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ABSTRACT

In this work, we study the periodic solutions for
nonlinear systems of integro-differential equations of
Volterra- Friedholm. The numerical analytic method has
been used by (Samoilenko A. M.) to investigate the
existence and approximation of periodic solutions for
certain of nonlinear systems of integro-differential
equations. Also these methods could be developed and
extended throughout the study.
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1. INTRODUCTION

In recent years, Samoilenko assumes that the numerical
analytic method to study the periodic solutions for
ordinary differential equations. In the original works of
Samoilenk and Ronto [16,17 ] the approach used and
described here had been referred to as the numerical-
analytic based upon successive approximations. The idea
of the method, originally aimed at the investigation of
periodic solution only, had been later applied in studies
[2,3,8,9,10,11,13,14,15].

Also, it should be noted that appropriate versions of the
method considered can be applied in many situations for
handling periodic in the cases of the systems of first or
second order ordinary differential equations, integro-
differential equations, equations with retarded arguments,
systems containing unknown parameters, and countable
systems of differential equations. A survey of the
investigations on the subject can be found in the studies
and researches [4,5,6,12,13,18,19,20].

Butris[1], assumes the both methods Picard
approximation and Banach fixed point theorem to study
the existence, uniqueness and stability solution of
Volterra- Friedholm of integro-differential equations
which has the following form:-

Z—: = Ax+ By + f_tooK(t, $)f(s,x(s),y(s))ds +

[7G(t,)g(s,x(s), y(s))ds (VF1)
Z—f =Cx+Ey+ [ _o(tsx(s),y(s))ds +
[t 5,x(5), y(s))ds (VF2)

where xe DS R™ andy e D, €R™, D and D,
closed and bounded domains.

are
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In this work, we study the periodic solutions for
nonlinear systems of integro-differential equations of
Volterra- Friedholm (VF1) and (VF2).

Let the vector functions f(t,x,v ), g(t, x,v), (t,s, x,y)
and ¥ (¢, s, x, y) defined on the domain

(t,s,x) ER*XR*xD = \
(—00,00) X (—00,00) X D
(t,s,y) ER* X R X D, =
(—00,00) X (—0,0) X D 1
and periodic int of period T. Assume that the vector

functions ftx,y),g(t,xy),0tsxy) and
Y(t,s,x,y) are satisfying the following inequalities:

€y

lf &, M < My, llg (e, x, Ml < M, (2)
lo(t, s, x, I < N NIHE L & amIl <N, (3)
If (& x, 1) = f(& x2, ¥l < Villxg — x50l +

Vollyr = y-ll 4
“g(tﬂxlvyl) _g(tﬂxl!yl)” < Ulllxl - xz” +

Ully, = all Q)
llo(t, s, x1,y1) — @(t, s, %2, y )l < WH(E (Ll —
%ol + Lallyy, — y2ID (6)
“lp(t! S, x1,}’1) - 1!’(15,5,952;)’2)” < ”F(t' s)”(]lllxl -
%l + 2y —y2D ™

for all t e Ry, s€R' and x,x;,x, €D, y,y1,¥, € D;
where M;,M,,G,,N,,N,,L,, L,,J; andj, are positive
constants.

Let each of the functions K (¢t,s) and G(t,s) be a kernel
for the equations (VF1) and (VF2) provided that:-

IK(t, )l < 8,61 E9)||H(E, 9)|| < 5e7%E79) (8)
G I < G, IIFE I < Fy €))
We define the non-empty sets as:
Df =D — Pi|lxoll + B1 (A [Bllyoll + Aq] } (10)
Dy =D, — Pallyoll + B2 (D) E2 [Clixo Il + Azl
where

_ t(2e N0 _ AT ) 4 7(IAIT_ o NAIT-0)) _
ﬁl(t) - e||A||T—||1|| ’ ﬁz(t) -
£(2eENT=0 _EIT_|| ) 4 7(eIEIT o IENT=0))

T ’ A=

lledt — At —1I|| , Py =lle®* —Et— 1| Ay =

_ _ 5
||8A(t S)” VEy = ”eE(t S)” Ay = l_iMl + (b - a)Gle )

_9% _ — i
A, = r” N, + (B —-a)N, , ||l = trEn[(;i);]l.l ,and I is
identity matrix .
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As well as, we suppose that the maximum value of the
following matrix is:

T
A2 0y A0, _
Q= , , less than one i. e.
EZEQ3 E2;Q4

Amax(QO) <1 (11)

=§—1V1+(b—a)GlU1 L Q,=B+2V+
1
(b —a)G U, Q3—C+ L1+(b—a)F1]1
Q =221, + (b— a)F; .
2

where Q,

and

Define a sequence of functions {x.,(t,x,, ¥o)}m=o and
{m (€, x0,¥0) =0 DY:

X1 (L X0, Yo) =

(et — At)x, + fot (eA(t_s) (Bym(s, X0, Vo) +

I K (6, )F (5, (5, X0, Vo), Y (5, X0 Vo)) ds +

12 6(6,5) (5, X5, X0, Yo), Yim(5, X0, Yo))dls ) =

eAT ,fT A=) (BYm(S' X0, Yo) +

I KT, $) (5, Xy (S, %0, Y0)s Yin (S, X0, Yo))dls +

[ G (T, $)g(5, % (S, X0, Y0), Y (5, X0, ¥0))dls ) ds ) s,

(12)
with  x4(0,x4,y0) = %o ,m=0,1,2,......,
and
Ym+1(t X0, o) =

(e = EO)y + [y (509 (Cxtyu(s, %0, y0) +

S (5, % (5, X0, Y0), Yin (S, X0, o)) dls +

[ W(t, 5, X (5, X0, Y0), Y (5. X0, Vo)) ds —

%f; efT=9) (me(s, X0, Yo) +

S 0T, 5, % (5, X0, Y0), Yim (S, X0, ¥o))ds +

[ W (T, 5, %0n(5, X0, Y0), V(5. X0, ¥))dls ) ds ) ds, (13)

with  y,(0,x0,V0) =¥o » m=0,1,2,......
Lemmal. Let the vector function f(t, x) is defined and
continuous on the interval[0,T], then the following

