఊܯଶܭ+ − ܽ) 

ܾ)ఉܯଷܭ+ − ܽ) + 	
ℎ
ߙ ,߬)ݔ‖(ସܭ ଴ଵݔ , (଴ଵݕ − ,߬)ݔ ଴ଶݔ ,  ‖(଴ଶݕ

+ 	
ℎ
ସܭߙ

,߬)ݕ‖ ଴ଵݔ , (଴ଵݕ − ,߬)ݕ ,଴ଶݔ ଴ଶ)‖൪݀߬൪ݕ  ݐ݀

+
1
ܶ
		න ‖(ߙ,߬)ߚ‖‖(ߙ,߬)ߛ‖

ఛା்

ఛ
൥(ܭଵ + ܾ)ఊܯଶܭ − ܽ) 

ܾ)ఉܯଷܭ+ − ܽ) + 	
ℎ
ߙ ,߬)ݔ‖	(ସܭ ଴ଵݔ (଴ଵݕ, − ,߬)ݔ ,଴ଶݔ  ‖(଴ଶݕ

+
ℎ
ߙ ସܭ

଴ଵݔ,߬)ݕ‖ , (଴ଵݕ − ,߬)ݕ ଴ଶݔ  		଴ଶ)‖൪݀߬ݕ,

So, the last inequality becomes 

∥ Δଵ∗∗(0,ݔ଴ଵ , (଴ଵݕ −Δଵ∗∗(0,ݔ଴ଶ (଴ଶݕ, ∥≤ 	ܵଶ‖ݔ଴ଵ −  	‖଴ଶݔ
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ఉܯఊܯ+ ଵܵܨଵ‖ݐ)ݔ, ଴ଵݔ ,ݐ)ݔ	−(଴ଵݕ, ,଴ଶݔ +‖(଴ଶݕ ఉܯఊܯ ଵܵܨଶ 

,ݐ)ݔ‖ ଴ଵݔ , ,ݐ)ݔ	−(଴ଵݕ ,଴ଶݔ  (55)																																																								଴ଶ)‖ݕ

Also, by using equation (4.2), we have  

∥ Δଶ∗∗(0,ݔ଴ଵ , −(଴ଵݕ Δଶ∗∗(0, ଴ଶݔ (଴ଶݕ, ∥≤ 	ܵଶ‖ݕ଴ଵ  	‖଴ଶݕ−

+ ఊܰ ఉܰ ଵܵܨଷ‖ݔ,ݐ)ݔ଴ଵ , (଴ଵݕ − ,ݐ)ݔ	 ,଴ଶݔ ‖(଴ଶݕ + ܰఊ ఉܰ ଵܵܨସ	 

଴ଵݔ,ݐ)ݕ‖ , (଴ଵݕ ,ݐ)ݕ− ,଴ଶݔ  (56)																																																						଴ଶ)‖ݕ

where ݐ)ݔ, ,଴ଵݔ ,ݐ)ݔ,(଴ଵݕ ,଴ଶݔ ,(଴ଶݕ ,ݐ)ݕ ,଴ଵݔ ,ݐ)ݕ ଴ଵ) andݕ ଴ଶݔ  ଴ଶ) areݕ,
the solutions of the integral equations :- 

,ݐ)ݔ ଴௞ݔ , (଴௞ݕ = ଴௞ݔ + න ൥݂(߬, ,(ߙ,߬)ߛ
௧

ఛ
,߬)ݔ,(ߙ,߬)ߚ ଴௞ݔ , ,ߤ,(଴௞ݕ  ,ߝ

(ݑ	 +
1
ܶන

݂(߬, ,(ߙ,߬)ߚ,(ߙ,߬)ߛ
ఛା்

ఛ
଴௞ݔ,߬)ݔ , ,ߤ,(଴௞ݕ ൩߬݀(ݑ,ߝ ݀߬ 

	+
ݐ)2 − ߬)
ܶ(ܶ − 2߬) 	൥݀ଵ ଴ݔ−

௞ܶ −න ,ݐ)݂ܮ ,(ߙ,ݐ)ߛ
்

଴
 ,(ߙ,ݐ)ߚ

,ݐ)ݔ ଴௞ݔ , ,ߤ,(଴௞ݕ  (57)																																																												൩ݐ݀(ݑ,ߝ

