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ABSTRACT

In this article, the author analysis various model reduction
techniques available in literature to reduce higher order models
present in both Single Input and Single Output (SISO) and
Multi Input and Multi Output (MIMO) based systems. These
reduced models are compared on the basis of integral square
error (ISE) between the transient responses of the original
system and the reduced model using MATLAB. Frequency
response and step response analysis are also carried out so as
further compare these techniques on the basis of settling time,
rise time, over shoot and peak time.

Keywords: Model Order Reduction, SRAM Method, Balred
method, Modified Stability Equation, Continued Fraction
Expansion, Modified Cauer Form, MATLAB.

1. INTRODUCTION

The most important subject in engineering is modeling of
complex high order systems. A high order model is often very
complicated to be used in real practical situations, soan
appropriate methodology is adopted based on the physical or
mathematical approach to achieve simple models than the
original one. So model reduction is very important to engineers
and scientists working in different areas of engineering
especially for those who are working in the area of process
control. In control engineering, model reduction are vital from
design of controllers and it also helps to find an approximated
models, without incurring too much error. There are many
model reduction techniques available in literature [1-8] which
reduces the dimensionality of large systems to provide simpler
models, which are computationally simpler than the original
form. The effort of all these methods aims to obtain a stable
reduced order model and also assure that these reduced models
represents the same characteristics as that of the original
system.

The purpose of this paper is to study such available reduction
techniques and compare theiroutcomes based upon response to
step input and frequency analysis w.r.t to the actual model.
Higher order model studied in the paper, are real linear time

invariant systems, taken from both Single Input and Single
Output (SISO) and Multi Input and Multi Output (MIMO)
based system.
Consider a general higher order model represented by the
following transfer function:
_Ne) _ by
G(S) - D(s) - Z;‘l:()ajsj
1)
And the reduced order model is represented as follows:
_ Ny(s) _ Zotbrys
Gr(s) - Dr(s) - Z;‘n:()a’jsj
)
Where G(s) represents a higher order system and G(s)
represents a reduced order system, and a;, bj, @’j and b’; are the
coefficients of denominator and numerator of G(S) and G(s)
respectively.

2. MODEL REDUCTION METHODS

2.1 Simplified Routh Approximation Method (SRAM
METHOD)

In this method [6] the Routh stability array is prepared using
denominator polynomial, whose even and odd parts are written
as follows:
D(s) = Zibl,i+15n_2i + ke bz,k+15n_(2k+1)

©)
Where i=0,1,2........ n/2andk =0,1,2.....(n-2)/2 for n even and
i=0,1,2........ (n-1)/2 and k = 0,1,2.....(n-1)/2 for n odd.
Routh stability array is prepared as follows:

by1b12b13by4 e
(4)

by1b22b23bs4 e

b31b3ybsz ...

by1bsybys wo.&soon....

b; bi_q;
Where b; j = b;_3j1 — (Br-z ® L_IJH)/bz—u

)
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The parameter h (hy, hy 3.....) are obtained from the Routh
array, where
h1 — b11/b ’hz — b31/b

21 41
Then for reduced model numerator N,(s) and the denominator
D(s) is defined as follows:

N, (s)=T, +T;s +T;s?> + - ... T,s™™* |, where T, =
hybe_y (6)
And D,.(s) = s” + %ZL—(} b;st
(")
2.2 Balanced Truncation Model Reduction (Balred
method)

Balred method for higher order models is restricted to finite time
intervals, where resulting Lyapunov equations are numerically
solved, by using matrix exponential in their inhomogeneities.
For small time intervals, a reduced numerical rank of time
constraint Gramians are observed, which led to satisfactory
results. [9-11]

Consider the higher order system, whose transfer function is
given as:

G(s) = (sC, + C)(s?M + sD + k)™ 1B,

(8)

For simplicity, G = [M,D,K,B,,C;,C,]and

G = [M,D,K,B,,C,,C,] are constrained equivalent systems, if
there exist nonsingular matrices T; and T, such that

M =T,MT, D =T,DT;K =T,KT;, B =T,B, .C, =T,
and C, = T,C,, where the pair T, and T, are called system
equivalence transformation.