inequality || f; (f(s,x()) =2 J; f(s,x(s))ds) ds]| <
a(t)M
is holds, where a(t) =2t (1 — %)
tlél[gl)T(] |f (¢, x)|.(For the proof see[17]).
By' using lemmal, we can formulate the following
lemma.
Lemma2. Suppose that the wvector functions
f(t,xy),gtxy)eltsxyand P,sxy) are
defined, continuous and periodic in t of period T on the
domain (1). Then the following inequality holds:
(||R1(f;xo;J’0)”) < (ﬁl(f)Az(B”J’o” +A1))
IR, (t, x0, yo)I/ ~ \B2(O)E2 (Clixo |l + A)

and M=

(14)
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where

Rl(tﬁ xO' yO) =
t _ t

(e By + 1 K035 s +
b T —

J, Gt s)gGs, xo'}’o)ds) - eﬁ_, o €1 (By ot
T

J_ KT, 5)f(s,%0,¥0)ds +

f: G(T,s)g(s, xo:}’o)ds) ds) ds

R,(t, %0, ¥0) =

fot (eE(f‘S) (Cx0 +

J-t (p(t S, xo,yo)ds + fabllj(t! S, xO'yO)dS) -
eET IfT Er=s) (Cxo + f_TOO @(T,s,%0,yo)ds +
fa Y(T,s, xo,yo)ds) ds) ds ,and

£(2eMAIT=0) _ AT _jj ) 4 7(AIT_ o IAIT-)
ellAlIT— |y

Bi(t) =

t(ZQIIEII(T—t)_eIIEIIT_||1||)+T(eHEIIT_eIIEII(T—t))
ellEIT—p||

B2(t) <

for  0<Et<T, B(O)<T, B(®) <

N~

Proof. Since
(||R1(t, xo.yo)ll) <
||R2(t,x0,yc)“ B IlAIT _ g All(T—t)
e —e -t
[ = (S )]

Bllyoll + [*_IK(t, IIIf s, xo,yo)nds) »
+ [D1G(E ) Ilg (s, xo, yo)llds

[QIIAHT_EHAII(T )

ellAlT— | ]f ” AT S)“
( Bllyoll + [7_IIK(T, )l ) i
£ (s, %0, y)llds + [, IG(T, )Illg(s, %o, yo)llds
SlIEIT _lIENT—1)
[”I”_( elEIT_| )]
Clixoll + [*_llp(t, s, %0, y0)llds
e (H DLl TN
+ fa ”lp(t: S, xO! yO)”ds

[e IIENT _ g lIEII(T—t)

T _
STEIT ] 1 llemm=
(Cllxoll + [ llp(T,s, xo,yo)”dg) .
+ [ (T, 5,20, v0) llds

f;||eA<f-s>||(

(||R1(t, xo,yo)ll) <

IR2(t, 0, yo) I
t(2eMAIT—0) _GIAIT _jj 1) 4 7(IAIT_ olANT— r))
( ellAlT—||7) Zw
|Bllyoll + My + (b = )G, M, |

t(2elENT- t)_euEnT (1]]) +T(MEIT _ el ENCT- r))
ellEIT g Ey

[Cllxoll + 32N, + (b — @)y
2
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then

1R+ (t, X0, yo)l B (D) Az[Bllyoll + A4]
(”Rz(t'xo'YO)”) = (ﬁz(t)Ez[Cllxoll +A2]> "

2.APPROXIMATION OF PERIODIC SOLUTION
OF (VF1) AND (VF2).

In this section, we prove the approximation of periodic
solution of (VF1) and (VF2) be introduced in the
following theorem:-

Theorem3. Let the wvector functions f(t,x,v),
gt x,y), ot s,x,y) and Y(t,s,x,y) are defined,
continuous and periodic in t of period T on the domain
(1). Suppose that these functions are satisfied the
inequalities (2) to (9). Then there exist a sequence of
functions (12) and (13) are periodic in t of period T,
converges uniformly as m — oo in the domain
(t,%0,¥0) € [0,T] X Df X Dy,

to the limit functions which has the forms:
x(t, xO'yO) =

(e”t — At)x, + fot (eA(t‘S) (By(s, X0, Vo) +
f_too K(t: S)f(S,X(S, xo,yo);y(s. X0, yO))ds +
% 69 x(5 %030, X0, Y0))ds) =
eAT ,fT eAr=s) (BY(S X0, Yo) +

f_ooK(T' S)f(S,X(S, xO!y())vy(S' xO!yO))dS +

f; G(Tv S)g(S,X(S, Xo, yO)' y(S, X0, yO))ds) dS) dS, (16)

(15)

and

y(t, x0,¥0) =

(eFt — Et)y, + fot (eE(t‘S) (Cx(s,xo,yo) +
St 0(t5,x(5,%0,¥0), ¥ (5, X0, ¥0))ds +

I ”w(t 5,%(5,X0,Y0), ¥(5, X0, ¥0))dls ) —

eET ,fTeE(T ) (Cx(s X0, Yo) t

ST 0T, 5,%(5,%0, Y6, ¥(5, X0, Yo))ds +

J2 (T, 5,25, %0, ¥0), ¥(, X0, Yo))ds ) ds ) i,

17)
Provided that:

(||x(t, X0, Yo) — x0||>
ly (¢, x0,¥0) = ¥oll/ —

(P1||x0|| + B1(OA[Bllyoll + A1]>

Py llyoll + B2 (O E[Clixoll + Az]

(||x(t, X0, Yo) — Xm(t, xof)’o)”) <

Iy (&, %0, ¥0) = Ym (&, X0, yo)II/

(Qm(E = Q)7 (Pillxoll + B ()AL [Bllyoll + A1])>
Qm™(E — Q)_l(PZHyO“ + B, (D E;[Cllxoll + Az])

Proof. By the lemma2 and using the sequence of
functions (12) and (13) when m = 0, we get

(18)
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(”xl(t!xO'yO)_x0”>
“yl(t!xOlyO)_yO” -
At __ _ _ (e e -
lle4 — ae = 1ol + 111 = (e
t
oo (Buyon + S IK @ INf G, xo,yo)n>

ds + LGt )9 (s, %0, v0)llds
ds+[

llAIT _ gl AIIT—£)
- eIIAII?F 1l ]f ” AT S)”

