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ABSTRACT 
 
Robotics is a very dynamic field, which has been evolving 
diligently in these recent years. The pandemic disease hitting 
the world actually is accelerating significantly this 
development of robotics. The robot is a main factor that 
helps to ensure the distanciating in order to minimize the 
spread of this disease (Covid-19).Our contribution concerns 
mechanical production workshops, in this case, the automatic 
loading and unloading of a numerically controlled teaching 
machine, which implanted in our laboratory. The purpose is 
to reduce the manual manipulation of machine’s parts and 
organs as much as possible, thus limiting the disease’s spread 
by touch. In this work, we have developed all the models 
necessary to control the serial robot with six degrees of 
freedom. Three of those degrees control the position of the 
effector, and the three others orient the wrist. For this 
context, the direct and reversed geometric model, kinematic 
model and dynamic model were determined. A robot position 
and speed control methodology is proposed. Many 
simulations have been effectuated to properly validate the 
specific models sought 
 
Key words: Robot, Kinematic,Torque, Dynamic, Control. 

1. INTRODUCTION 
At present, a large proportion of research work is oriented 
towards contributions that help to overcome this difficult 
phase that humanity is going through [1]. We are moving in 
this direction with a double objective. The first one is to help 
students to do their practical work with minimal man-
machine contact. The second one is pedagogical so as to 
facilitate the learning and teaching of robotics based on 
validated models.  
 
In order to conceive, simulate and control a robot, all the 
necessary data must be available, we mention the workspace 
in which the robot must operate and the different 
characteristics of the articulated structure. As mentioned 
above, several levels of modeling are also necessary, 
depending on the articulated structure of the system to be 
realized and the specifications of the charge notebook. 
However, the theoretical mathematical models are almost 
identical, but each one develops its own architecture, this is 

the biggest difficulty of robotics. Obtaining these different 
models is not simple; the difficulty varies according to the 
complexity of the kinematics of the articulated chain, the 
number of degrees of freedom, the type of joints and the 
nature of the structure (open, tree-like or closed). The initial 
parameterization is realized by using several methods. In our 
calculations, we use the modified Denavit-Hartenberg (DH) 
method [2] [3] [4]. 

2. MANIPULATOR DESIGN : 
The served machine, Figure 1, is a machine driven by the 
standard graphic language. Its approximate dimensions are 
given in Table 1. 

 
Figure 1:CNC machine tools 

 
 
Table 1:Dimensions of the CNC milling machine 
 

Height width depth 
1.829m 1.067m 0.914m 

 
The manipulator under study has three rotoid-type links, 
Figure 2. A pivot link with axis ݖଵand perpendicular to the 
other twoaxes ensures the vertical rotation of the manipulator 
between 0 and π/2. This movement covers the work area in 
front of the TORMACH PCNC 440 machine table. The other 
two swivel joints are parallel to each other and perpendicular 
to the first one, positioning the end point M of the 
manipulator in height. Note that in this specific robot, the 
second link is offset from the vertical axis by a length ݀ଶ for a 
better arrangement of the workspace. The ball-and-socket 
connection of the gripper is ensured by three pivot 
connections with concurrent axes. 
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Figure 2:Kinematic structure of the manipulator 

 
The dimensions of the manipulator are summarized in Table 2 
and are expressed in meters. 
 

Table 2:Dimensions of the manipulator 
 ଵ ݀ଶ ݀ଷ ݀ସݎ

1.00 m 0.15m 0.80 m 0.80m 
 

Environmental constraints force us to limit the robot's 
working field. The joint limits within which the manipulator 
operates are shown in Table 3. 

 
Table 3:joint angular limits 

 ଷߠ ଶߠ ଵߠ

	ݐ	0
	ߨ
2 	ݐ	0 

	ߨ
2 ݐ	0  −

	ߨ
2  

 

2.1Structure parameters (modified DH): 
The passage from the reference ܴିଵto the reference ܴis 
expressed as a function of four geometrical parameters [2] [5] 
[10]: 

 ߙ  : Angle between axes ݖିଵandݖ , corresponding to 
a rotation around ݔିଵ ;  

 ݀  : Distance between ݖିଵ andݖalong ݔିଵ ;  
 ߠ୨ : Angle between axesݔିଵet ݔ , correspondingto a 

rotation around ݖ;  
 ݎ  : Distance between axes ݔିଵandݔalongݖ . 
 