2.3 Modified Stability Equation(MSE Method)

In this method the transfer function of reduced orders are
obtained directly from the pole zero pattern of the stability
equations of the original transfer function [12]. The only
advantage of this method is, it yields a stable reduced model,
provided the original is also stable. Assume a higher order
system as shown below:

G(s) = N(s) _  apstan—15s" 1+ags+ag

D(s)  bys™4bm—1s™=L14--bys+bg
9)
The order of denominator D(s) is m and the order for
numerator N(s) is n, such that m>n. the numerator and the
denominator are separated in even and odd parts.
N(s) _ Ne(s)+No(s) _ Eioza ai5i+z?:1,3,5 a;st

G(s) = D(s)  De(s)+Do(s) XM, ,bist+EM, 5 byst

(10)

Further

D,(s) = by + bys? + bys*+--- and D,(s) = b;s +3s3 +
besS + -+ (11)

Or D,(s) = by I, (1+ —) and D,(s) = bys 1%, (1+

2
=) @
Where k; and k, are the integral parts of n/2 and (n-2)/2
respectively and z;,>p12>Z25>p2.....by discarding the factors
with larger magnitude of z;and p;.

The reduced denominator of the system is given as:

D, (s) = Dey(s) + Dyr(s) (13)

2
Where  D,,.(s) = by IT1, (1 +ZSL—2) and D, (s) =
2

b 112, (1+:7) (14)
Where r; and r, are the integral parts of r/2 and (r-2)/2
respectively. Similarly reduced numerator is represented by
equ. (13) as follows:
N;(s) = Nep(s) + Noy(s) (15)
Hence, the complete reduced model of the r" order is
represented as follow

— NR(S) _ Ner(s)+Nor(s)
R() = 50 = Der+Dert®)

(16)
It may be noted that the zeros and poles with smaller
magnitude is more dominate than those zeros and poles of
larger magnitude. The reduced model preserve the dominant
performance of the original model.

2.4 Continued Fraction Expansion (CFE Method)
Consider the transfer function of the nth order [13] as given
below:
G(s) =

Ag+a,5+azs2+--..apst 1

Ag+a1S+azs2+--..ans™
(17)
It’s often convenient to take a, =1, because a basic control
system is a low pass filter in nature and therefore upon
simplification, we can handle steady state easily. We can start
CFE from the constant term and arrange the polynomial in the
ascending order of s and thus the transfer function can be
written as:
G(s) = A21+A22s+A23522+~--....A2,nsn 1
A11+A125+A135% Ay (n41)ST
(18)
Then an Routh array is prepare using constants of denominator
term as the 1% row and the constants of numerator as the entries
in the 2" row, followed by entries in the subsequent rows as
o Aj_214j-1k+1
j.k

Aj_11
(19)
The simplified model with the denominator of the reduced
order r, is derived using the first column values of the Routh
array and will be of the general form:
R(s) = A*y +A% 55 +AA 23252+~--....A 2ns"?

A*11+A 125 +A 13524 AT (n41)ST

(20)

For the second order model, only 4 quotients of h; are
considered and are given as:

hahgha+(ha+hy)s
R(s) = 2hzhg+(hathy)
hihghgha+(hihy+hihg+hzhy)s+s?
(21)
A A A Aj1
Whereh, = 22 h, = 22 hy = Zand hy = =
Az1 Azl A1 Aj_11

2.5 Modified Cauer Form (MCF Method)

Modified Cauer form (MCF) is one of the simplest and most
attractive methods for the model reduction of the transfer
functions [14]. It has many useful properties such as
computational simplicity, the fittings time moments and it also
preservation of steady state response for the polynomial inputs
of the form ¥, a;s’.
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Consider a general higher order model as represented below:

b11+b125+b13s2+-..by st

G(s) =

a11+a125+a1352+..aq (n41)S™
(22)
Now using the coefficients of both the numerator and
denominator of G(s) and Routh Array is prepared. The
successive rows are formulated using equ (23)
= ;41 —hibije and by ; = b;j —Hiapy
(23)

Where h; = 2l and H; = andi=1,2,.....n.

bi1 Ai+1n+1-i

On complete evaluating of the Routh array the inversion table
is constructed to determine the reduced order model.

Elements of the inversion table are evaluated by the following
relations for i =1,2,......n.

