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Software implementation of a Computational Algorithm for accounting for
the presence of local Superficial Heat Exchanges in Rods of variable section

ABSTRACT

The established thermo mechanical status of a rod of limited
length of variable section at simultaneous existence of local
superficial heat exchanges, heat insulation and heat fluxes has
been considered. At a research of a rod fundamental
conservation laws of energy and square the function spline in a
local coordinate system has been used.

Key words : Lengthening, axial force, sections, temperature,
movement, deformation, tension.

1.INTRODUCTION
Consider the horizontal core of limited length L[cm] and
variable section F(x)[cm?]. Radius of section of a core changes
linearly on its length r=ax+b[cm], (0<x<L), where a and b are
constants. The cross-sectional area of a core changes not
linearly on core length as follows
F(x)=nr’=n(a’x*+2abx+b?)[cm?],(0<x<L).
Physical and mechanical properties of material of a core
are characterized by heat conductivity coefficientsk,, [W‘“é], and

cm

thermal expansiona[%] module of elasticity of material of a
COFQE[%]. Let's assume that on the cross-sectional area of the
left end of a core the heat flux of constant intensity is
broughtg; [“;‘;f] At this time on the cross-sectional area of the
right endof a core the heat flux is brought by
intensity g, [““5] .Local side surfaces(0<x<L;)and(L,<x<L)the
studied core are heat-insulated. Through a local side surface
(Li=<x<L,)core there is a heat exchange to the environment of
this surface. At the same time heat exchange
Coefficienth[c‘:’n‘ffc] ,and ambient temperature T, [°K], it is
necessary to define the field of distribution of temperature, three

components of deformations, tension and movement. The
settlement scheme of a task is provided in Figurel

h ,Toc

Q1

x=0 x=l, x=l, x=L

Figure 1:The settlement scheme of a task.
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2.CONSTRUCTION A
FUNCTION IN THE
COORDINATES

The investigated rod of variable cross-section and
bounded length is discretized by elements of length 1=L/n[cm]
[1,2]. In this case, n is the number of discrete elements in the rod.
Here I<<L. Consider the temperature distribution field along
the length of one discrete element 1[cm] (eg.Figure2).

QUADRATIC
LOCAL

SPLINE
SYSTEMOF

Figure 2: Temperature distribution field along the length of one
discrete element.(0 < x <)

In a local coordinate system (0 < x < l)cross-section with the
coordinate of the cross section with coordinate x = 0, dencte by

i. Similarly, the cross section with the coordinate x :é ,

denote by j. Finally, the cross section with the coordinate x =1,
denote by k. The temperature values in the nodes i,j ,k denote Ti,
Tj and TK, respectively. The law of temperature distribution
along the length of one discrete element isapproximated by a
complete polynomial of the second order, that is
T(>c)=Cx? +Cx+C;,(0<x<1)(1)

whereC;, C, and Csthe constants are.

At above the accepted designations it is possible to construct
the following system for determination of values of constants
are above(,, C, and C;.

T(x=0)=C-0+(, -0+ C3=Ti
N, . L =T
T(x—;)—Cl 4+C2 2+C3_TJ @
T(x=D)=C-17 +C- 1+ =Ty
Thus, we find that
AT ;=T —3T;
C3 =T, Cy=—1——
2
€, =2 (T, — 2T + ) ©)
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Further substituting (3) formula in (1) we will receive

2 2 2 2
T(x):2X I3;Ix+| T.+4IX 4x T.+2X Ika ,

i |2 J |2

(0 < X< |)(4)
Here we will enter the following designations:

2x% =3Ix+1? Alx—4x?
="z nK="r
2x% —Ix
X)=—7—;
These functions we will call square a spline functions in the

local system of coordinates (O SXxs I) [3]. These functions
have the following properties

l,atx=0 Q,atx=0

O,at x=0

[of1

Figure 3:The first discrete element of the studied core.

For this element the functionality of total thermal energy
has the following appearance [4-7]

3= [qTds+ I Ko @y

F (x=0) v ,(O <x< I)(ll)

_ | _ | _ |
(/)I(X)— 0at x= E gl)j(X)— latx= 5 2% (X) =4 0.at x= }or the first discrete element to local numbers i, j, k

O,atle (6) O,atle

Also it should be noted that

@i (%), ;%) o (X)_ 1:
a(pi J’_%J’_%—O'

ox OXx  OX )

These properties square the spline of functions provides the
continuity of required functions upon transition from a discrete
element to next.