and  

,ݐ)ݕ ,଴௞ݔ (଴௞ݕ = ଴௞ݕ + න ൥݃(߬,(ߙ,߬)ߚ,(ߙ,߬)ߛ,
௧

ఛ
,߬)ݕ ଴௞ݔ , ଴௞ݕ ,߱,  ߟ

, (ݒ −	
1
ܶන ݃(߬, ,(ߙ,߬)ߚ,(ߙ,߬)ߛ

ఛା்

ఛ
,߬)ݕ ଴௞ݔ ,߱,(଴௞ݕ, ,ߟ  ൩݀߬߬݀(ݒ

+
ݐ)2 − ߬)
ܶ(ܶ − 2߬) ൥݀ଶ − ଴௞ܶݕ −න ,(ߙ,ݐ)ߛ,ݐ)݃ܮ

்

଴
 ,(ߙ,ݐ)ߚ

,ݐ)ݕ		 ,଴௞ݔ ,ߟ,߱,(଴௞ݕ  (58)																																																							൩ݐ݀(ݒ

with  

,ݐ)଴௞ݔ ଴௞ݔ , (଴௞ݕ = ଴௞ݔ , ,ݐ)଴௞ݕ ,଴௞ݔ (଴௞ݕ = ݇ ଴௞ whereݕ = 1,2. 

From the equation (58) and using Lemma 1.1, we get  

,ݐ)ݔ‖ ଴ଵݔ , (଴ଵݕ − ,ݐ)ݔ ,଴ଶݔ ‖(଴ଶݕ ≤ ଴ଵݔ‖ +‖଴ଶݔ− (1−
ݐ − ߬
ܶ ) 

න ‖(ߙ,߬)ߚ‖‖(ߙ,߬)ߛ‖
௧

ఛ
቎(ܭଵ + ܾ)ఊܯଶܭ	 − ܽ) + ܾ)ఉܯଷܭ	 − ܽ)		 

+ 	
ℎ
ߙ
)ݔ‖(ସܭ ,߬ ଴ଵݔ −(଴ଵݕ, ,߬)ݔ ଴ଶݔ +‖(଴ଶݕ,

ℎ
ߙ
 ସܭ

						

,߬)ݕ‖	 ,଴ଵݔ (଴ଵݕ − ଴ଶݔ,߬)ݕ ,  ଴ଶ)‖቏݀߬ݕ

+ 	
ݐ − ߬
ܶ න ,߬)ߛ‖ ‖(ߙ

ఛା்

௧
‖(ߙ,߬)ߚ‖ ቎(ܭଵ ܾ)ఊܯଶܭ+ − ܽ)	 

ܾ)ఉܯଷܭ	+ − ܽ) + 	
ℎ
ߙ
,߬)ݔ‖(ସܭ ଴ଵݔ (଴ଵݕ, − ,߬)ݔ ,଴ଶݔ  ‖(଴ଶݕ

						

+
ℎ
ߙ
଴ଵݔ,߬)ݕ‖ସܭ , (଴ଵݕ − ,߬)ݕ ଴ଶݔ ‖(଴ଶݕ,

⎦
⎥
⎥
⎤
݀߬ 

+
2

ܶ − 2߬න ൦(1−
ݐ − ߬
ܶ )

்

଴
න ‖(ߙ,߬)ߛ‖
௧

ఛ
)ߚ‖ ,߬  ‖(ߙ

቎(ܭଵ + ܾ)ఊܯଶܭ	 − ܽ) + ܾ)ఉܯଷܭ	 − ܽ) 	+ 	
ℎ
ߙ
 (ସܭ

଴ଵݔ,߬)ݔ‖ , (଴ଵݕ − ଴ଶݔ,߬)ݔ ,  						‖(଴ଶݕ
						

+
ℎ
ߙ
଴ଵݔ,߬)ݕ‖ସܭ , (଴ଵݕ − ,߬)ݕ ଴ଶݔ ‖(଴ଶݕ,

⎦
⎥
⎥
⎤
݀߬		 

+ 	
ݐ − ߬
ܶ න ‖(ߙ,߬)ߛ‖

ఛା்

௧
ଵܭ)቎‖(ߙ,߬)ߚ‖ + ܾ)ఊܯଶܭ − ܽ)	 