The values are given by

Aiyq,j

bint1-i

Pij = Pi-1j t Qimqjhiforj=12,.. ... L
(24)

9ij = Gi-1j-1 T pijHiforj=12,...... i-1

(25)

Lij=liyj+riqjhiforj=12...... i—-1
(26)

Tij = Ti—j-1 Tl jHforj=12,...... i
(27)

The coefficients of the reduced order transfer function
denominator and numerator are evaluated as follows:

ay; =qg; fork=123.... . n—1 and b,; =
Tpifori=123, .. ... k (28)
The reduced order model can then be represented as
_ bigtbyastoanby skt
R(s) = a11+a125+...aq gsk-14sk
(29)

3. RESULTS AND DISCUSSION

Case 1: Consider a Single input Single output (SISO) system,
whose fourth order transfer function is presented in [15] and is
shown in equation 30.
G(s) = 1.453424.852+905+120

s4+18s3410252+1805+120

(30)

The proposed reduced models according to the above
mentioned reduction techniques are as follows:

SRAM method: G(s) = ———
31)
Balred Method: G(s) = %
(32)

1.198s+1.253
52+2.1385+1.253

(33)
1.1955+1.249
52+2.135+1.249

(34)

MSE Method: G(s) =

CFE Method: G(s) =

1.25+1.25
$2+2.155+1.25

(35)

MCF Method: G(s) =

Above equations show the comparison of reduced order
systems with the original system on the basis of integral square
error (ISE) [16]. The accuracy of any reduced model is
measured by calculating ISE between the transient responses of
the original (y,(¢t)) and the reduced model (y,.(t)) using
MATLAB. The ISE should be the minimum for good
approximation between the reduced model and the original
model, which is given by equation 36.
ISE = [y (6) = v, (O))%dt

(36)
Figure 1 represents a block diagram for the comparison of the
models, which are simulated in MATLAB/Simulink computer
environment.

L4s + 2487 4+ S0s + 120
£+ 187 4 102 + 1805+ 120

Grigial Transfar fmclion
5413 I

S+t 13
SRAM Reuced hnclion

I
. -,
[ F+2205+ 162 — E

X1

L3r+ 162

Step Input ‘Balred Retuced fnclion o

1.198s + 1.253
421385 + 1253

MESE hnclicn

11955 + 1.249 I

A4 113462 + 1.249

'CFE Reduced faretion

L2r+1.25 I

42155+ 125

TCF Reguced funclion

Figure 1: MATLAB/Simulink file for Case 1

Figure 2 shows the comparison of frequency response of the
reduced models with original model and the response seems
reasonable comparable. And figure 3 shows the step response
of the original model and the reduced models. It seems that the
responses are matching both in the steady state and in the
transient state.

Bode Diagram

Magnitude (dB)
& R ;
T

o
Frequency (rad's)

Figure 2: Comparison of frequency response for case 1
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2 G11(s) G12(s) G2 (s)
. _ 352+26 = Gyy(s) _ 5.04s%+56.]
%ns — - S3 + 1382 + 1.282 +17 — S3 + 1382 -+
< ; ——SRAM tncsin - S3 + 1382 -+
o T SRAM 2122s+38 1403s+52 45895+ 12.0]
1
/ method | 52 + 3,.8355 + ] 52 + 3.835s + | 52 + 3.8355 + 2.§
wlf Balred 2993s+38( 1.196s+83 5.038s+21.3]
[ method | 52 + 6,961s + ¢ s2 + 55825 +{ 52 + 6.048s + 5.(
A ; ; ; ; ‘ MSE 2962s+7.7| 1186s+86 5.038s+ 21.2(
T e T method | 52 + 6.739s + 4 52 +5.743s +4 s? + 6.048s + 5.(
CFE 15.268s —1| 0.1331s +1.8 39.91s + 4.(
Figure 3: Comparison of step response for case 1 method | 9.144s2 + 10.5] 1.002s2 + 1.7s| 15.242s2 + 11.11
MCF 3s +11.75 3s+12.66] 3.04s+2.126
Table 1 shows the comparison of reduced method on the basis method | 52 + 7.485s + § s2 + 4.848s + | s2 + 0.415s + 0.5
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Table 2 represents the reduced models using the above
mentioned methods for all the transfer functions of G(s).