Using expressions (6) we will rewrite (4) in the following
look:

T =0, 0T, +0, 09T, + @, 00T, (0= 4211

Expression of a gradient of temperature within length of one
discrete element has the following appearance.

) 00, (X
g — a(DI(X) Ti + ¢J( )TJ + a(Dk(x) Tk —
OX OX OX OX

4x -3l 4] -8x 4x —|
= |2 Ti+ |2 Tj+ |2 Tk’ (9)

(o=sx<))
Similarly (8), the field of movement within length of one
discrete element will have the following appearance

U(X) =o, (XU; +9;(X)U; +¢, (XU, .(0 < x < 1)(10)
where,Ui,Uj ,Uk... - movement of sections i, j, k.

3.CREATION OF FUNCTIONALITIES OF TOTAL
HEAT ENERGY FOR DISCRETE ELEMENTS OF A
ROD OF VARIABLE SECTION.

Let's consider discrete elements of the studied rod of variable
section with left on the right. At first we will consider the first
discrete element, since the left end of a rod (eg.Figure3.)

lyé&or}gegp@nd global numbering of hubs 1.2 and 3.

hen, for the first discrete element of the studied core
T,=T,;T,=T,;T, =T,
Here the 2 and 3 knots are internal. Now, taking into

account physical laws we integrate expression (11). For the first
element of this expression we have

Ji= JqleS =F(x=0)-q,T= ﬂblquTl

F(x=0)

(12)
whereb;= r(x=0) = a-0+b = b;
Similarly, we will consider the second integral on the volume

of the first discrete element of the studied core.

(K, 0T

J —
1z 2 (ax

Yoy = JF (x)(%)zdx 1(13)

Vi

Here it is revealed that the sum of coefficients at
2 2 2
T T T3 T s ToT, will be equal to zero.
Now we will consider the second discrete element which

through side surfaces there is a heat exchange to the
environment (eg. Figure4).

y, b,=al+b;
N
Lk
| —pl
v N

Figure 4: The second discrete element.

The functionality of total thermal energy for the second
discrete element will be the following [8]

Ko @2y JE(T T, )%ds
J. =+ 2 & 2
2 V. Suan2

2

(14)
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where, V, —volume of the second discrete element ,
Sn6mn2 —area of a side surface of the second discrete element.
Now we pass to the third discrete element. The side
surface of this element is heat-insulated. On the cross-sectional
area of the left end we will bring a heat flux intensity of g, (eg.
Figure5).

Figure 5: The third discrete element.

For the third discrete element the functionality of total
thermal energy has the following appearance

K TMyogy 4
2 0x

J3=v

q,Tds
F(x=L) (15)
where, V3; —volume of the third discrete element, F(x=L)
—cross-sectional area of the right end of a core F(x=L)=

F(x=31)=77(al +b)” =7 (3al +b)’

Then the integrated type of functionality of J; has the
following appearance

322°1 16D,
15 3

227l 2ab,  2b2 5247 1607

T, Ty +(——+——=+—2)T,T, - +8al, +—2
)55(5 3 3I)57(15 b, 3l

2 2 2
L16 T+ 2%l llab 4—E)T72
3l 15 3 3l

K, a’l 70,
Jy == [(—+ab +=1)T, +
S [(5 b, 3|)5 (
2 2
_(4a I+8aQ +leb3
5 3 3

z(al+b)°q,T,

Tl 1+

(16)

Then functionality of total thermal energy for the studied
core on nodal values of temperatures Ti, (i=1-7), we will
construct the allowing system of the linear algebraic equations
taking into account natural boundary conditions

J=J,+7J,+1J, a7

Further minimizing this functionality on nodal values of
temperatures Ti, (i=1-7), we will construct the allowing system
of the linear algebraic equations taking into account natural
boundary conditions [9].

