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ABSTRACT

In this paper, we using the Banach's fixed point theorem to
prove the asymptotic stability of delay functional differential
equation and how to obtain generalizations forms of some
studied results in [11,12 ]. Specifically relative stability was
studied; whereas the asymptotic stability in our study
investigated with generalization of delay results of the
functional differential equation.
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1. INTRODUCTION

A. In our work, we consider a nonlinear scalar delay
differential equation with variable delays and give some new
conditions for the boundedness and stability by fixed point
theory. A stability theorem with necessary and sufficient
conditions is proved. The fixed point theory can be applied
immediately to study an equation when solutions are behold
at a particular interval. There are many doings achieved on
the specific conduct of mentioned differential equations,
According to fixed point theories, readers can judge Becker
& Burton's books or papers [1], Burton [2-7], Burton &
Furumochi [8, 9], Eberhard [10], Zhang [11, 12], Tun¢ and
Mohammed [13-15].

B. Achieving the results of stability by using the fixed point
theory can sometimes provide better conditions for zero
solution of Lyapunov methods.

C. The advantages of this specific method have been
achieved by contraction mapping methods that require
intermediate conditions of vector syndrome using the chosen
variation of the parameters of the type parameters to reflect
the basic equation to the integrated form.

As is known in the theory of differential equations, the
common way to prove solutions is through fixed point
methods. However, recently, the principle of deflation
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mapping has been used to obtain additional properties of the
solution, attractive solutions to balance, and not only the
presence of curves of this solution, as usual in the theory of
classical differential equation. We will explain how to use
Banach's theory of fixed point in the asymptotic stability of
nonlinear differential equations; also obtain appropriate
generalizations and robust forms for some results in [11, 12].
Specifically, non-asymptotic stability is achieved, while we
will discuss how to achieve asymptotic stability as well as
stability by making a simple observation, as well as
generalizing the results of previous non-asymptotic stability to
systems of functional differential equations, and not only to
functional differential equations Numerical as in the paper
mentioned. This raises the question of how much this
particular method can afford us, and what are the limitations of
this technique. We will refer to the important limitation of the
fixed point theory on the uniqueness of solutions only within
the complete metric space area where they are not specified. If
the metric space onto which the contraction mapping principle
is applied is very small, we do not get a satisfactory result. We
will discuss this in detail below.

2. SOME BASIC CONCEPT
2.1: Banach Contraction Mapping Principle [11, 12].

Let (X,d) be acomplete metric space. Amap P = X = Xisa

contraction if there exists a non negative number 2 = 1 such

that
d(P(x),P(¥)) = pd(x,y).
P is a strict contraction if o = 1.
Apoint x € X is called a fixed point of P if P(x) = x.

Theorem 2.2:
¢:(S,d) = (5,d) is a contraction mapping and if (S,d) is a

(Contraction Mapping Principle). If

complete metric space, then ¢ has a unique fixed point; that

is, there is a unique S* € S such that @(s*) = s [11, 12].
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Generally, the basic idea is to give a differential equation delay

model
x' = f(t,x:]}
x(ty) =@

M

We are trying to build a reflective schema (1). In other words,

we are doing some integration operations like this

x(8) = a(®) + [} £(£,0,5,x(.))ds. ©)

The solution will be given to the functional differential

equation through the fixed point theory mapping.

(Py)(t) = a(t) + Jf(r, 0,s,y(.))ds.

In this way we decide that P-mapping is actually a viable
representation by proving a solution of (1). Finally, the
integrated solution format will provide us with stability
assistance of (1). In addition, the complete metric space M
will provide us with the benefits of asymptotic stability. And

the M plays an important role in this, as we will see in the

future.

Definition 2.3: The solution % 4 (t) of equation (1) is called
stable, if for any £ = 0, there exists a (&) = 0, such that
from the inequality [@(t) — (£} < &(&) on the initial set,
there follows [x4(t) —xy(t) | < & for all t = £y, where

1(t) is any continuous initial function [13- 15] .

Definition 2.4: The solution of equation (1) x4 (t) is called

asymptotically  stable, if it is stable and

lim, .. |x¢,[t] —xy(t) |= 0, for all continuous initial

functions Y () [14- 15] .

(1Yvhere AR, R and f:R, XBC—=R
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3.GENERAL RESULT FOR A NONLINEAR
FUNCTIONAL DIFFERENTIAL EQUATION

The scalar delayed differential equation is study

x'(t) = —A(t)x(t) + F(t, x(t))

@)
are

continuous where BC = {0 € C[R_,R]: @ bounded}.

We mean by R, = [0,00) and R_ = (—00,0] respectively,

the continuous function x:R—R denoted by x(f) ,

x(t(6)) = x(t+6), for 6 ER_.

We note that the theorem has a necessary and
adequate condition for asymptotic stability in [11, 12]. We will
focus only on the prevailing conditions to stabilize this work.

