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ABSTRACT

Urgent problems related to the solution of salt-transfer
problems in soil are considered in the paper. It is devoted to
numerical modeling of salt transfer and diffusion process in
soils. In modeling the total porosity of soil is divided by
“through” and “dead-end” fraction of pores with
corresponding solution strength. A brief review of scientific
publications covering this problem is given. To study and
predict the process of harmful substances spread, a
mathematical model and numerical algorithm were
developed to conduct a computer experiment. The solution to
this problem was obtained using a method based on the use of
quadrature formulas in combination with the differential
sweep method for a system of ordinary differential equations
of the second order with arbitrary linear boundary conditions.
To test the proposed approach of numerical modeling, a
specific problem was solved and the results were presented in
tabular form and compared with exact solutions.

Key words : mass transfer, water mineralization, soil
degradation, ecological engineering, numerical modeling.

1. INTRODUCTION

The analysis of the process study of water-salt-transfer in soil
showed that crop yields can be obtained for several years
when irrigated with water salinity of up to 15 g/l. Relative
good reclamation state of lands irrigated by mineralized
waters is temporary (for 2-3 years). The long-term irrigation
leads in many cases to a serious consequence, manifested not
so much in the form of salt toxic effect, but in the form of
dramatic changes in soil physicochemical properties, an
increase in alkalinity, and deterioration of water-physical
properties of soils as a result of shale and silt formation.

Based on the foregoing, the study and adoption of managerial
decisions on the process of water-salt-transfer in soil is an
urgent problem in order to maintain the state of soils fit for
growing agricultural products.
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One of the most effective tools for predicting and monitoring
soil state is a mathematical tool: a model-numerical algorithm
and software packages that can be used to conduct a
calculating experiment (CE) on a computer, setting the basic
hydrochemical and hydrodynamic parameters of soil. To
solve the above mentioned problem, research was carried out
and significant results of applied and fundamental nature
were obtained.

In particular, in [1], an actual problem associated with the
process of water and salt transfer in soil was solved, and a
review of scientific papers devoted to various aspects and
mathematical support of the object under study was given. To
conduct a comprehensive study, a mathematical model was
proposed taking into account the colmatage of soil pores with
fine particles over time; changes in soil permeability
coefficient, water loss and filtration coefficient; changes in
initial porosity and porosity of the settled mass; an effective
numerical algorithm based on the Samarsky-Fryazinov vector
scheme with a second order of approximation of differential
operators to finite difference one was also proposed. To derive
a mathematical model of salt transfer it was assumed that the
pressure gradient in the channel is constant and equal to
atmospheric pressure.

In [2], hydrodynamic and hydraulic models of water runoff in
wetlands were proposed, they allowed describing the
processes of filtration and surface runoff with varying degrees
of detail and accuracy. Based on the models of salt transfer by
interacting filtration and channel flows, the issues of
modeling the quality of groundwater and surface water were
considered.

A solution to the problem associated with the process of
filtration and dehydration of liquid and ionic solutions from
gel particles and heavy ionic compounds was considered in
[3]. This process is implemented in the preparation and
purification of chemical solutions, drinking water,
pharmaceuticals, liquid fuels, common use products, etc. For
the analysis, research, determination of the main parameters
of technological process and operating modes of filter units
and to support the adoption of management decisions a



mathematical model was developed. Using the developed
model, a series of computational experiments on a computer
was carried out.

A mathematical model was developed in [4], to predict the
groundwater levels in two-layer formations. In mathematical
modeling of geofiltration process, a two-layer medium was
considered; it consisted of two layers: soil (with low
throughput capacity) and water.

The salt solution in soil can have two physical states: in the
form of a solution firmly bound by molecular forces to
particles surfaces, and in the form of a free solution occupying
the space inside the pore cavities. It was shown in [5] that the
assessment of the washing process as a process of displacing
the salt solution in soil with washing water is valid for
structureless, dusty and non-saline soils. On the basis of soil
washing experiments, it was found that the removal of salts
from previously wetted soil is reduced. This is due to the fact
that during capillary wetting, salt efflorescences gradually
dissolve and are absorbed into the unit together with water.