Solving this system nodal values of temperature Ti, (i=1-7)
are defined. On them the law of distribution of temperature on
length of the studied core as follows is under construction:

For the first site of a core

T(X) =@ XT, +¢;(XT, +@ (X)T,
0<x<l)
For the second site of a core

(18)

T(x)= b (X)Ts +9; (X)T4 + ¢ (X)Ts ,

0<x<l) (19)
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At last for the third site of a core we have

T(9 =0 (T, +, (9T, +9, 09T,

0<x<l) 20)
4.DEFINITION OF THE FIELD OF TENSION AND
DEFORMATIONS

If one end of the considered horizontally located rod of
variable section is rigidly jammed, then it because of existence
of a field of temperature is extended. The value of lengthening
is defined in compliance of the general laws of thermophysics

Aly = [} aT (x)dx (21)

where a [%]—coefficient of thermal expansion of material of

a core. T (x) the law of distribution of temperature on core
length.

gr(x) = —aT(x) = —%[(sz —3lx +12)T, +

(4lx — 4x2)T, + (4x? — 4lx + 1?)T; + (4lx — 4x3)T, +

(4x? — 4lx + P)T, + (41x — 4x?)T, + (2x% — IX)T,] ;
0<x<lI (22)

If both ends of the studied core are rigidly jammed, then in it
arises thermo - the intense deformed state, and also axial
squeezing force of R [kg].

In case of jamming of two ends of the studied core, it is not
extended and does not korachivatsya. But there is an axial
squeezing force of R (eg.Figure6).

Figure 6: Rod of variable section under the influence of an axial
compressive force of R.

For determination of size of the arising axial force of R, we
find the average area of cross section
3 fOL F(x)dx 3 fOL(azx2 + 2abx + b?)dx 3
e L L -
(5 + abL + b?)(23)

3

WhereFCp[cmZ]
Let's consider a task about compression of the studied
core under the influence of the axial force of R (eg.Figure 7).

Figure 7: Compression of arod of variable section by the axial force of
R.
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In this case the core is shortened byAl,, . It is defined proceeding
from the general Hooke's law.

Alg = %(24)

In case of jamming of two ends of the studied rod of variable
section it can will be extended and to be shortened. Then we
have

Al +Al, =0 (25)

Substituting (24) and (26) in (27) we find the size of the

arising axial force

R=—Z2 Al = — 5T, 4+ 4T, + 2T, + 4T, + 2T; +
4T, +T;) ;
(26)

Then, in this case on length of the studied core the field of
distribution of a thermoelastic component of tension [10].

. (x) __R _ QE Fepl
T F(x) 6Lm(a2x2+2abx+b2)

2T, + 4T, +T,)

(T, + 4T, + 2T, + 4T, +
@7)
0<x<lI
The law of distribution of a thermoelastic component of

deformation & _ is also defined by T (x) on the basis of the
corresponding Hooke's law

a(x) af.,l
= =- + +
ex) E 6Lm(a’?x? + 2abx + b?) (T + 4T, + 2T,
+ 4T, + 2T + 4T, + T,);
0<x<1(28)

In case of jamming of two ends of the studied rod of variable
section on its length there is also a field of distribution of a
temperature component of deformation € _ T (x). It is defined on
the basis of fundamental laws of thermophysics[11,12]

&@ybﬂﬂw=—%uateu+Mn
+ (4lx — 4x?)T, + (4x% — 4lx + 12)T,
+ (4lx — 4x?)T, + (4x? — 4lx + 1T,

+ (4lx — 4x*)T, + (2x* — 1x)Ty]
(29)

Then also in compliance of the generalized Hooke's law the
distribution law of a temperature component of tension
longwise of the studied rod of variable section is defined

or(x) = E &, (x) = —‘:—f[(ZxZ —3lx + )T, +
(4lx — 4x?)T, + (4x? — 4lx + I?)T, + (41x — 4x2)T, +
(4x?% — 4lx + 2)T5 + (4lx — 4x?)T, + (2x? — Ix)T,](30)

The field of distribution of elastic components of

deformations &, (x) is defined on the basis of the theory of
thermoelasticity

aF,l
ex(x) = g(x) - ST(X) =~ 6Ln(a2x2:;abx+b2) (Tl +

AT, + 2Ty + 4T, + 2Ty + 4T, + T;) + 5 [(2x — 3lx +
12)T, + (4lx — 4x?)T, + (4x? — 4lx + [2)T, + (4lx —
4x2)T, + (4x% — 4lx + 12) T, + (4lx — 4x2)T, +

(2x? - 10)T,] (31)