In the above result, it indicates that zero is asymptotically

stable if and only if f;ﬂ (s)ds — @ ast — o0,

Through analysis equation (3), realize that we can provide an
integrated formula equivalent to this problem by doing
something similar to what we do when we solve ODE linear
order of first order, if solution of (3) exists, after we multiply it

by the integrating factor:

p(t) = e‘rfrn“l':ﬂds

To find
d
- (x(Du(t)) = u(®f(t, (1)

t

KOO ~x() = | £F 4% f(s,x(s)ds,

tp
Within the initial condition of the differential differential
equation

t
t . )
x(2) = 9(0)e ke A 4 f O

tp
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Thus, we have an integral equivalent expression of the solution
x('t). This indicates that we are define the following mapping
P defined on 5:

0(t—t,) if t<t,
t

-[ ale)ds T
0(0)e k4l -I-Ie '&A“Jd‘f[s,x(s]jds,if tzt,

to

(Px)(t) =

In order to apply fixed point theory, we must prove that P maps
Stoitself, Px: TR — IR is continuous, F'x[:tl}j = @,
@ € C(8,), and llxIl < L.

In [11, 12] we have the following conditions:
Mlim £, .. f;ﬂ[s]ds > —on.

t -
f;e_‘rfndl‘u}dub[sjds <a<1 forallt=
(2)D.

If(t,0) - F(t. ¥l <b(OIO -l
3for all 0,y € C(L),and f(1,0) = 0.

(4)f;A(S:]ds -0 as t— 0,
Then the zero solution of (3) is asymptotic stabile.
(%)
Ve>0 and t, = 0,then3t, >
tys.t. t=t,,and x(t) €
C(L),this implise that |f[t,x(t:])| =
b() (e + Ilxl|F=).

Then by using the fact @ € C(8,), and llx(s) Il = L and
condition (2, 3) from [11, 12], we have that

t

(B < fp(0)e 4% 4 j oA (s o)) ds

tn

4
-IF als)ds —(F atwa
< 5[}19 .erA\ Jd 1 JE &Aﬂdibtsj”x(sjllds

tp
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t
t
£SDK+LJ.e_'FSA"”}“b(s)ds
fy
o K+Lla<l

Now we will show that (Px)(t) = 0 as t — o0, since

x(t) 2 0as t—= 0w and3 t; = t,, st.
lx(t)| <& W t =t then by condition (5) in [11, 12],

3 t, =ty st.t=t; thisimplies that

IF(t, 2] = b(e) (e + Nxll® ) for £ = ¢,

t

J e_'l::ﬂl:u}duf[s,x(.?:])ds

tn
t‘z t
< Je‘.r;‘ql:u}duf[&x(s:])ds + Je'.ﬂrﬂ':u}duf[S,x(S])ds
tn £y
ty t
< j E_‘g‘q(u}“‘f[s,x(s])‘ds-l-J.e_'g‘q':u}“‘f(slx(sj}‘ds
ty £y
tz t

t,. t, .
< f e h 408 () x(s) | ds + f ™ s A% p(5) e + et ds

tn 23

since || x|1®+t) < 2 for = t, , then we get

t.‘,. t
r . r .
<@l J e AWy o1 f e Ay 990 ds
tn tn

f:..
%2ty du— It Afadds
<1 J ok Aluldu ‘“A‘J}mb(s]ds-l-zsa

tn

|
.rrz A'-.'-'-l}l'l'll

< ale + 2ex

By condition (4) in [11,12] 3 t5 = &5 ,such that



E . 4 -
—,I‘rn_quu}du ‘-"r;., Alu)du

dge +Le

This two estimate implies that t = t5 , and

t

(A0 € @+ [ b a9

tn

[ Lo
—J; Als)ds + a:Le_‘rfE Alu)du

< dye + 2as < 3¢

This prove that (Px)(t) =0 as t = 0, and Px € S

for V. x € 5,and F: 5§ — 5 is well define, now to proving P

is a contraction mapping on 5, let x, ¥ € 5:

PO - F)(O) <
fr e_‘rs Atu}du‘f[&x(s}) —f(s,y(s]j‘ds

tp

t

- f o5 A5 1x(5) — y () ds

tp

t
L
< suprum |x(s) — y(s)l J e_'rsﬂ"”}d”b[sjds

rD
< ap(x,y)

By Contraction Mapping Principle theorem 3 unique fixed

point X € 5 that solve equation (3) for each @ € C(d,),

and we have x(t) = x(t, t, @) converge to zero as

t — oo,

Let£ = 0, £ < L are given we will find § < ¢ s.t.
0K + as < £ then

t

r { ’
x(t) = x(t,t, 0) = @(Dje_I‘D Ao + J. e"rsr“l"”}“f(gx(sj]ds,

ty

We prove that [x(t)| < &,V t =t,, and 3T > t; notice
that x(t,) <8 < & fotty <5< T.But [x(T)|=¢, then

2954

Sizar Abid Mohammed et al., International Journal of Advanced Trends in Computer Science and Engineering, 8(6), November - December 2019, 2951- 2955

x(T)| =

Se

FT [ - T ()
Ao (7 o ey )5 s,
o

oK+t as<¢g,

Which is contradiction to the definition of T. This means that

there T is not exist and x(t) < £ for ¥ t = t,, then the

zero solution of equation (3) is asymptotic stable.

CONCLUSION

In this paper, we consider a nonlinear scalar delay

differential equation with variable delays and give some new
conditions for the boundedness and stability by means of
Krasnoselskii’s fixed point theory. A stability theorem with a
necessary and sufficient condition is proved.
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