(Bllyoll + [T KT, )If (s, %0, v0) lds +) s

b
J NG, )Nllg(s, x0,y0)llds

SlEIT _ G IEN(T=t)
le®t = E¢ = 1lllyoll + [ 111l = () |

Clixoll + I*_llp(t, s, %0, y0)llds
fot”eE(t_s)”( 0 f—oo @ 0 Yo ds

+ [ (e, 5, %0, y0) lids

IENT _ EN(T-t) T _
e A el

T

(Cllxoll + [ llo(T, s, x0,yo0)llds +)d

b S
fa ”lp(T' S, xO! yO)”dS

eHAllT_eIIAII(T—t))]

(“x1(t; X0, Yo) — xo“)
ly1(t, x0,¥0) — Yoll/ —

Pylxoll +

t(ZeuAn(r D_IAIT _ji7 ) +7(eIAIT _elAI(T- t))
ellAlT— |

5 *)
[Bllyoll + 3 M, + (b = )G, M, | |
/l

t(ZEuEu(T c)_e||E||T_||,||)+T(e||E||T_e||E||(T r))

| Pallyoll +
\ [Cllxoll + 2N, + (0 — @)

E,
ellEIT—|1||

IN

(P1||x0|| + B (A [Bllyoll + A1])
Pllyoll + B2 (D) E [Cllxoll + Al

i. e x;(t,x0,y) €ED , y,(t,xo,y,) €Dy, for all
t € [0,T], xo € Dy and y, € Dy .

Then, by mathematical induction we can prove that:-

(”xm(t' xO'yO) - xo") <
|y (&, x0,¥0) = ¥oll/ —

<P1 llxoll + B1 () Az [BllYm—-1(t, xo) Il + A1]>
Pyllyoll + B2 (£) Ex[Cllxpm—1 (t, x) | + A;]

where  x,,(t,x0,¥0) €D and  y,,(¢t, x0,y,) € D; when
X0 (S Df and Yo € le

Next, we prove that the sequence of functions (12) and
(13) convergent uniformly on the domain (1).

By mathematical induction, we get
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(”xmﬂ(t’ A xod’o)ll) = 21z < X Q6 (23)
1Ym+1(t X0, ¥0) = Y (& x0, YOI/ — | | |
Sy, +(b-a)GU, Since the matrix Q, has eigenvalue A,,,,(Qp) =
1 T T
O L ORI CE ] : (Az "0 +E T,

)
+(B + 2V, + (b - a)G,U, )
”:Vm(tﬁ X0, yO) - ym—l(tl Xo, yO)”
8§
(C+2Ly+ (b - a)Fyy)
2

\/(AzgnﬁEzgm) —4(4,5,= 9194 A, T i9) 93)>

1, the series (23) is uniformly convergent, i.e.

E,pB,(t) 1%, (t, X0, ¥0) — X1 (t, X0, YOIl 7}[1_[20 Zﬁl Q(L‘)_lz0 =y2, (‘) 120 = (- QO)—le
+(2L,+ (0 - OF,)
5 (24)
lym (£, X0, ¥0) = Ym—1(t, X0, ¥o)l Let
Theref .
ereore rlll—rgoxm(t' X0, ¥0) = x(t, X0, ¥0) 25)
(”xm+1(t' X0, Y0) = Xm(t, xo.yo)ll> < lim y, (¢, %0, ¥0) = ¥ (¢ X0, ¥0)
1Ym41 (8 %0, ¥0) = Ym (&, %0, Yol
A, () ( Q2 (8, %0, Y0) — X1 (&, X0, ¥o)l ) By inequality (20), the estimate
2r +Q,[lym (&, %0, ¥0) = Ym—1(t X0, Vo)l Ix( ) ( Y
Qs |[xm (€, X0, Y0) — X1 (&, X0, yo)l ) ( x(t, X0, ¥0) — Xm (L, X0, Yo )< m_ 03y 1z (26
E2b2(D (+Q4||)’m(t» X0, Y0) = Ym-1(t X0, ¥o) I ly(t, %0, ¥o) — Vi (& X0, YOI/ ~ Q5" (I = Qo) ™20 (26)
Hence ishold forall m=0,1,2,... m
(lem+1(t, X0,Y0) — Xm(t, xo,yo)”) I1l. EXISTENCE OF PERIODIC SOLUTION OF
V41 CE X0, ¥0) = Yin (&, X0, Vo)l (VF1) AND (VF2).

A ), A t)Q t, Xo, — Xp—1(t, xo, . - .
(Ezgl((t))ﬂl Ez/é(@))ﬂz) (ll:f/mgt io ioi B ;m lgt io ioi”) The problem of the existence of a periodic solution of a
2P2ARs TR s MM S0 F0 T Im1 R n 20 70 period T of equations (VF1) and (VF2) is uniquely
(19) connected with that of the existence of zero of the

Rewrite inequality (19) in a vector form functions A(0, x,) and A(0, y,) which have the forms:-

T

Zims1(6:%0,Y0) < QE) Zn (£, X0, ¥0) (20) A0, x5) = Axy + 7= J, €T

where By(s,x0,¥0) + f_oo K(T,s)
f(s,%(s,%0,¥0),¥(S, %0, ¥0))ds ds

— b
B (t.30,y) = ( oo %o Y0) = 2l oo ) 1] 697005 30y
”ym+1(t’x0!y0) Ym(t,xo,}’o)” T E(T—s) )
A(0,y0) = Eyo + eET_ ,f e
_ (AP (DO, Azﬁ1(t)nz) Cx(s. x +
00=(Zewa  Emoo, , 30
f_oo(P(T'er(s;xo»YO)IJ’(s’xo'J/o))dS ds

_ b
Z (t, X0, Vo) = (llxm(t, X0,Y0) = Xm-1(t, xo,y0)||> + fa Y(T,s,x(8, %0, ¥0), Y (S, X0, ¥0))ds