The motion of salt and water in soil is a complex physical and
chemical process. Along with the displacement of a free
solution by diffusion transfer of salts, dissolution of salts of
solid phase, a salt exchange takes place between the free pore
solution and intra-unit moisture [6-9]. The three-parameter
model distinguishes between pore solutions located in
“dead-end” pores and “through” pores. In the total porosity m
of soil, the fraction of “through” pores k with the solution
content C and the fraction of “dead-end” pores (1-k) with the
concentration of solution N are distinguished. “Through”
pores, which are active in filtration, exchange salts with
“dead ends” pores.

Denote the rate of macro-transfer in “through” pores by &,
and the coefficient of convective diffusion, referred to the
surface unit of “through” pores by D.

2.PROBLEM STATEMENT

Consider the following mathematical model of salt transfer
problem in soil on reclaimed lands [10]:

2
kC ok T 1-K)a(c-N) =Dk LS,
5t 6X aXZ (1)
oN
—=F(C—-N),
N_pen)

where C and N are the salt content in “through” and
“dead-end” pores, respectively (g/l); S - the parameter
characterizing the intensity of exchange between the
components C and N (1/day); ¢ - the parameter
characterizing the salt ventilation in active and stagnant
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zones, and considering the sorption effects in “through” pores
(at a = g ) (1/day).

Various solutions of system (1) are possible, for example,
under the following initial and boundary conditions:

c=C, at t=0;
b ()
N=N, at t=0;
C=C, at x=0;
3
d—C=O at x=L. ®)
dx

C, is the concentration of wash water.

3. SOLUTION METHOD

The method for solving problem (1) - (3) is based on the use of
quadrature formulas in combination with the differential
sweep method [10-13].

Introducing the following dimensionless quantities into (1) -

3)

x=X t_=—t,5=£; Nzﬁ;

T C, C,
- C. = C . - N
Cor==2; C,=="; Ny =—=2,
01 C n C 01 C

while maintaining the same notation and accepting

M—Dr #Z_Dk' Hy = D
we obtain

ac ac o*C

S E(1-k)(C-N)=2=;

p ME)X( )( ) ox2 @
oN

E=#S(C_N)-
Assuming t, =(m-1)At, (m=123..) we integrate

system (4) over t in the interval [0,t,] and using the
quadrature formula of the trapezoid we have

~ m dC.
Con—Co+m ) A d—x'+
i=1

+#2(1_k)§;'&i(ci _Ni):iAi
N _No =#3§:Ai(ci _Ni)*

d’c,
; 5
v ®)
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where At is the time step, A is the entire quadrature

formula of the trapezoid.
After some transformations in (5), the following system of
equations can be obtained

dcC
dxm +bCpy (%) = fn (X);

d?C
— ta
dx

m-1 m-1
N (X) = Kom An [Z AC -2 AiNi]+
i=1 i=1

+K7m + KemC (X),

(6)

where
a=—u; bz_yz(l—k+ 1 +y2(1_k)#3'6“‘);
Ha Ay 1+ us Ay
1
Kim :_E; Kam :%;
k _#3(1_k)_#2(1_k)#3. K = ko
3m = v Kam = —Kgm:
" An (L+mAy) " " "
__Noﬂz(l_k) 1 C.: _ Hgdt
M= T T v o Kem T
1+ m3Ay)  An 201+ 3 Ay)
No

K =7————;
@+ u3Ay)

dC, ! dc
—1L+k \—+
dXZ 2m |Z=]:_ Al dx

m-1
fn () = kam D A
i=1
m-1 m-1
+k3m Z 'AﬁCi + I(4m Z 'A\ Ni + k5m-
i=1 i=1

The first equation of system (6) with boundary conditions

C,=C, at x=0;
dﬁzo at x=1
dx

is solved by the differential sweep method [10-13], according
to which the solution is sought in the form:

0t (X)Cry (X) + By (X)C (%) = 7 (%),

where a,(X), Bn(X), ¥n(X), are the sweep coefficients
found from the solutions of the following Cauchy problem:

o (X)—a-ay (X)+ B, (X) =0;
B (X) =8y (X)- Bn(x) =0;
Vm (x)= am (x)- fm(x);

()
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Am (0) =0;
Bn(0) =1,
Ym(0) =C,.