In compliance of Hooke's law from (33) it is possible to
define the distribution law of an elastic component of tension
longwise of the studied rod of variable section

l o, (x) = 0(x) — o7 (x) =
__ oEFpl | aE 2 _ 2 _
6Lm(a2x2+2abx+b?) + 12 [(Zx 3lx +1 )Tl + (4lx

Ax2)T, + (4x? — Alx + [2)T, + (4lx — 4x?)T, +
(4x? — 4lx + P)T, + (41x — 4x2)T, + (2x% — IX)T,];
(32)

5.MOVEMENT FIELD DEFINITION LONGWISE OF
THE STUDIED ROD OF VARIABLE SECTION WE
WILL DESIGNATE U (X). AFIELD OF DISTRIBUTION
OF THIS MOVEMENT LONGWISE OF ONE
DISCRETE ELEMENT IN A LOCAL COORDINATE
SYSTEM WE APPROXIMATE SQUARE A SPLINE
FUNCTIONS.

2x? — 3lx + [?
U(x) = @;(X)U; + @;(x)U; + ¢ (XU, = — U

4lx—4x? 2x2-1
+ 55U + T U, (0 < x < 1)(33)

where in the local system of coordinates in
l
Ui =U(x=0); U; = U(x=§); U, = U(x =),

Then in this local system of coordinates the law of
distribution of an elastic component of deformation € _ x (x) is
defined in compliance of a ratio of Cauchy

41-8x 4x—1
z Ut e

au 4x-31
g(x) = — == Ui+

If both ends of the studied core are rigidly jammed,
then U, = U, = 0; Then it will be necessary to define
valuesU,, Uy, U,, UsulU,. Minimizing a functional of a potential
energy of elastic deformations on these nodal values of
movement we will construct the allowing system of the simple
algebraic equations taking into account natural boundary
conditions.

Solving this system we will define values of nodal
movements. The distribution law of movement of sections of a
core is determined by them. Within length of the 1st site of a
core the distribution law of movement is determined by a
formula

4lx—4x?
Ul(x) = U, +
(35)

sz_le3; (O < x < |)

12

Middle the site of acore (1 < x < 21) the distribution law
of movement is defined on the second as follows

2x% — 3lx + 2 4lx — 4x? 2% —lx
2 st Ut U

(0<x<1)(@5

Ul (x) =

6713
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The distribution law of movement on the last third site of a
core is determined by a formula

2_ 2 _ 2

UIII(X) — 2x 1321X+l g 4-lx124-x U6; (O < x < |)(36)

Based on the above algorithm, ASIR 1.0 software was

created, which takes into account the reliability of the software
[13] and the principles of software development [14].

6.NUMERICAL SOLUTION OF A TASK
For an illustration of the above described method and a

computing algorithm we will consider a task with the following
input data:

[L [ [a [ b [ b [ bs
[ 30cm [ 10cm [ -1v30 | 2cm | 5/3cm [ 4/3cm |
Kyx a E 91,92 h Toc
W 1 kG W w 30°C;
— - |125:107 —; 2-10°—; — — —_ ’
100—= o = 00— | 10—

At these input data it is visible that the studied core is
sampled by three discrete elements of identical length. At the
same time lateral areas of the first and third discrete elements
are completely heat-insulated. At that time through a lateral area
of the second element there is a heat exchange to a surrounding
medium. On the area of transverse sections of two ends of a core
heat fluxes of identical intensity are brought.

Temperature

=
= 7
60
S50
40
o 5 10 15 20 25 30
Figure 8: Temperature dependencies T
Deformation
0.0010 \
0.0005 3
0.0000
3
-
2 00005 —— ]
w
-0.0010 2
L~
=0.0015

1] 5 10 15 20 25 30
Figure 9: Dependencies deformations along the

length of the rod 1=e(x); 3=&,(x); 2= & (%)
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7.ANALYSIS OF THE OBTAINED RESULTS

Figure8. shows the law of temperature distribution along the
length of the studied rod of variable cross section. At that, the
temperature values at the left end of the rod are T (x = 0) =
112.06 °C. At that time, at the right end, T (x = 30 cm) = 75.69
°C. This difference is motivated by the fact that the
cross-sectional area of the left end F (x = 0) = 47 cm?, and the
area at the right end F (x =30 cm) =7 cm? Thus, F (x =0) / F (x
= 30 cm) = 4. This means that at the left end gLF (x = 0) = -
5004w = -2000 = (w). At the time, qJF (x =30 cm) =- 5000
(w). Therefore, the temperature value at the left end exceeds
1.49 times the temperature value at the right end of the
investigated rod of variable cross section. In consequence of the
heat exchange with the environment of the middle part of 1/3 of
the rod, the temperature value in the cross section whose
coordinate x = 16.87 cm will be minimal, that is, T (x = 16.87
cm) = 34.238 °C. In addition, this is due to the fact that the
radius of the cross section of the rod from the left to the right. If
the left end of the rod is rigidly clamped, and the right end is
free, then the investigated rod of variable cross section is
extended. The magnitude of the elongation with the received
initial data will