1y (& X0, ¥0) = Ym—-1(E %0, ¥o)l 27
T
L < <P1”xo“ + AZE(B“yOH +A1)> Ay (0,%0) = Axy + = IfT e AlT=s)
Pallyoll + B 5 (Clixoll + Ag) Byn(sx0v0) + . K(T,5)
It follows from inequality (20) that £ (5,2%m(5,%0,Y0), Y (5, %0, ¥0)) ds ds
b
(t) < Q (t) (21) +fa G(T' S)Q(S: xm(s' xO'YO) Ym(s xo,}’o))ds
Z = Z
e o Am(o:y0)=Ey0 ET IfTeE(T S)
Where QO = trer}(;;l,);] Q(t) r me(sl xO! }’0) +
. L . f_m @(T, 8, %5, %0, ¥0) Ym (S, X0, ¥0))ds + | ds
By iterating inequality (21) we have b
fa Y(T, 5, X (S, X0, Y0)» Ym (S, X0, ¥0))ds

Zm41(0) < Q320 (22)

which leads to the estimate wherem =0,1,2,.. m

(28)
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Theorem4. Under the hypothesis and all conditions of So that
theorem3, the following inequality:
(”A(leo) - Am(O,XO)”> <

~ 0420\ mer 1400, ¥) = 8 (0, ¥l
”A(O;X()) Am(o, XQ)” < <<Q3AZQZ)’ Qo (1 Q ., (091”x(t’ xo,;o) . xm(t’ xo’yo)” )
Qo)™"20) = dim (29) 372 40, ly (6 %0, ¥0) = Y (& %0, ¥l

Qallx(t, x0,¥0) — % (t, x0, VOl
1800,50) = 801l < (315207 ) OB (L - = (3, e )
Qo) '2) = dypy (30) Therefore
i. e A.Q

1800.%0) = 8,0, 201l < (54201 ) 0B 1 -
(IIA(O,xO) — Am(O,xo)ll) < 0)20) = d 34,01,
120, ) — A (0, y)II/ = 07 ol Tam

mey _ - E,Q
(ks oFnl)wU-aa, 180,39 = 8n @yl = (3207 Q8 -

-1 _
is hold for all m > 0, Qo) "2p) = dyp, . W

By using theorem4, we can state and prove the

llalT IIENT .
where Qs = oy @nd Qu = o following theorem.
Proof. By using the relations (27) and (28), we get Theorems5. Let the system of equations (VF1) and (VF2)
be defined on an interval a < x <b andc <y < dofa
[1ACO, x5) — A, (0, x| straight line R!. Assume that for a real ¢ and an integral
(||A(0,y0) —A,,(0, y0)||) m = 1 the function (28) satisfies the inequalities

e

ellAIT— 7| min A, (0,x) < —-dip
a+hi<x<b-h;
B||)’(S X0, Y0) = Ym (S, %0, ¥o)l +f 1K (T, s)I| max A (0,x)>d ] (31)
athysxsb—h, W7/ = TAm
H f(slx(svalyO)ly(vaOlyO)) dS +
| f(S, xm(s' xO'yO)!ym(S! xO!yO)) min _ Am (O'y) < _dzm
| IN GBI @ A (0) 2 d (32)
| a ’ c+h2r2yas)§1—h2 m( IJ’) = Uom
9(s,x(s,%0,¥0),¥(s, %0, ¥0))
—9(s, xm(s,xo,yo),ym(s,xo,yo)) where hy = Py ||xo |l + B () Az [Bllyoll + A] and

hy = Pyllyoll + B2 (O EZ[Clixo|l + A,]

Then the equations (VF1) and (VF2) have a periodic
solution x = x(t, xq,y,) and y = y(t, x4, y,) for which

i Jo o572

IEIT_|7) Jo

|
/I
Cllx(s, %0, ¥0) = Xm (S, X0, Yol + )

o 9 (T 5,x(5,%0,¥0), ¥(5, X0, o)) a+h,<x<b-hyand c+h,<y<d—h,.
=@(T., 5,230 (5, %0,0), Y (S, X0, Yo)) S
T,s,x(s, %0, ¥0), ¥ (S, X0 Vo) Proof. Let x;, x, and y;, y, are points in the interval
( 70 o)) [a+h, <x<b—hy]and [c+h, <y <d— hy] such
Yo) Y (s, xo.yo)) that-
Thus AL(0,x;)= min A, (0,x)
a+hy<xsb—h, (33)
140, x0) — Am (0, x)l An(0,xz) = max = Ap(0,x)
( ) < m 2 hi<x<b—h,
1A(0,y0) — Am (0, yo)ll
( (2 + (b - )6, and
1
Qa4 | llx(t, xo,YO) — X (&, X0, Yo) Il + A,,(0,y,) = c+h2glyi£1d—h2 A, (0,y)
(B +—= Vz + (b — a)G1U2) Am(O,yZ) — hleagfi . Am (O,y) (34)
||J’(t xo')’o) Ym (£, %0, Y0)l crhasy=d=ha
( &Ll + (- a)Fljl) From the inequalities (31) and (33), we have
x(t, x,, Xm(t, xo, +
0E | [l (t, xq yo) m( %0, yo)l A0, %) = A (0,x,) + (A(0,x1) — A (0,x,)) < 0}
( PR Chy a)F]Jz) A0,x3) = A, (0,x3) + (A0, x5) — A,,(0,%,)) = 0
ly (¢, %0, ¥0) = Ym (¢, %0, yo)ll
(35)
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and from the inequalities (32) and (34), we have

A0,y;) = A, (0,1) + (A0, ;) = A,,(0,,)) < 0
A(O! yZ) = Am(o;yz) + (A(O,yz) - Am(oﬂyZ)) = 0

It follows from (35) and (36) in virtue of the continuity of
the A-constant that there exist a point x and y, then
X € [x1,%,],¥ € [¥1,¥2] , such that A(0,x) =0 and
A(0,y) =0 .This means that x = x(t,xq,y,) and
y =y(t, xq,¥,) are periodic solutions for

x€(a+h,b—hy) and y € (c+ h,,d—h,). m

Theorem6. Let the wvector functions f(t,x,y),
gt x,y), o(t,s,x,y)and Y(t,s,x,y) are defined,
continuous and periodic in t of period T on the domain
(1) and satisfying the following conditions of theorem3
and all the above functions are odd .

Then the solutions x = x(t, xo,y,) and y = y(t, xq,¥o)
of (VF1) and (VF2) for which x(0) € Dy and y(0) € Dy
are periodic in t of period T.