These elementary transformations are translated into simple 
translations or rotations: 

 
Rot൫x୨ିଵ ,α୨൯,			Tras൫x୨ିଵ , d୨൯,			Rot൫z୨,θ୨൯	et	Tras(z୨, d୨) 

 
Table 4 summarizes the DH parameters of the robotic 
structure constituting the carrier. 

 
Table 4:Structure parameters 

ߙ   		 ݀ ߠ ݎ 
ܴ−→ ܴଵ 0 0 ߠଵ ݎଵ 

ܴଵ−→ ܴଶ +
	ߨ
2  		݀ଶ ߠଶ 0 

ܴଶ−→ ܴଷ 0 		݀ଷ ߠଷ 0 
 

2.2Trajectoryplanning 
The control applied to the robot is determined by the 
architecture of the machine tool. The workpiece holder 
installed on the milling machine table is accessible from the 
main face of the machine Figure 1.   

 
It is imperative that the robot clamp follows the path shown in 
Figure 3, and is carefully designed to avoid collisions and 
reduce unproductive time. The trajectory is composed of three 
different curves: 

 Slightly upward engagement and disengagement to 
avoid friction with the table. This part concerns joints 
2 and 3 ;  

 A progressive rotation of the clamp, all three motors 
are involved; 

 Gradual lowering of the gripper to deposit or pick up 
the workpiece. 

 
Figure 3:Trajectory of manipulator gripper. 

 
To move from one position to another, appropriate torques are 
applied to the joint motors. Position commandsߠ(݅ =
1, 2, 3)are applied to the system when it is in an initial 
positionߠ (݆ = 1, 2, 3). 

3. GEOMETRIC MODEL: 

3.1direct Model: 
The homogeneous transformation matrix [8] [11] expresses 
the transition from a solid bound to the reference ܴିଵto 
another solid bound to the reference ܴ , the transition matrix is 
obtained by multiplying the elementary matrixes: 

 
ܯ

ିଵ = ൯ߙ,ିଵݔ൫ݐܴ ∗ ,ିଵݔ൫ݏܽݎܶ ݀൯ ∗ ݖ൫ݐܴ ൯ߠ, ∗ ݖ)ݏܽݎܶ ,  )(1)ݎ
 

The formula (1) is therefore: 
 

ܯ
ିଵ =

⎝

⎜
⎛

(ߠ)ݏܿ
൯ߙ൫ݏܿ (ߠ)݊݅ݏ
൯ߙ൫݊݅ݏ (ߠ)݊݅ݏ

0

(ߠ)	݊݅ݏ−
൯ߙ൫ݏܿ				 (ߠ)ݏܿ
൯ߙ൫݊݅ݏ				 (ߠ)ݏܿ

0

0
− ൯ߙ൫݊݅ݏ
(ߙ)	ݏܿ				

	0

݀
(ߙ)݊݅ݏݎ−
(ߙ)ݏܿݎ

1 ⎠

⎟
⎞

 

 
For more space, we retain in the following symbolic writing: 

 
ܿ = ܿ (ߠ)ݏ ; ݏ	 =  (ߠ)	݊݅ݏ

ܿ = ݏ ; (ߠ+ߠ)	ݏܿ =  (ߠ+ߠ)	݊݅ݏ
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The transformation matrices [7] between the robot segments 
considering the parameters in Table4are written as follows: 

 