L
Aly = f aT(x)dx = 0,02214 cm;
0

If both ends of the rod are rigidly clamped, then it cannot be
extended. In this case, due to the thermal expansion of the
material, an axial compressive force R [kg] arises. With our
initial data, the value of this effort will be R =-10820.8148
kg.

Then, in this case, a steady thermo-stress-strain state arises in
the rod. Figure9. shows the distribution laws for the three
components of the deformation. Here curve 1 is the distribution
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law of the thermo-elastic component of deformations. It has a
compressive nonlinear character along the entire length of the
rod. The value as well g(x=0)=-0,00043

&(x=30cm) =0,001722 .This means that the value
£ (x) at the left end of the rod is 4 times less than at the right.
This process is due to the fact that the cross-sectional area of the
left end of the rod 4 times more than the right. The law of
temperature ¢, (x) temperature component distribution along
the entire length of the studied rod of variable cross section has
a compressive and non-linear character. Moreover, its
maximum value is observed at the left end of the rod
£,(x)=-0,0014 . There is a monotonous reduction g, (x) to
the cross section of the rod, the coordinate of which is x = 16.25
cm. Here ¢, (x = 16 ,25) = —0,00042854  Thisis due
to heat exchange through the side surface of the middle section
of the rod with the environment. Then again ¢, (x) it has a

slightly increasing nature, and
g, (x=30cm) = —0,000964619 . In the law of distribution
e (X) it is revealed that time

e, (x=0)le, (x=L =30cm ) =1,4804

This is due to the fact that the cross-sectional area of the left
end of the studied rod is 4 times larger than the right. In contrast
to other laws, the distribution of elastic component
deformations along the length of the studied rod of variable
cross section has a sign-variable character. In particular
e . (x), in the area of the 0 < x <10 cm rod has a tensile

character. For the rest10< x < L =30, see the section of the rod
it also has a compressive character. In general £ (x)» it also has

a nonlinear form.

Figure10.shows the distribution law for the thermo-elastic o
(x) and 6T(x) and elastic ox (x) components along the length of
the  studied rod of variable cross  section.
From Figure. 9-10., it can be seen that they are proportional to
the corresponding components of the deformation. In this case,
the proportionality coefficient is the modulus of elasticity of the

material of the rod E=21106 [K—GZ] Finally, Figurell.shows
cm

the distribution field of the displacement of sections of the
investigated rod of variable section. It can be seen from the
figure that all sections move from left to right in the direction of
the axis Ox. This is due to the fact that the cross-sectional area
of the left end of the rod where the heat flux of constant
intensity q is applied is 4 times larger than the right one. The
largest displacement amplitude corresponds to the cross section
of the rod whose coordinate is x = 11.25 cm. This is due to the
occurrence of a large temperature T (x =0) = 112.059 ° C at the
left end of the investigated rod of variable cross section.

8.CONCLUSION

Based on the fundamental laws of energy conservation in
combination of quadratic spline functions, a method,
computational algorithm and software in Python are developed
for a full study of the steady thermo-stress-deformed state of a
variable cross-section rod with simultaneous presence of local
heat fluxes, heat exchange and thermal insulation. With specific
initial data, the magnitude of the rod elongation in the case of a
free one end is calculated. In the case of pinching the two ends
of the rod, the laws of temperature distribution, thermoelastic

temperature and elastic components of deformations, stresses,
as well as displacements are determined. The magnitude of the
resulting axial force is calculated. Relevant patterns have been
identified and they are also due to physical laws.

All the solutions obtained satisfy the fundamental laws of
energy conservation; therefore, they are distinguished by high
accuracy. It is assumed that the developed methods, the
computational algorithm and the software package in Python
will be useful in the design of power plants, internal combustion
engines, jet engines.
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