Proof. Given x, € D; and y, € D;; , consider the
successive approximations

(xm+1(t' xo:)’o)) _
Ym+1(t X0, Vo)
(e4t — At)x, + At

( BYy(s,%0,y0) + [* K(t,5) \
| f(s'xm(s:xOJyO)'ym(S'xo’yO))dS |
\ +J,G(ts) /
g(s; xm(sﬂ xO’yO)'ym(S’xo'yO))dS
A (T _
ft - fo eAlT—s) ds
0 Bym(s,x0,¥0) +
[T K(T,s)
f(S,xm(s'xo:)’o)'}’m(s'xo'YO))ds ds
+f:G(T, s)
g(S, .X'm(S, xo,yo),Ym(S; xO!yO))dS (37)
(eEt —Et)y, + eE=s)
/ Cxp(s,%0,¥0) +
t t; S, xm(S,xo'YO))
ds +
I f_oo(p< ,Ym(s'xo'yo) |
b t; S, xm(sr xO'yO))
ds
\ fa v s Ym (S, X0, ¥o)
t E T _
fo T BT fo et ds
/ Cxp(s,xo) +
T T; S, xm(s' xO'YO))) \
ds
kfoo(p( ym(s xO'yO) dS
T, s, x,(s, xo,yo))
+ ( ds
fa w .Ym(s, xOlyO)
m=20,12,....

Since f(t,xq,y,) is an odd function, A(0,x) =0 and
A0,y) =0.

}(36)
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Then

<x1(t’ xo:)’o)) _
y1(t, X0, o)
— At)x, + e4t=9)

(BYO +f K(t,s)f (s, xm)’o)ds>
+f G(t,8)g(s, x, Vo)ds
i eA‘: IITeA(T %) i

fot 0 ds
(BYO + +f K(T,s)f (s, xo:)’o)d5> ds
+f G(T $)9(s, %0, Y0)ds
— Et)y, + eFt=9
Cxo + f_too @(t,s,%0,Y0)ds
( +f:1,b(t,s, X0, Vo)dS ) W
ftl __E J-T pE(T=s) |
|

0 eET—170

|\<Cx0 + f_Too (T, s, xo,yo)ds> 4
s

b
+ fa ‘IJ(T; S, xO' YO)dS

ds

_ (x1(t +T, xo:Yo))
y1(t +T,%0,¥0)

Hence

<x1(t’ xo:yo)) _
1(t, %o, ¥o) .,
Xo + fot (f(S. X0, Yo) = %fo f(s, on’o)) ds
Yo+ Iy (F(s.x0,v0) =2 f} F(5,%0,%0)) ds

(x1(t +T, ono))
y1(t +T,%0,¥0)

i. e

The functions x, (t, x,,v,) and y, (¢, x,,v,) are periodic
intofperiod T.

Moreover,

(”xl (t' xO'yO) - xo”) <

lly; (& x0,¥0) = Yoll/ —

(P1||x0|| + B1 (DA, [Bllyoll + A1])
Py llyoll + B2 (O EL[Clixoll + Az]

ie
The functions x, (¢, x,,v,) € D and y, (t, xo,y,) € D;.

Thus,

(x1(t' xm)’o)) _ (x1(_t' X0, Y0)

y (¢, xo'}’o) ¥1(—t,%0,¥0)
odd function

) as the integral of an

By induction, we get

(xm(t' xod’o)) _ (xm(_t' xo')’o))
Ym (t, X0, Yo) Ym (—t, X0, ¥0)
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and the inequality

(”xm (t' xO'yO) - xo”)

”ym (t: xo'J’o) - yo" -
<P1||x0|| + B (DA [Bllyoll + A1])
Py llyoll + B2 (O E2 [Clixoll + Az]

forall m>1.m

Theorem?7. Let the system of equations (VF1) and (VF2)
be given in the domain D and D, Suppose that D, and Dy
are a set belonging D, and D s respectively then, for D,
and D; to have a point at which A(0,x) =0 and
A(0,y) = 0 are zero. Then

(RS E

1m0,y
/ Allxoll + @34, \
S5
[BllyCs, x0,yo)ll + £ My + (b = )Gy My
+
Ellyoll + Q4

[Cllx(s, X0, y0) | + 52N; + (b — @)y |

Q34,0 Q34207 om 1
X e GO
forallm>=0 and x,€D,, y, €ED;.

Proof. Let A(0,x) and A(0,y) at the points x; €
D,,y, € D5 be zero, since

”Am(O'Xl)”) _ (IIAm(O,Xl) —A(0,%,) + A(O'Xl)”)
14 (0, y DIl 1A (0,y1) — A0, y1) + A0, y4)|

(

(18n0x)

(Hﬁ?o(iyﬂ?;l (1m0 2001
1 m y&1) T » a1

(

(

1AC0, yDII/ ~ \1Am(0,y1) = A0, y)l

l1A, (O, X1)||)

1A, (0, y )l

lA(O, X1)||> (Q3A2'Ql
Q4E>Q;

34,0,

||A(o y1)|| QEQ) Q" =

Thus

(||Am(O.X1)||) <
1A, 0,y DI/ — .
Axo + 7= fo eAlT=s)

By(s, X0, ¥0) +
[L, K& 9)f (5,%(5,%0), (5, x0))ds | ds
+ f: G(t,5)9(s, x(s,%0),¥(s,%0) )ds
Ey, + eEf‘_IfoT eFIr=
Cx (5, %0,¥0) +
f_Too (P(t. 5,%(8, %),y (S, xo))ds ds
+ fab Y(t,s,x(s,%0),y(s, %)) ds

Q34,04 Q3420 1t a1
(Q4E293 Q4EZQ4>QO (I—Q0)7'Z,
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Hence

(12 @3l
180,51/ = )
Allxoll + @54z [BIly (s, xo, yo)ll + £ My + (b = )G, M, |
8
Ellyoll + QuE, [Clly(s, %0, y0)ll + SNy + (b = )N,

Q34,04 QsAy 05\ c
(Q4EZQ3 Q4EZQ4) Q"I — Qo) 'z

II. STABILITY SOLUTION OF (VF1) AND (VF2).

+

(38)

The study of the stability solution of the equations (VF1)
and (VF2) will be introduced by the theorem shown
below:

Theorem8. If the functions A(0,x,) and A(O,y,) are
defined by (27), where x(t, x,,v,) and y(t, x,,v,) are
the limit of a sequence of periodic functions (12) and
(13), then the following inequalities are holds:

