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ABSTRACT 
 
To reduce the losses of timber in the process of manufacturing 
panel construction products made of edged timber, it is 
proposed to saw the logs into boards of trapezoidal and 
rectangular cross-sections. The computer technique of 
optimization of the schematic model parameters for sawing 
the log into a given even number of boards of rectangular and 
trapezoidal cross-sections is developed. This determines the 
number of trapezoidal section boards and the angle between 
the face and the edge, which is the same for all such boards. 
 
The research was carried out by the method of mathematical 
modeling. Tasks of finding rational values for the parameters 
of log sawing schemes are solved using numerical 
hill-climbing methods.  
 
Key words: edged board, glued panel, log, optimization, 
sawing pattern, trapezoidal cross-section.  
 
1. INTRODUCTION 
 
Modern wooden house construction technologies are based on 
the use of glued panel products [1], [2]. However, using 
rectangular cross-section boards as a workpiece for bonding 
such units, there is a significant loss of timber. It is worth 
noting that in the process of manufacturing glued panel 
products, not only rectangular cross-section workpieces [1], 
[2], which can significantly reduce the amount of wastes, can 
be used. Therefore, there is a need to justify the 
resource-saving schematic models for sawing logs into 
workpieces to manufacture panel products for joinery and 
construction purposes. 

 
 

2. ANALYSIS OF THE LITERATURE  
 
Reference [3] shows that there is no single approach to ensure 
optimal sawing of logs in all possible manufacturing 
situations, and optimization of the sawmill requires flexible 
interaction of the units engaged in sawing stems into logs and 
logs into boards. This causes a considerable amount of work 
aimed at studying certain aspects of the issue of the optimal 
log sawing in the process of sawn timber manufacturing. 
 
When solving the problem of optimizing the schematic model 
for sawing logs into boards, optimization at the cost of the 
final product, its volume or optimization by the combined 
method [4] is applied. The result of solving the optimization 
task depends essentially on the choice of the objective 
function. If profit maximization is chosen as the optimization 
criterion, then achieving maximum economic performance is 
accompanied by an increase in timber losses. Accordingly, 
the choice of minimizing timber losses as an optimization 
criterion does not provide the maximum economic effect.  
 
In [5], the minimization of wastes is a criterion for the 
optimization of the sawing schematic model. In this case, the 
amount of timber that does not become a commodity is 
minimal, which should increase the profit per unit of the 
timber volume. At the same time, in this approach, the total 
profit is lower than in the optimization for net profit. 
 
Study of sawing the cylindrical part of the log (for example, in 
[6] when optimizing the schematic models of sawing logs into 
radial sawn timber), the coefficient of use of the area of the 
small-end face of the log is used as an efficiency criterion. 
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Much of the research is related to the three-dimensional 
modeling of log-sawing [5], [7]. In this case, the log is mostly 
considered according to the deviations of the form from the 
body of rotation. In [7], a dynamic programming algorithm 
for the optimization of sawing logs with cylindrical defective 
core was proposed. Studies [5], [7] are based on the computer 
simulation of the process of sawing logs into boards and 
aimed at controlling automated lines. These articles detail the 
algorithms that allow optimizing sawing of logs by the 
criterion of maximizing the volume of sawn timber, as well as 
the criterion of maximizing the value of boards. References 
[5], [7] show the way it necessitates sawing of each deck into 
boards that vary in thickness, width, and quality. Based on the 
reviews given in [5], [7], it can be concluded that the majority 
of studies are aimed at obtaining edged (rectangular 
cross-section) or general-purpose one-side edged boards. 
 
It is worth noting that manufacturing blanks for glued 
products, their shape and the size of blanks can vary. For 
example, in [8] it is proposed to make a glued cant with a 
longitudinal channel inside, using four workpieces of 
pentagonal cross-section. 
 
Trapezoidal cross-section cants can be used for 
manufacturing panel products for construction purposes (two 
central cants are sawn from one log) [2], [9]. Reference [9] 
presents the results of comparing the relative indices of bulk 
outputs of batches of workpieces with different geometric 
parameters, obtained by the method of simulation modeling. 
It should be noted that in [9] only two cants can be 
manufactured from one log. This leads to a significant 
increase in timber losses if the actual thickness of the log does 
not correspond to its optimal value, depending on the required 
thickness of the cant. Also we pay attention to the known 
method of making panels from the workpieces of the 
trapezoidal cross-section (with one of the sides of the 
trapezoid is perpendicular to the bases). It is worth noting that 
the difference of the angles between the edges and the faces of 
the workpieces complicates the practical implementation of 
such technology in the industrial production. 
 