Table 2:Reduced models for all transfer functions

of other factors such as rise time, overshoot, peak and peak

time, which clearly shows that all these methods give stable 3524265+47 1252417 25+64
response and have minimum steady state error and settling G(s) = s3+123s2+47s+35 s3+21352+47s+35
time, but MCF shows much better results in terms of ISE, 125%417.25+64  5.0457+56.245+147.2
overshoot and peak attained. Therefore modified Cauer form 53“35”4(735;)35 s3+1352+475+35

(MCF) method is very effective in model reduction of LTI —

SISO systems. Where the following transfer functions represents 3" order

Table 1: Step response information of original and reduced Systems.
systems of case 1. Gi(s) = 3524265447
188) = E 5521475435
Rise | Settling | Over- K Peak (38) )
time time shoot | "¢ | time Gir(5) = G, (s) = S2EE17 20408
12 21 $3+1352+475+35
Original (39)
gd | 1.692 2.500 0.443 | 1.004 | 3.942 G, (s) = 5.045%+56.245+147.2
mode 21 s3+13524475+35
SRAM (40)
hod 1.645 2.444 1.011 | 1.011 | 3.776
metho Table 3(a),(b) & (c) shows the comparison of all reduced
Balred models with their respective original model on the basis of
Method 1.253 3.283 0.655 | 1.023 | 2.834 Integral square error (ISE).
MSE 1.635 2.647 0.253 | 1.003 | 4.523 Table 3(a): ISE comparison between various reduced order
Method
systems for Gi(s)
CFE
Method 1.640 2.655 0.251 | 1.003 | 4.531 Method of Reduced system of ISE
order Gii(s) = 3s2+26s5+47
MiF 4 | 1657 | 2716 | 0178 | 1.002 | 3.755 reduction " s3+135%+475+35
Metho . . . . .
SRAM 2.122s +3.835 0.3113
Case 2: Consider the higher order time invariant Multi input method s? + 3.835s + 2.856
Multi output (MIMO) system [17], whose state space model is Balred 2.993s + 38.073 0.0077
represented as follows: Method s2 +6.961s + 6.017
-4 -15 -15 05 055 MSE Method 2.962s +7.708 0.0034
A=|-5 —-55 —05[B=|15 _1_351; 52 +6.739s +5.741
-1 15 =35 -15 045 CFE Method 15.268s —1.343 0.9502
_[3 0 -1 _[0 O 2
c=| Janap =[] ] 9.144s% + 105785 — 1
54 -18 -08 00
MCF Method 3s+11.75 0.0950
Therefore the transfer function is given in equation 37: s? + 7.485s + 8.753
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Table 3(b): ISE comparison between various reduced order 2 =L
systems for G1(S) = G21(S) o

Method of Reduced system of G,,(s) = | ISE :

order 6,.(s) = 1252 +17.25+64 Bl

reduction 21\8) = 313525475135 = ]

SRAM 1.403s + 5.222 0.0807 o ‘

method s2 + 3.835s + 2.856

Balred 1.196s + 8.396 0.7001 e

Method s2 +5582s + 4.593 —

MSE Method 1.1865 + 8.658 0.0014 |
52 +5.743s +4.734 ‘ ‘ ‘ ‘

CFE Method —0.1331s + 1.828 0.563 i Oy

1.002s5% +0.0017s + 1

MCF Method 3s +12.662 1111 Figure 4(b): Comparison of frequency response of various

52+ 4.848s + 6.922 reduced order systems for Gy,(s)

Table 3(c): ISE comparison between various reduced order

systems for G,(s)

Method of Reduced system of ISE

order Gy, (s) =

reduction 5.045%+56.245+147.2
s3+1352+47s+35

SRAM 4589s +12.01 0.0521

method s2 + 3.835s + 2.856

Balred 5.038s +21.32 0.0203

Method s2 + 6.048s + 5.069

MSE Method 5.038s + 21.20 0.0016
s% + 6.048s +5.047

CFE Method 39.91s + 4.042 0.216

15.242s2 +11.1303s + 1

MCF Method 3.04s +2.126 0.363

s2 + 0.415s + 0.504

Figure 4(a), (b) & (c) shows the comparison of frequency

Bode Diagram
LT
B

N

Tz E
Y .
1t
¥

Magnitude (dR)
T
-

——Otgal_funcion
——SRAM bictin
———Baled tunction | |
——MSE function

Phase (deg)

0? 10! 10° 10’ 10
Frequency (rad/s)

Figure 4(c): Comparison of frequency response of various
reduced order systems for Gy, (s)

Figure 5(a), (b) & (c) shows the step response of the original
model and the reduced models. It seems that the responses are
matching both in the steady state and in the transient state.

response of the reduced models with original model and the
response seems reasonable comparable.