<|IA1(0.X6,Y3) A, (0,x3,y, )||)
1A,(0,x5, y5) — A5 (0,%5, y3) I
lAllllx5 — x5l + Q34
— x§|IF2Fy (1 = E; B, (£)Q,) 04
Yl 4,8, (00, ]yt - y? *
2b1 2llvo — ¥5llF2F10,

llxo

k Q, lyo — ¥sIF3F (1 — AzB1(t)Q1)02] )
+E,B,(£)Qslx5 — x5 ||F3F, 0,
IENys — ¥5 Il + QuE,

[, [~ xIFF (1~ BB 000, |
+4;B,()Q,|lys — ¥§ IF,F,0,

-

where 0, = |le4t — At|| and 0, = ||eft —

llys — y5lIFsFi (1 = A, B1(t)91)02]
+E,B, (t)quxo — X0 ||F3F101

Et||
1 .,.2 1 2
forall xg,xg,x5 € Dand y,,y5,v6 € D,

Proof. From the equation (27), and by using (28) we can
fined

(IIA 100,%5,¥5) — A,(0,x3,y )II)
14,0, Xo,Yo) 4,(0, Xo»Y0")|l|
A
”A””Xo - o” +eHAHT "1"f ” A= S)”
/ IBIlly(s, x5,y6) — ¥ (s, x5,y + ;1

(A abob) =53t DI+
Vz”}’(sp xé,}’é) - y(sl xé:Y(z))”
1,1\ 2 2
(b _ a)Gl( Ul”'x(s:xO;YOz x(sl xOI )”
+U,lly(s, x5, y0) — ¥(s, x5,y )”

ILE]|
IE NS = ¥éll + sz Jo e S>||

ICIlxCs, x5,y5) — x(s, x5, y5) |l + Z
( Lqllx(s, x5,y5) — x(s, x5,y )+
+L,ly(s, x5, ¥6) — (s, x5, yo)l
Jillx(s, x5, y5) — x(s, xé,yé)ll
b — a)F. (
=R (11 vt~ yairp)

|
)
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<
lAllllxg — x5l + Q34

(Bvi+ (b - G0, ) (e, 28, v8) — x(6 8 vl +
(B+32V2+ (b - )6.0) lly(t,xb,y3) = ¥ (&, x?»Y%)II)
IENYs — ¥l + QuE;
(c+ ‘j—le + (b — Fy ) llx(t, x4, y8) — x(t, 2,y Il +
(BL2+ G = OFL) Iy xdyd) ¥ (& x5,y )

Qq|1x(t, x5, ¥6) — x(t, x5, y3)|I
+Q,1ly(t, x5,y5) — y(t, x5,y
Qsllx(t, x5,¥0) — x(t, x5, y3) |l
+Q,lly(t, x5,y5) — ¥t x5,y

Al = 5311+ s, (

/ \
knEnnyé — 8+ QuEs ) )

where  x(t,x5,y5), x(t, x3,¥6), ¥ (t, x5,¥5), y(t, x5, y3)
are the solutions of the integral equation :

x(t, x§,y5) =

(" — ADxE + [, (e’*“‘s) (By(s, X5, ¥5) +

[ Kt ) (s, x(s, x5, 58, y(s, %K,y ) ds +

17 6(t,5)g(s,x(s,x&,y),y (s, xb, y§)ds ) —

—a— Iy €479 (By(s, xk, v8) +

JL KT, )f (s, x(s, K, yE), y (s, x5, ) ds +

[} 6T, $)g(s, x(s, xk, y&), y(s,xk, y&)ds) ds) ds, (40)

and

y(t,x5,y8) =

(e — EOy§ + J; (e (CxCs. b, ) +
L ot s,x(s, x5, y8), y(s, 2k, y¥)ds +
[t s, x(s, 6k, yE), y (s, xb, y§)ds ) —
Iy €"T=9 (Cx(s, xb, k) +

[, @ (T, 5,5(5, x5, v6), y(s,xb, yE)ds +
[ (T, 5,x(s,x8,v8), ¥ (s, x6,y§)ds) ds) ds,

(41)
where k = 1,2.

Now, by using (40) and (41), we have
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(”x(t,x}),y&)_x(t,xo, )”)
e yd) -yt =
AT _llAll(T-t t _
I = 3 e — el + {111 = (pam—) | fy e«
)
B”}’(S'xo'YO)_Y(S,xo,yg)”+_1

IA

[
\

|/ < Vlllx(six(l)'y(}) —x(s,x%,yg)ll \l
+V,lly(s, %8, y8) — ¥ (s, xé.yé)ll ds
k+(b — a)Gy (Uyllx(s, x4, y8) — x(s, 3, &)l )
+U, lly (s, 23, y8) — y(s, 23,y
[eIIAIIT_gllAH(T t)]f ” e s)”

ellAIT 1|
¥o) = y(s, x5,y )II+—

/ V1||x(s xo: ¥3) — x(s, x5,y )II \
+Vz||y(5 x5,¥5) — ¥(s, xo.yo)ll
+(b — a)G, (U4 llx(s, xo: yo) — x(s, xm}’o)”

+U,lly(s, x5, ¥0) — ¥(s, x5, yHID
IENT _IEN(T—1)
lyd = y3lllle® = Eell + [0 - (=

ellENT - ||1||

)l +
L1 llx(s, xOv )_ x(s, xo’ )” +
L 2Mly(s, x5, ¥5) — y(s, x5,y )II
+(b — a)F,(J1llx(s, x5, 5) — x(s, x5,y
+]2||Y(5 xo' ) y(s, xo' )”)
IEIT _ g IIEII(T—t)
e [ s)ll

elEIT— 7|
vyl + Z

L1 llx(s, xo. vo) — x(s,x5, vl +)
Lzlly(s x3,¥8) — y(s, x5, yOll
+(b — a)F,(J111x(s, xo'

+.1ly(s, xo,

Blly(s, xo,y

) flleme=2]

.}

\

ds

Cllx(s, xg,y&) — x(s,x2,y

CIIx(s x5,y —x(s,x2,y

DI

) - X(S, x(z)'yo
¥6) = ¥(s, x5, yH D

(
(
llxg — x5110; + Az (1)