To reduce such losses, the study [10] proposes to saw the log 
into several edged boards of the trapezoidal cross-section 
(with the same values of the angle between the face and the 
edge) to manufacture glued panel products. This allows using 
logs at most and expanding the range of thicknesses of logs 
that can be used. During using such kind of panels as 
elements of external walls of buildings is advisable to treat it 
by protective material [11]. Thanks to more rational use of 
logs, the technogenic load on forest ecosystems is reduced 
[12]. In [10], a technique was developed to optimize the angle 
between the face and the edge of these boards when live 
sawing a log (also known as through and through log sawing) 
into a given even number of boards.  

Another example of the use of trapezoidal workpieces is the 
paper [13] on the manufacture of glued cants. First, a 
four-edged cant is cut out from the log, which is then cut into 
two trapezoidal cross-sections. These workpieces are glued 
together on narrower faces. 
 
The review of the publications makes it possible to conclude 
that the perspective way of reducing timber losses in the 
process of manufacturing workpieces for glued panel products 
is sawing logs to manufacture edged boards of rectangular 
and trapezoidal cross-sections. In this case, to simplify their 
application, it is advisable for the angle between the face and 
the edge of the trapezoidal cross-section boards to be the same 
for all boards. However, to do this, it is necessary to develop a 
technique for optimizing the parameters of the corresponding 
schematic model (log sawing pattern). 

3.  THE PURPOSE AND TASKS OF THE RESEARCH 
 
The purpose of this article is to develop a technique of 
optimizing the schematic model for live sawing the 
cylindrical part of the log into edged boards of the rectangular 
and trapezoidal cross-section. The log diameter at the small 
end, the number of boards and their thickness before drying 
are given, and variable parameters of the sawing pattern are 
the number of boards of the rectangular cross-section and the 
angle between the face and the edge of the trapezoidal 
cross-section boards, which is the same for all such boards. 
The number of boards is even. 
 
The tasks of the research are: 

(1) To obtain the dependence of the end face area of 
trapezoidal cross-section boards on its thickness, the distance 
to the log axis, and the angle between the face and the edge. 

(2) To formulate the objective function and the task of 
optimizing the parameters of the log sawing pattern into 
boards of rectangular and trapezoidal cross-section. 

(3) To solve numerically the optimization task at typical 
parameter values and estimation of the effect of sawing a log 
into rectangular and trapezoidal cross-section boards 
compared to sawing only into rectangular cross-section 
boards. 

4. METHODS OF OPTIMIZATION OF THE 
SCHEMATIC MODEL FOR SAWING A LOG INTO 
BOARDS OF THE RECTANGULAR AND 
TRAPEZOIDAL CROSS-SECTION 
 
We will consider manufacturing boards from the cylindrical 
part of the log. First, let us choose a performance indicator to 
compare different variants of the log sawing pattern. 
Assuming that the cost of production depends only on its 
volume, we will analyze only geometric indicators of sawing 
performance. We will take into account the restrictions on the 
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minimum width of such workpieces. Therefore, the parts of 
the log closest to the area of shortening of the edged boards 
cannot be used to manufacture the boards, subject to this 
restriction. As for these parts of the log, it is advisable to use 
them to make short lumber or wood chips. Thus, the use of the 
coefficient of use of the area of the small-end face of the log 
as a performance indicator of its sawing is not fully consistent 
with the purpose of the study. Therefore, the log sawing 
pattern, as in [10], will be characterized by the coefficient of 
use of the area of the small-end face of the two-edged cant, 
which covers the ends of the manufactured edged boards. 
 
Assume that the log small-end diameter, the kerf thickness, 
the number and thickness of boards before shrinkage are 
given. The scheme of the ends of the boards within the end of 
the two-edged cant that covers them is shown in fig. 1. 
 

 
Figure 1: Scheme of sawing a two-edged cant to manufacture boards 
of the rectangular and trapezoidal cross-section (the upper half is 

shown) 
 
Depending on the layout of the board, there are three varieties 
of them, shown in Fig. 1. First, boards of the rectangular 
cross-section are made from the area of the log closest to its 
axis. Second, if the trapezoidal cross-section board is 
relatively close to the log axis, then the angle ψ between the 
chord, which is cut off by the section plane and the board face 
exceeds a certain angle φ is the same for all trapezoidal 
boards.  
 
Therefore, when cutting an edge at an angle φ, the width of 
the outer face of the board will decrease. Third, if the 
trapezoidal cross-section board is located relatively close to 
the face of the two-edged cant (hence, ψ<φ), the width of its 
inner face will decrease when trimming the edge of the board. 
 