ܾ)ఉܯଷܭ	+ − ܽ) +
ℎ
ߙ
,߬)ݔ‖ସܭ ,଴ଵݔ −(଴ଵݕ ,߬)ݔ ,଴ଶݔ  ‖(଴ଶݕ

+ 	
ℎ
ߙ
,߬)ݕ‖ସܭ ଴ଵݔ , (଴ଵݕ − ,߬)ݕ ,଴ଶݔ ଴ଶ)‖൪݀߬൪ݕ  		ݐ݀

≤ (1 −
ܶ
2
଴ଵݔ‖ଵݎଵ)ିଵݎଵܨఉܯఊܯ − ‖଴ଶݔ +

ܶ
2
 ଵݎଶܨఉܯఊܯ

(1−
ܶ
,߬)ݕ‖	ଵ)ିଵݎଵܨఉܯఊܯ2 ଴ଵݔ , −(଴ଵݕ )ݕ ,߬ ,଴ଶݔ  ‖(଴ଶݕ

so that  

,ݐ)ݔ‖ ଴ଵݔ −(଴ଵݕ, ,ݐ)ݔ ,଴ଶݔ ‖(଴ଶݕ ≤ ଴ଵݔ‖ଵݑଵݎ −  ‖଴ଶݔ

+
ܶ
2
,߬)ݕ‖ଵݑଵݎଶܨఉܯఊܯ ,଴ଵݔ (଴ଵݕ ଴ଶݔ,߬)ݕ− ,  (59)																						଴ଶ)‖ݕ

Now, from (58), we get  

଴ଵݔ,ݐ)ݕ‖ , −(଴ଵݕ ,ݐ)ݕ ,଴ଶݔ ‖(଴ଶݕ ≤ ଴ଵݕ‖ଶݑଵݎ −  ‖଴ଶݕ

+
ܶ
2 ఊܰ ఉܰܨଷݎଵݑଶ‖ݔ(߬, ,଴ଵݔ −(଴ଵݕ )ݔ ,߬ ,଴ଶݔ  (60)																							଴ଶ)‖ݕ

Substituting the last inequality in (59), as follows 

,ݐ)ݔ‖ ଴ଵݔ −(଴ଵݕ, ,ݐ)ݔ ,଴ଶݔ ‖(଴ଶݕ ≤ ଴ଵݔ‖ଵݑଵݎ −  ‖଴ଶݔ

+
ܶ
2
−଴ଵݕ‖ଶݑଵݎ	]	ଵݑଵݎଶܨఉܯఊܯ ‖଴ଶݕ + 	

ܶ
2 ఊܰ ఉܰܨଷݎଵݑଶ 

଴ଵݔ,߬)ݔ‖ , (଴ଵݕ − ଴ଶݔ,߬)ݔ ,  		[	‖(଴ଶݕ

	≤ (1 −
ܶଶ

4 ఊܯ ఊܰܯఉ ఉܰܨଶܨଷݎଵଶݑଵݑଶ)ିଵݎଵݑଵ‖ݔ଴ଵ −  ‖଴ଶݔ

+ 	
ܶ
2
(1	ଶݑଵݑଵଶݎଶܨఉܯఊܯ −

ܶଶ

4
ఊܯ ఊܰܯఉ ఉܰܨଶܨଷݎଵଶݑଵݑଶ)ିଵ 

଴ଵݕ‖ −  ‖଴ଶݕ

Then we write this equation as follows  
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,ݐ)ݔ‖ ଴ଵݔ , (଴ଵݕ − ,ݐ)ݔ ,଴ଶݔ ‖(଴ଶݕ ≤ ଴ଵݔ‖ଷݑଵݑଵݎ −  ‖଴ଶݔ

଴ଵݕ‖ଷݑଵܧ+ −  (61)																						଴ଶ‖ݕ

Also, substituting (60) in (61), we obtain 

଴ଵݔ,ݐ)ݕ‖ , (଴ଵݕ ,ݐ)ݕ− ,଴ଶݔ ‖(଴ଶݕ ≤ ଴ଵݔ‖ଷݑଶܧ −  ‖଴ଶݔ

଴ଵݕ‖ଷݑଶݑଵݎ+  (62)																		଴ଶ‖ݕ−

So, substituting the inequalities (61) and (62) in inequality 
(55), we get the inequality (51). 