(# Vl + (b — )G, Uy ) llx(t, x3,y8) — x(t, 33, y3) | +
(B +3V, + (b — )G Uy lly (&, xb, v8) - y (6,8, ¥
lys — ¥5 110, + E; B, (t)

(€ +8Ly+ b — @) (e, x3,v8) = x(6,23, ¥l +
2Ly + (b~ OFJ) Iy (33, v I

")

x(t, x5,y
)=y (& xZyI

)—Y(t‘xg'yg

= x5 1101 + Az B (O |lx(t, x5, y5) — x(t, x§, y§
+A4;8,(OQlly(t, x5, ¥5) — y (&, x5, ¥l

= ¥§110; + E, B, ()Qs]1x(t, x5, 5) —
+E,B,(0)Qully(t, x5, ¥5




llxg — 2§ 11(1 = Az, (0)Q1) 710, + A1 (1)Q,

< (1= A8 () Hly(t, x5, y5) — y(t, x5, ¥l

| llye = ¥8lIl (A = E2B()0) 70, + E, B, ()5
k(l — E;B,()0) M lx(t, x5, ¥5) — x(&, x&)’é)ll)

By substituting the above inequalities, we get

¥3) — x(t, x5,y )||)
N -yt 13,y
”xo —xoll(l A B, (D))" 101
A B ()0 (1 — A B, (1)) 7!
lys — ¥5I(1 = E;B,(6)Q,) 10, + E,B,(£)Q5
(1 = E;B,(0)Q) Hlx(t, x5, ¥5) — x(&, x5, y3)II
lys — ¥§ll(1 — E;B,(£)Q,) 710, +
E,B,(6)Q3(1 = E,B,(6)Q,) 7"
llxg — x5 1(1 = AzB,()Q) 7105 + A1 (1)Q,
(1 = A,B:.(O)Q) Iyt x5, ¥5) — y(t, x5, ¥3) I

(llx(t,xo.
ly(t, x5,y

<
llxg — 25 11(1 — Az 81 (£)Q1) 710, + A8, (D) Q,|lyg —
[(1 = A,8,()0) (1 = E;B,(£)0,)] 710,
+E,8,(t)Q34,8,(£)Q,
[(1 = 4,8, (1)) (1 = Ex,()Q,)] "
llx(t, x5, y5) — x(t, x5, ¥yl
YIl(1 = Eo B, (1)) 710, + E B, ()03l — x4l
[(1 = A,8,(0)0)(1 = E;,()Q)] 710,
+4,B1(D)QE; 5, ()5

[(1 = A28:()Q) (1 = Exf,(0)Q,)] 7
||y(t,x3,}’3) - )’(t,xg’yg)”

\
|

vl

llys —

Putting Fy = [(1 — 4,8, (1)) (1 — E,B,()Q)] !
then F; (1 — 4,8,(£)Q,) = (1 — E;5,(t)Q,) ™" and

Fi(1 = EB,(0)Q,) = (1= A,5,()Q) "

So
(le(t,xé.yé)—x(t.xo. )II)
lly(t, x5, y5) — y(&. x5,y
”xo_xo”(l E,B,(£)QA 2ﬁ1(t)QzF1)_1

(F1(1 — E;B,(6)2,)0; + A8, ()Q,lys — ¥5l
(1 = E,B,(£)Q34,8, ()0, F;) ' F, 0,

lys — y5 111 = A8, (D)0, E, B, () Q3 Fy) 71

Fi(1 = 4;,8,(£)Q21)0; + E 8, () Qs]lx5 — x5 |

(1 - Azﬁl(t)Q‘ZEZﬁZ(t)‘Q‘SFl)_lFlOl

Putting Fz = (1 - Ezﬁz(t)ﬂ:;Azﬁl(t)QzFl)_l and
F3 = (1= A1 ()0 BB, (£)Q3F) ™1 Sthen
(le(t,xé.yé) - x(t, xo.

)
ly(t, x5, ¥5) — y(t, x5,y )II)
”xo — X0 ||F2F1(1 — E3B,(6)Q4)0;
+A4,8, ) lys — Y5 IF,F, 0,
- ysllFsF (1 - A2ﬁ1(t)9-1)02/

42
% “2)
+E2ﬁ2(t).0.3||x0 - x0||F3F101
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So, by substituting the inequalities (42) in (39), we get

(IIA 1(0,%5,y5) — A,(0,x3,y )||)
14200,%5,y5) — 82(0,x5, y)I
lAlllxg — %31l + @34,
/ [uxo X3 lIF,Fy (1 = 5232@94)01] N
+4,B, (), |lys — y51IF,F,0,
k lys — ¥5 IFsF, (1 — A, B1(t)91)02]
+E,B, () Q3]lx5 — x| F3F, 04
IENys — 8l + QuE,
qQ [”xé = x§lIF,F (1 — Esz(t)Q4)01] n
3 +4,B, ()Q,lys — yg||F2F102
lys — ¥5IFsF, (1 — A, Bl(t)Ql)OZ]
+E,B, () Q3]l1x5 — x| F3F, 04

Q,

)

Qy

4. ANOTHER METHOD

In this section, we prove that the existence and
uniqueness theorem of (VF1) and (VF2) by using Banach
fixed point theorem.

Theorem9. Let the wvector functions f(t,x,y),
gt x,y), 0t s,x,y)and P(t,s,x,y) are defined,
continuous and periodic in t of period T on the domain
(1) and satisfy all assumptions and conditions of
theorem3. Then (VF1) and (VF2) have a unique periodic
continuous solution on the domain (1).