ଵܯ
 = ൮

ଵܿ
ଵݏ
	0
0

ଵݏ−
			 ଵܿ
		0
0

0
0
1
	0

		0
		0
ଵݎ			
				1

൲ ; ଶܯ			
ଵ = ቌ

ܿଶ
0
ଶݏ
0

ଶݏ−
	0
	ܿଶ
	0

0
−1		
	0
	0

݀ଶ
	0
	0
	1

ቍ 

ଷܯ
ଶ = ቌ

ܿଷ
ଷݏ
0
0

ଷݏ−
ܿଷ
			0
		0

	0
		0	
1
0

݀ଷ
		0
			0
				1

ቍ 

 
Moving from the referenceܴଷto the referenceܴis obtained by 
the following matrix product: 

 
ଷܯ
 = ଵܯ

ܯଶ
ଵܯଷ

ଶ    (2) 
 

The global matrixܯଷ
of the equation (2) can be written: 

 

ଷܯ
 = ൮

ଵܿ ܿଶ ܿଷ − ଵܿݏଶݏଷ
ଵܿଶܿଷݏ − ଷݏଶݏଵݏ
ଶܿଷݏ + ܿଶݏଷ

0

− ଵܿܿଶݏଷ − ଵܿݏଶܿଷ
ଷݏଵܿଶݏ− − ଶܿଷݏଵݏ
ଷݏଶݏ− + ܿଶܿଷ

0

ଵݏ
ଵܿ

0
0

		݀3 ଵܿܿଶ + ݀2 ଵܿ
ଵܿଶݏ3݀ + ଵݏ2݀
ଶݏ3݀ + ଵݎ

1

൲ 

 
Point M, Figure 2, has the following coordinates (݀ସ, 0, 0) in 
ܴଷ. After calculation, its coordinates inܴ are (3): 

 

൮ܯ
ଵܿܿଶଷ݀ସ + ݀ଷ ଵܿܿଶ + ݀ଶ ଵܿ
ଵܿଶଷ݀ସݏ + ݀ଷݏଵܿଶ + ݀ଶݏଵ

ଵݎ+ଶݏଶଷ݀ସ+݀ଷݏ
1

൲(3) 

3.2Inverse model: 
The inverse problem [6], [9],[11] consists in evaluating the 
articular coordinates corresponding to a given position of the 
terminal organ, according to the Cartesian coordinates. The 
inverse geometrical model is used to calculate the position of 
each robot link as a function of the position and orientation of 
the end organ. The inverse matrix of the model is given as 
follows : 

 

ିଵܯ
 =

⎝

⎜
⎛
(ߠ)	ݏܿ
(ߠ)݊݅ݏ−

0
0

(ߠ)	݊݅ݏ)൯ߙ൫ݏܿ
൯ߙ൫ݏܿ (ߠ)ݏܿ

൯ߙ൫݊݅ݏ−
0

൯ߙ൫݊݅ݏ		 (ߠ)݊݅ݏ
(ߠ)	ݏ൯ܿߙ൫݊݅ݏ

(ߙ)	ݏܿ
	0

− ݀ܿݏ	(ߠ)
݀݊݅ݏ(ߠ)
ݎ−
						1 ⎠

⎟
⎞

(4) 

 
(4) is used to write elementary inverse matrices : 
 

ܯ
ଵ = ൮

ଵܿ
ଵݏ−
	0
0

ଵݏ
ଵܿ

0
0

	0
	0
	1
	0

			0
				0
ଵݎ−
				1

൲ ; ଵܯ	
ଶ = ቌ

ܿଶ
ଶݏ−

0
0

0
0
−1
0

ଶݏ		
ܿଶ
0
0

−݀ଶܿଶ
			݀ଶݏଶ
	0
	1

ቍ; 

ଶܯ
ଷ = ቌ

ܿଷ
ଷݏ−

0
0

ଷݏ		
		ܿଷ
0
0

		0
		0
	1
	0

−݀ଷܿଷ
			݀ଷݏଷ

0
1

ቍ 

 
The equations of the direct model are: 

൮

ܺ
ܻ
ܼ
1

൲ = ଵܯ
ܯଶ

ଵܯଷ
ଶ൮

݀ସ
0
0
1

൲(5) 

 

To find the solutions to the inverse equation, the two 
members of equation (4) are premultiplied successively by the 
matricesܯିଵ

 opposite ofܯ
ିଵfor j varying from 1 to 3. These 

operations make it possible to isolate and identify the articular 
variablesߠ we are looking for successively. In this case we 
proceed as follows: 
By multiplying (5) on both sides byܯ

ଵ we get (6). 
 