Similarly, substituting the inequalities (61) and (62) in 
inequality (56), we get the inequality (52). 

Theorem 4.2.  Let the system (1) be defined in the domain 
(3). Suppose that ܩଵ and ܩଶ be closed and bounded domain 
subset of domain ܦଵ௶ and ܦଶ௶ . Then, ܩଵ and ܩଶ have points at 
which the Δ −constant is zero, then for any point ݔ଴ ∈  ଵ௶ andܦ
଴ݕ ∈ ௶ଶܦ , the following inequality holds :- 

∥ Δଵ∗∗(0,ݔ଴, (଴ݕ ∥	≤ ൻ൫ ଵܵܯఊܯఉܨଵ				ܵ ଵܯఊܯఉܨଶ		൯,ܳ௠ 

ܧ) − Q)ିଵ߰ଵ	⟩+ ܯఉܯఊܯ	 +
2

ܶ(ܶ − 2߬)  (63)						(଴ݔ)ݍ

and  

∥ Δଶ௠∗∗ ,଴ݔ,0) (଴ݕ ∥≤ ൻ൫ ଵܵ ఊܰ ఉܰܨଷ				 ଵܵ ఊܰ ఉܰܨସ		൯,ܳ௠ 

ܧ) − Q)ିଵ߰ଵ	⟩+ 	 ఊܰ ఉܰܰ +
2

ܶ(ܶ − 2߬) ݌
 (64)								(଴ݕ)

for all ݉ ≥ 0 and ݔ଴ ∈ ௶ଷܦ ଴ݕ, ∈ ௶ସܦ . 

Proof .  By using the inequality (39), we get  

∥ Δଵ௠∗∗ ,଴ݔ,0) (଴ݕ ∥	=	∥ Δଵ௠∗∗ ,଴ݔ,0) −(଴ݕ Δଵ∗∗(0,ݔ଴,  (଴ݕ

+Δଵ∗∗(0, ,଴ݔ (଴ݕ ∥																		 

≤		∥ Δଵ௠∗∗ (0, ,଴ݔ (଴ݕ −Δଵ∗∗(0,ݔ଴, (଴ݕ ∥ +	∥ Δଵ∗∗(0,ݔ଴, (଴ݕ ∥   

≤ ൻ	( ଵܵܯఊܯఉܨଵ							ܵ ଵܯఊܯఉܨଶ),ܳ௠(ܧ −ܳ)ିଵ߰ଵ	⟩	 

+ܯఉܯఊܯ	+
2

ܶ(ܶ − ݍ(2߬
 				(଴ݔ)

Again from (39), we get 

∥ Δଶ௠∗∗ ,଴ݔ,0) (଴ݕ ∥	= 	∥ Δଶ௠∗∗ (0, ,଴ݔ (଴ݕ − Δଶ∗∗(0,ݔ଴,ݕ଴) 

+Δଶ∗∗(0, ,଴ݔ (଴ݕ ∥																		 

	≤		∥ Δଶ௠∗∗ ,଴ݔ,0) (଴ݕ − Δଶ∗∗(0,ݔ଴,ݕ଴) ∥ +	∥ Δଶ∗∗(0,ݔ଴, (଴ݕ ∥  

≤ ൻ൫ ଵܵ ఊܰ ఉܰܨଷ				 ଵܵ ఊܰ ఉܰܨସ		൯,ܳ௠(ܧ − Q)ିଵ߰ଵ	⟩ 

+ ఊܰ ఉܰܰ+
2

ܶ(ܶ − 2߬)  (଴ݕ)݌

5. CONCLUSION 

In this paper, we have established the existence and 
approximation of the periodic solutions for non-linear integro-
differential equations depended on special functions with 
singular kernels and boundary integral conditions. The 
numerical-analytic method has been used to study the periodic 
solutions of ordinary differential equations which were 
introduced by (Samoilenko, A. M.). Also, we expand the result 
obtained by Samoilenko to change the periodic system of non-
linear differential equations with intial condition to periodic 

system of non-linear differential equations with boundary 
integral conditions. 
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