Proof: Let (C[0,T],||. 1) be a Banach space and T* be a
mapping on C[0,T] as follows:
T*x(t' X0, yO) =
(et — At)x, + fot (e“‘(t‘s) (By(s, X0, Vo) +
f_too K(t! S)f(S, X(S, X0, yO)' y(S, Xo, YO))dS +
X 6069525 5,30V, X0, Y0))ds) -
T
eAT ,f e A=) (BY(S: Xo,Yo) +
f_oo K(T! S)f(S, X(S, X0, yO)' y(sv X0, yO))ds +
fab G(T,s)g(s,x(s,xq,Y0), (S, X0, yo))ds) ds) ds

and

Ty(t X0, o) =

(e" —Et)yo+ ) (eE(t‘S) (Cx(s, X0,Y0) +
f_too @(t,s,%(S,%0,¥0), (S, X0, ¥0))ds +
[2(t, 5,25, %0,90), ¥(5, X0, Yo))ds ) =
eET_| fOT eFr=s (Cx(s, X0, Yo) +

f_Too @(T,,%(5,%0,¥0), Y(S, X0, ¥o))ds +

[ (T, 5,%(5, %0, 0), ¥(5, %0, Y))ds ) ds ) ds

Since
fot (eA(t_s) (BY(S' X0, Yo) +
JE K (t,$)f(5,%(5, X0, Y0), ¥(5, X0, Vo)) ds +
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b
[ 6(t,5)g (s, x(5, %0, Y0), ¥(5, X0, ¥0))ds ) =
T —
eA;l‘_I fo =) (BY(S'xOvYO) +
ST KT, )£ (5,x(5, %0, ¥o), ¥(S, X0, ¥o))ds +

b
[ G(T,5)g(5,x(5, %0, ¥0), Y (5, X0, ¥o))ds ) ds ) ds
continuous on the domain (1) and also

fot (eE(“S) (Cx(s, X0, Yo) +

St 0(t,5,%(5, %0, ¥0), ¥ (5, X0, ¥o))ds +
[t 5, (5, %0,Y0), ¥(5, X0, Y))dls ) —
esi_,foT eEr=s) (Cx(s, X0, Yo) t

ST 0T, 5,%(5,%0, Y0, ¥ (5, X0, ¥o)) s +

b .
[ (T, 5,%(5, %0, Y0), ¥(, X0, ¥0))ds ) ds ) ds is
continuous on the domain (1).

Therefore: T*: C[0,T] — C[0,T]
Next

Let X(t, xO! }’o)' Z(t' xO' yO)' y(t! xO! yO) and V(t, xO' yO)
are vector functions on [0,T], then

(“T x(t, x0,¥0) — T"2(t, xo:)’o)”)
1Ty (t, x0,¥0) — T v(t, x0, o)l

[ (i)

Blly(s, x0,¥0) — v(s, %0, Yol +

V1||x(5 X0, ¥0) — Z(5, X0, Yo)ll )+
+V2lly (s, x0,¥0) — v (s, %0, Yo)l
— )Gy (U l1x(s, x0, y0) — 2(s, X0, Yo) I

+U,lly (s, %0, y0) — v(s, %0, ¥0) 1)
[ ellAIT _ o lIAlI(T— f)]

ellAIT— 1|

=) Ik

5
Blly (s, x0,y0) — v(s, %0, ¥0)l +/1_1

V1||x(5 X0, ¥0) — Z(5, %0, Yo)l )+
+V2lly (s, x0, ¥0) — v(s, X0, Yo)l

(b — )G, (U llx(s, x0,¥0) — 2(s, X0, Yo)l
+U,ly(s, x0,¥0) — v(5, %0, ¥0) )

SlIEIT _lIEN(T—t)
[”I” ( ellEIT—| 1] )]

5
Cllx (s, x0,¥0) — 2(s, %0, o)l +/1_z

L 1 (s, %0, ¥0) — 2(s, %0, Yo) Il )+
+L,|ly (s, x0, y0) — v(s, %0, ¥o)l
(b — a)F; (J111x(s, x0,¥0) — 2(s, X0, ¥o) I

+lly(s, x0, y0) — v(s, %0, ¥0)I)
[enEuT_enEu(T t)]

ellEIT_ 1|

S ller 2]

N

(
8
(
g

B
Cllx(s, xg,0) — 2(s, X0, Yo)ll +/1_z

Lyllx(s, x0,¥0) — 2(s, X0, Yo)ll )+
+L2”3’(5 X0,Y0) — V(5 X0, ¥o)l
(b - a)Fl(jlllx(s' xOﬂyO) Z(S, Xo, yO)”
+/2lly (s, x0,¥0) — v(s, %0, ¥0) 1)

u

I e =21

and so

N—

U
“n

ds

ds

NN

QU
%)
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(”T*x(t' xO'yO) - T*Z(tl xo,}’o)”) <
”T*y(t' xO'yO) - T*v(t' xod’o)” -
(Azﬁ1 ®Q A5,

) (||x(t, X0, Yo) —
EB,(0)Q;  ExfB,(H)Qy

Z(tF xOIyO)“)
”y(t’ xo;)’o) -

v(t, %0, yo)l

By the condition (11), then T* is a contraction mapping
onC[0,T].

Thus by Banach fixed point theorem, then there exists a
fixed point x(t, xo,v,) and y(t, x,, y,) in C[0,T] such
that

T*x(t! xO'yO) = x(t'xO'YO) and T*y(t! xO'yO) =

y(t, %0, ¥0)

Therefore,

x(t, %9, Y0) =

(e4t — At)x, + fot (e“‘(“s) (By(s, X0, Vo) +

JE Kt $)F(5,2(5, X0, 0, ¥ (5, X0, ¥o))ds +

I ”G(t $)g(5,%(5, %0,Y0), ¥(5, X0, ¥0))ds ) =
eAT_I fT e =) (BJ/(S X0, Yo) +

f_oo K(T, s)f (s, x(s, %0, ¥0), Y(S, X0, ¥o))ds +

[ G (T, $)g(s, x(5, X0, ¥0), Y (5, X0, ¥))ds ) ds ) ds

And

y(t,x0,¥0) =

(eft — Et)y, + fot (em‘s) (Cx(s, X0, Yo) +

[, 0 (65, %(5,%0,¥0), ¥ (5, %0, o)) ds +

J2(t, 5,35, %0, 90), ¥(5, X0, Yo))ds ) =

esi_, fOT eET=s) (Cx(s, X0, Vo) +

f_Too @(T,s,x(s,%0,¥0), (S, X0, ¥o))ds +

f; W(T, s,x(s, %0, Vo), Y (S, X0, yo))ds) ds) ds.m

V. CONCLUSION

This paper provided the existence and approximation of
the periodic solutions for non-linear integrodifferential
equations of Volterra- Friedholm type. The numerical-
analytic method has been used to study the periodic
solutions of ordinary differential equations which were
introduced by (Samoilenko, A. M.).
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