Let us determine the dimensions that characterize the location 
of the boards relative to the log axis, and the area of 

cross-sections of boards. To do this, we determine the 
consumption of wood (measured perpendicular to the face of 
boards) for sawing boards by using generally accepted 
formulas: 
 

 TCS  ,                                   (1) 
2/ TCC  ,                                  (2) 

 
where SC  is wood consumption for sawing the sideboard 
(m); T  is board thickness before shrinkage (m);  is kerf 
thickness (m); CC  is wood consumption for sawing the 
centre board (m). 
 
Let us determine the thickness of the two-edged cant, which 
covers the manufactured boards, and its relative value (i.e., 
the coefficient of coverage of the log small-end with sawing 
pattern):  
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where TECT  is thickness of the two-edged cant (m); BN  is 
total number of boards; k  is relative thickness of the 
two-edged cant; d  is log small-end diameter (m). 
 
Let us determine the width of the outer face of the i-th 
unedged board at the narrow end: 
 

22* 2 ii hrb     ,                             (5) 
 
where *

ib  is width of the outer face of the i-th unedged board 
at the narrow end (m); i  is board number (in the upper half of 
the sawing pattern, counting from the log axis); r  is log 
small-end radius (m); ih is distance from the log axis of the 
two-edged cant to the outer face of the i-th board, (m). 
 
It is worth noting that the width of the rectangular 
cross-section board coincides with the width of the outer face 
of the i-th unedged board at the narrow end. Let us determine 
the distance from the log axis to the outer face of the i-th 
unedged board: 
 

  2/2/  iCiTh Si  .               (6) 
 
Let us move from the absolute values of the sizes included in 
(4-6) to their relative values (relative to the log small-end 
diameter): 
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where Sc  is relative wood consumption for sawing the side 
board;   is relative value of the kerf thickness. 
 
Let us express the thickness of the board by the log small-end 
radius and the relative parameters of the sawing pattern: 
 

  22  SSS crddCCT  ,             (12) 
 
This allows determining the end face area of the rectangular 
cross-section board: 
 

     SSii cicrTbS 22* 214    ,          (13) 
 
where iS  - is end face area of the i-th board of rectangular 
cross-section (m2). 
 
Using (13), we shall clarify the expression obtained in [10] to 
calculate the coefficient of use of the area of the small-end 
face of the two-edge cant in the process of manufacturing 
rectangular cross-section boards. In this case, we proceed 
from the central angle  (see Fig. 1) to the relative height of 
the cant:  
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where   is central angle (rad); BS  is area of the small-end 
face of the two-edged cant (m2); TECs  is area of the small-end 
face of the two-edged cant of single radius (m2); K  is 
coefficient of use of the area of the small-end face of the 

two-edged cant in the process of manufacturing rectangular 
cross-section boards; N is the number of pairs of boards. 
 
For the following calculation of the dimensions of the 
trapezoidal boards, we shall determine the distance from the 
log axis to the inner face of the i-th board: 
 

  rirciTH Si  )1(22/)1( .      (19) 
 
This allows calculating the width of the inner face of the 
unedged board at the narrow end: 
 

 222* )1(2122  icrHrB Sii   .     (20) 
 
Using (20) and (5), we determine the difference in width of 
the unedged board on the inner and outer faces at the narrow 
end: 
 

**
ii bBa    ,                                 (21) 

 
where a  is difference of the unedged board width on the 
inner and outer faces at the narrow end (m). 
 
To determine the angle between the inner face of the board 
and the chord of the arc, cut off by the sawing plane, we use 
the dependence that was applied in [10] and proceed to the 
relative values of the parameters of the sawing pattern: 
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where i  is angle between the inner face of the i-th board and 
the chord of the arc, cut off by the sawing plane (deg). 
 
Let us determine the width of the boards on the inner and 
outer face, depending on its location (distance from the log 
axis), the ratio of the angle φ between the face and the edge of 
the trapezoidal cross-section board and the angle ψ between 
the inner face of the board and the chord of the arc, cut off by 
the sawing plane: 
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where iB  is width of the inner face of the i-th board (m);   is 
angle between the face and the edge of the trapezoidal 
cross-section board (deg); Rn  is number of pairs of 
rectangular cross-section boards in the sawing pattern. 
 
Let us convert (23, 24) using (11): 
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In this case, the number of trapezoidal cross-section boards is 
determined by the formula: 
 

RBT nNN 2 ,                             (27) 
 
where TN  is number of trapezoidal cross-section boards. 
Let us determine the areas of the ends of the boards by using 
(25, 26): 
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Let us transform (29) taking into account (15, 16), moving 
from the absolute values of the areas of the ends of the boards 
to their relative values (relative to the area of the small-end 
face of the two-edged cant): 
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where is  is relative area of the end face of the i-th board.  
 