ܯ
ଵ ∗ ൮

ܺ
ܻ
ܼ
1

൲ = ଶܯ
ଵ ∗ ଷܯ

ଶ ∗ ൮

݀ସ
0
0
1

൲(6) 

 
Once we do the math, we will have (7): 
 

ቐ
ܺ ଵܿ + ܻݏଵ = ݀ସ(ܿଶܿଷ − (ଷݏଶݏ + ݀ଷܿଶ + ݀ଶ

−ܺݏଵ + ܻ ଵܿ = 0																																																							
ܼ− ଵݎ = ݀ସ(ݏଶܿଷ + ܿଶݏଷ) + ݀ଷݏଶ

(7) 

 
The second line of (7) is an independent equation: 
 

−ܺݏଵ + ܻ ଵܿ = 0(8) 
 

We deduce ߠଵ using the function atan2 [12]: 
 

ଵߠ = )2݊ܽݐܽ ܻ/ܺ)(9) 
 

On either side, we multiply the relation (6) byܯଵ
ଶopposite of 

ଶܯ
ଵ, we get: 

ଵܯ
ଶܯ

ଵ൮

ܺ
ܻ
ܼ
1

൲ = ଷܯ
ଶ ൮

݀ସ
0
0
1

൲(10) 

 
After our calculation, we get (11): 
 

൜
( ܺ ଵܿ + ܻݏଵ − ݀ଶ)ܿଶ + (ܼ− ଵݏ(ଵݎ = ݀ସܿଷ + ݀ଷ

(ܼ− ଵ)ܿଶݎ + (ܺ ଵܿ + ܻݏଵ − ݀ଶ)ݏଶ = ݀ସݏଷ
(11) 

 
 We put: 

൜
ܣ = (ܺ ଵܿ + ܻݏଵ − ݀ଶ)

ܤ = (ܼ − (ଵݎ (12) 
So: 

൜ܿܣଶ + ଶݏܤ − ݀ଷ = ݀ସܿଷ
ଶܿܤ ଶݏܣ− = ݀ସݏଷ

(13) 
 

By squaring, the two equations (13) to eliminate 
 :ଷand we getߠ

ଷܿଶ݀ܣ2 + ଶݏଷ݀ܤ2 = ଶܣ + ଶܤ + ݀ଷଶ − ݀ସଶ(14) 
 

Equation (14) is written in the form: 
ଶݏଵܭ ଶܿଶܭ+ =  ଷ (15)ܭ

 

With:ቐ
ଵܭ = ଷ݀ܤ2
ଶܭ = ଷ݀ܣ2

ଷܭ = ଶܣ + ଶܤ + ݀ଷଶ − ݀ସଶ
 

 
Equation (15) is also written like the following: 

 
ଵଶܭ) + ଶଶݏ(ଶଶܭ − ଶݏଷܭଵܭ2 − ଶଶܭ) − (ଷଶܭ = 0(16) 
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(16) is a second-order equation and its solutions are: 

ଶݏ =
భయ±మට(భమାమ

మିయ
మ)

(భమାమమ)
(17) 

ܿଶ =
మయ±భට(భమାమ

మିయ
మ)

(భమାమమ)
(18) 

 
The relation between equations (17) and (18) makes possible 
to deduceߠଶ (19). 

 
ଶߠ = ,ଶݏ)2݊ܽݐܽ ܿଶ)(19) 

 
 ଷ(20) is evaluated by the relation of the two systemߠ
equations (13): 

 
ଷߠ = ଶܿܤ)2݊ܽݐܽ + ଶݏܣ , ଶܿܣ + ଶݏܤ − ݀ଷ)


The solution of the inverse geometric model is not 
unique;therefore, a point in robot space can be reached with 
several different postures. The choice of a posture is 
determined by the obstacles that exist in the workspace. 
Simulations are performed in MATLAB to validate the direct 
and inverse geometric models (Figure 4, 5, 6, and 7). 