(8)

Solving the Cauchy problem (7), (8) we find:

Ym@)
Bn @

©)

C, ()= and C/ (1) =0.

Next, solving the equation

d’c,
dx?

+ ade
dx

+bC,, = f,(X)

under initial conditions (9), we find the salt content in the
“through” pores C,(x) and substituting it in the second
relation of system (6), determine the salt content in the
“dead-end” pores N, (x) .

The solution of the corresponding Cauchy problems can be
carried out by the fourth-order Runge-Kutta method [14, 15].

4. RESULTS

Based on the above algorithm, a computer program was
compiled, which is implemented as standard software in the
algorithmic language ABC Pascal. Testing of a computer
program that implements the algorithm of the proposed
calculation method was carried out when solving the
following problem:

oC

2

x_ £+——O,5C—4(x+2)e’°'5t;
ot ox% X

C=2x*-4x+3 at t=0;
C+O,75~§=O at x=0;

OX
£=O at x=1,
OX

which has an exact solution:

C(x,t)=(2x2 —4x+3)e’°'5t.

The calculation results are shown in table 1, where the
numerical values of the solutions obtained by the proposed
method are compared with the exact solution at different time
intervals with show a good agreement.



Table 1: Comparison of results obtained with exact solution

t=3 t=5

X Exact Approx. Exact Approx.

solution solution solution solution
0 0.66939 0.66930 0.24625 0.24618
0.1 | 0.58460 0.58454 0.21506 0.21511
0.2 | 0.50873 0.50865 0.18715 0.18708
0.3 | 0.44179 0.44168 0.16252 0.16247
0.4 | 0.38378 0.38369 0.14118 0.14108
0.5 | 0.33469 0.33457 0.12312 0.12309
0.6 | 0.29453 0.29449 0.10835 0.10827
0.7 | 0.26329 0.26321 0.09686 0.09677
0.8 | 0.24098 0.24088 0.08865 0.08856
0.9 | 0.22759 0.22748 0.08372 0.08366
1.0 | 0.22313 0.22305 0.08208 0.08195

Table 2: Comparison of results obtained with exact solution

X t=8
Exact solution Approximate solution
0 0.05495 0.05484
0.1 | 0.04799 0.04771
0.2 | 0.04176 0.04161
0.3 | 0.03626 0.03619
0.4 | 0.03150 0.03144
0.5 | 0.02748 0.02736
0.6 | 0.02418 0.02409
0.7 | 0.02161 0.02148
0.8 | 0.01978 0.01961
0.9 | 0.01868 0.01848
1.0 | 0.01832 0.01811

Figures 1 - 2 show the results of numerical calculations
performed on a computer.

As seen from the computer experiments over time, the salt
content decreases linearly (figure 1). Especially this can be
observed in curve 3 of figure 1.
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Figure 1: Change in salt content in the “through” pores at
different values of filtration process

t=5 — — -8

The change in salt content in the pores along the layer
thickness is shown in figure 2. As can be seen from figure 2,
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the salt content in the higher layers of soil is greater than in
the lower layers, with time this difference noticeably
decreases.
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Figure 2: Change in salt content along the layer thickness

x=0,5 x=0,9

An analysis of numerical calculations showed that the salt
content in the “dead end” and “through” pores changes both
with time and with the thickness of soil layer (figures 1 - 2).

5. CONCLUSION

The results obtained show that the proposed numerical
approach was effective for solving the problems of salt
transfer in soils. Suggested computational algorithms, i.e. the
method based on the use of quadrature formulas in
combination with the differential sweep method, as well as
the corresponding computer software made it possible to
successfully carry out calculations to determine the solution
content in “through” and “dead-end” pores of soil. The above
approach to solving the problem can be extended to the
problems of heat- and water-transfer in soils on ameliorated
lands.
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