Let us determine the dependence of the coefficient of use of 
the area of the small-end face of the two-edged cant on the 
number of rectangular cross-section boards, as well as the 
angle between the face and the edge of trapezoidal 
cross-section boards:  
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where K  is coefficient of use of the area of the small-end face 
of the two-edged cant in the process of manufacturing 
rectangular and trapezoidal cross-section boards.  
 
Using dependence (32) as the objective function, we 
formulate the task of optimizing the parameters of the log 
sawing pattern (33), taking into account the constraints (34, 
35): 
 

optoptRiR iiK
R

    max),( ,   ,                (33) 

NiR     ,                                    (34) 
900   ,                                   (35) 

 
where optRi is optimum number of pairs of rectangular 

cross-section boards in the log sawing pattern; opt  is 
optimal angle between the face and the edge of trapezoidal 
cross-section boards (deg). 
 

5. THE RESULTS OF OPTIMIZATION OF THE 
SCHEMATIC MODEL FOR SAWING A LOG INTO 
BOARDS OF THE RECTANGULAR AND 
TRAPEZOIDAL CROSS-SECTION 
We will illustrate the application of the developed technique 
of optimization of the log sawing pattern into boards of the 
rectangular and trapezoidal cross-section. We will optimize 
the log sawing pattern under rather typical conditions, when 
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the coverage of log small-end with the sawing pattern is 90% 
(the width of the outer edging board is 87% of the diameter of 
the specified end) and the kerf thickness is equal to 1% of the 
diameter of the specified end. Illustrations of the dependences 
of the coefficient of use of the area of the small-end face of the 
two-edged cant (32), which covers the boards, the number of 
trapezoidal cross-section boards and the angle between the 
face and the edge of such boards are presented in Figs. 2. 
 

 
 

 
 

 
Figure 2: Dependences of the coefficient of use of the area of the 

small-end face of the two-edged cant on the number of boards of the 
trapezoidal cross-section and the angle between the face and the 
edge of such boards (at a relative thickness of the two-edged cant 

0.9): a – to manufacture 4 boards; b - to manufacture 6 boards; c - to 
manufacture 8 boards. 

 
Since the task (33) is nonlinear discrete optimization task, it 
is possible to find only rational values of sawing pattern 

parameters by using numerical hill-climbing methods. The 
corresponding results are presented in Table 1. 
 

Table 1: Results of the log sawing optimization 
Number 
of boards 

Rational values of 
sawing pattern 
parameters 

Coefficient of use of 
the small-end face 
area of the 
two-edged cant 
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4 2 44,1 76,6% 89,5% 
6 2 38,9 82,2% 88,8% 
8 6 55,2 83,6% 87,7% 

 

6. DISCUSSION OF THE RESEARCH RESULTS  
Comparing the results with the previous studies, we can note 
the following. Sawing a log to manufacture two sawn timber 
(trapezoidal cross-section cants), the optimal value of the 
angle between the face and the edge is 60, which corresponds 
to the recommendations [9]. In the process of manufacturing 
only trapezoidal boards from the log, the proposed technique 
of optimization of the parameters of the sawing pattern 
corresponds to the technique developed in [10]. 
 
As the table. 1 shows, under rather typical above-mentioned 
conditions, the increase in the output of edged boards is 
4.7-16.9%. In this case, the output of the edged boards is the 
greatest if the pair of outer boards have a trapezoidal 
cross-section, and the angle between the face and the edge of 
these boards is equal to the angle between the sawing planes 
and the chord, which are cut off by these planes. Accordingly, 
as the number of boards increases and their thickness 
decreases, this angle decreases. The greatest effect occurs 
when making four boards from a log; as the number of boards 
increases, this effect decreases (which is explained by the 
reduction of timber losses in the wany). 

6. CONCLUSION 
The techniques of optimization of the schematic model for 
sawing a log into boards of rectangular and trapezoidal 
cross-section is developed and their quantity and the angle 
between a face and an edge of a trapezoidal cross-section 
board are determined. The techniques are developed for live 
sawing logs into boards of a given thickness, with the number 
of boards being even. Sawing a log to manufacture boards of 
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the rectangular and trapezoidal cross-section makes it 
possible to significantly increase the utilization of timber.  
 
Since the diameters of logs can vary significantly, it is 
advisable to use the technique [14] to accumulate 
measurement information and make optimal decisions. The 
total width of the boards in each layer of the shield will exceed 
its width. Therefore, when picking boards on the layers of the 
panel, it is advisable to use the methodology [15] to reduce 
wood loss. 
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