Bode Diagram
Step Response

e i

P

Magnitude (dB}

—— Ofgral_funetlr
——SRAM functien
—— ~Baled functien
——MSE function
k4G funcken
— = —MCF _tunction

L
0 o T T
HJ*_HL"“FH —— Origal_funcion osf ¥

——SRAN futcion il
—— ~Ealid_furcion / iy
——SE tureion / /+

5 b ACRE fincion / /!

g ———NCF _tuncon 0 /+

o 45 / 8

8

2 /+

o

0 | ] | =
10? 107 10° 10! 102 0 1 2 3 ) 5 6 7

Frequency (rad/s) Time (seconds)

Figure 4(a): Comparison of frequency response of various

Figure 5(a): Comparison of step response for Gy1(S)
reduced order systems for Gy4(S)
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Figure 5(b): Comparison of step response for G1x(S)

Step Response
7 B T T

Parminder Singh et al., International Journal of Advanced Trends in Computer Science and Engineering, 9(5), September - October 2020, 7006 — 7012

Table 4(b): Step response information of original and reduced
systems of Gy(s)

Rise | Settling | Over- Peak
) . Peak .
time time shoot time
Original |5 045 | 4000 | 0.000 | 1.827 | 7.320
model
SRAM 2.268 3.990 0.000 | 1.870 | 7.140
method
Balred
Method 2.245 3.900 0.000 | 1.830 | 7.299
MSE
Method 0.950 1.510 0.097 | 1.810 | 2.560
CFE
Method 2.660 4.110 0.000 | 1.840 | 5.860
MCF
Method 2.254 4,010 0.000 | 1.830 | 7.340

Table 4(c): Step response information of original and reduced
systems of Gy;(s)

L L L L L L
0 5 10 15 2 % k) 3B
Time (seconds)

Figure 5(c): Comparison of step response for G,,(S)

Table 4(a), (b) & (c)again shows the comparison of reduced
method on the basis of rise time, overshoot, peak and peak
time, which clearly shows that all these methods give stable
response and have minimum steady state error and settling
time, but MSE shows much better results in terms of ISE,
overshoot and peak attained. Therefore modified stability
equation (MSE) method is very effective in model reduction of
LTI — MIMO systems.

Table 4(a): Step response information of original and reduced
systems of Gy;(s)

Rise | Settling | Over- Peak
) . Peak .
time time shoot time
Original | 4 958 | 3617 | 0.000 | 1.341 | 6.303
model
SRAM 1 165 | 3496 | 0000 | 1.342 | 7.47
method
Balred | ) 9,7 | 3588 | 0.000 | 1.339 | 5.867
Method | : : : :
MSE
Methad | 141 257 0.000 | 1.34 | 4.26
CFE
Mathod | 177 3.2 0.000 | 1.34 | 7.14
MCF
Method | 1:958 | 3.62 0.000 | 1.343 | 6.083

Rise | Settling | Over- Peak
) . Peak .
time time shoot time
Original | 465 | 3860 | 0.000 | 4202 | 6.862
model
SRAM
method 2.130 3.820 0.000 | 4.200 | 15.43
Balred
Method 2.152 3.844 0.000 | 4.202 | 6.830
MSE
Method 1.070 3.820 0.000 | 4.190 | 3.330
CFE
Method 3.162 5.007 1.320 | 4.090 | 9.570
MCF
Method 2.160 18.600 61.110 | 6.790 | 6.860

4. CONCLUSION

The higher order system in linear time variant in SISO and in
MIMO systems are analyzed for its reduced order model by
using various reduction techniques. The reduced model given
by various methods approximately matches the time moments
of the original system. The step response information with
reduced systems is comparable to original higher order systems
in terms of rise time, settling time, overshoot and peak time.
Furthermore these reduction techniques preserve the stability in
a lower order system. It’s worth noticing that although all the
methods are stable but it may turn out to be non-minimum
phase in both SISO and MIMO systems.
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