4. KINEMATIC MODEL  

4.1Direct kinematic model  
The direct kinematic model expresses the speed of the end 
unit as a function of the joint speeds [7]. The direct model is 
calculated as follows (21): 

 
ܺ̇ =  (21) ݍ̇(ݍ)ܬ

 
WhereJ(q)denotes the Jacobian matrix of dimension (mxn) of 
the mechanism. 

 
If for a configuration, det(J(q)) = 0, then there is a singularity. 
The robot gets instantly lost and the control program must 
react to these situations. The problem also arises if the robot 
is asked to reach points outside its working area (Figure 8, 9 
and 10). 

4.2Inverse model: 
The inverse kinematic model expresses the angular velocities 
of the joints as a function of wrist speed. The jacobian makes 
it possible to calculate a solution of the articular variables q 
knowing the operational coordinates X (22). 

 
ݍ̇ 	=  (22) ̇ܺ(ݍ)ଵିܬ

 
MATLAB scripts have been developed to validate the 

direct and inverse kinematic models of this manipulator. 

4.3Jacobian of the studied structure: 
The Jacobian matrix is calculated by derivation of the direct 
geometric model: 

 
ܬ = డ

డೕ
Wherei=1…m and j=1…n andܬ element (i, j) of 

the matrix(ݍ)ܬ. 

From equation (3) the following Jacobian is deduced: 
 

()ࡶ = 

ቌ
ଵ(݀ଷܿଶݏ− + ݀ସܿଶଷ + ݀ଶ) − ଵܿ(݀ଷ ∗ ଶݏ + ݀ସݏଶଷ) −݀ସ ଵܿݏଶଷ
ଵܿ(݀ଷܿଶ + ݀ସܿଶଷ + ݀ଶ) ଵ(݀ଷݏ− ∗ ଶݏ + ݀ସݏଶଷ) −݀ସݏଵݏଶଷ

0 ݀ଷܿଶ + ݀ସܿଶଷ ݀ସܿଶଷ
ቍ(23) 

5. DYNAMIC MODEL 

5.1Choice of model 
The dynamic model is the relation between the static torsor 
(forces and torques) applied to the actuators of the links and 
the dynamic torsor of the robot segments. The dynamic model 
can be expressed by the relation (24), [13]: 

 
߬ = ,ݍ)݂ ,ݍ̇  )                             (24)ܨ,ݍ̈

Where: 
߬ :Actuator torque/force vectors, depending on whether the 
joint is rotoid or prismatic.  

 .Vector of joint positions : ݍ
 .Articular velocity vector : ݍ̇
 .Vector of joint accelerations :ݍ̈

Fୣ: Vector representing the external forces (forces and 
torques) exerted by the manipulator on his environment. 

 
Several formalisms are used to elaborate the dynamic 
equations of the robots. The best known formalisms are [14] : 

 The formalism of Lagrange-Euler; 
 The formalism of Newton-Euler. 

 
In this work, we are interested in the formalism of Lagrange-
Euler. The equations of this formalism [15] are: 

 
߬ = ௗ

ௗ௧
ቀడ(,̇)

డ̇
ቁ − డ(,̇)

డ
                      (25) 

 
Where the Lagrangianݍ)ܮ,  is expressed as a function of the(ݍ̇
kinetic energyݍ)ܧ,  byrelation(ݍ)and the potential energyܷ(ݍ̇
[16]: 

 
,ݍ)ܮ (ݍ̇ = ,ݍ)ܧ −(ݍ̇  (26)                      (ݍ)ܷ

 
Equations (25) can be written as [16]: 

 
߬ = (ݍ)ܦ ∗ ݍ̈ + ℎ(ݍ, (ݍ̇ + (ݍ)݃ +  (27)               (ݍ̇)ܾ

 
 Inertia matrix of dimension (n x n) :(ݍ)ܦ
ℎ(ݍ,  .Vector of centrifugal and Coriolis forces :(ݍ̇
 .Load gravity force vector :(ݍ)݃
 .Friction in connections :(ݍ̇)ܾ
 

In this case, we study a didactic manipulator with three 
degrees of freedom of the rotoid type from which: 

 

ݍ = ൭
ଵߠ
ଶߠ
ଷߠ
൱and߬ = ൭

߬ଵ
߬ଶ
߬ଷ
൱ 
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5.2Assessment of torques and forces  

5.2.1Torques: 
In the centre of each joint there is a torque ܶapplied by arm i 
to arm j. The opposite torque is ܶ = − ܶ.The torques are 
expressed inܴ, they are respectively noted (28): 
 

ቐ
ܶଵ = ( ܶଵ௫ , ܶଵ௬ , ܶଵ௭)

ଵܶଶ = ( ଵܶଶ௫ , ଵܶଶ௬ , ଵܶଶ௭)

ଶܶଷ = ( ଶܶଷ௫ , ܶଵ௬ , ଶܶଷ௭)
                    (28) 

5.2.2 Forces applied to the manipulator arms 
There are three forces of gravity applied to the centers of 
gravity of the robot segments, which are respectively 
namedܩ (i=1, 2, 3). If necessary, arm 3 can support a load of 
weightܩat its end. These loads are expressed respectively by 
(29): 

 

൜ܩ = −݉݃
ܩ = −݉݃

                            (29) 

 
Note that ݉ is the mass of arm i, and ݉ is the mass of the 
load. 

5.2.3Generalized forces: 
Generalized forces߬are also expressed by (30) [17]: 
 

߬ = డఠ
డഢ̇

ܶ + డ
డഢ̇

 (30)                             ܨ
Where i=1, 2, 3. 
Whereω is the angular velocity of the rigid body expressed in 
R0, ܸis the velocity of the center of mass of a solid in the 
base frameܴ.T and Fare respectively the torque and the force 
acting on a segment of the robot. 

 
In this case, the contribution to the generalized forceτ୧, of the 
different pivot links (1, 2, 3) is given respectively by (31): 

 
߬ = ߬ଵ + ߬ଶ + ߬ଷ                                (31) 

And: 

⎩
⎪
⎨

⎪
⎧߬ଵ = డఠభబ

డഢ̇
( ܶଵ − ଵܶଶ) + డಸభ

డഢ̇
ଵܩ

߬ଶ = డఠమబ
డഢ̇

( ଵܶଶ − ଶܶଷ) + డಸమ
డഢ̇

ଶܩ

߬ଷ = డఠయబ
డഢ̇

( ଶܶଷ) + డಸయ
డഢ̇

ଷܩ

(32) 

 
Therefore, the generalized forcesτ୧acting on the link are 
respectively expressed by: 

 
߬ଵ = డఠభబ

డభ̇
( ܶଵ − ଵܶଶ) + డభ

డభ̇
ଵܩ + డఠమబ

డభ̇
( ଵܶଶ − ଶܶଷ) + డమ

డభ̇
ଶܩ + డఠయబ

డభ̇
( ଶܶଷ) +

డయ
డభ̇

ଷܩ + డಾ
డభ̇

   (33)ܩ

߬ଶ = డఠభబ

డమ̇
( ܶଵ − ଵܶଶ) + డభ

డమ̇
ଵܩ + డఠమబ

డమ̇
( ଵܶଶ − ଶܶଷ) + డమ

డమ̇
ଶܩ + డఠయబ

డమ̇
( ଶܶଷ) +

డయ
డమ̇

ଷܩ + డಾ
డమ̇

                                                                                (34)ܩ

߬ଷ = డఠభబ

డయ̇
( ܶଵ − ଵܶଶ) + డభ

డయ̇
ଵܩ + డఠమబ

డయ̇
( ଵܶଶ − ଶܶଷ) + డమ

డయ̇
ଶܩ + డఠయబ

డయ̇
( ଶܶଷ) +

											డయ
డయ̇

ଷܩ + డಾ
డయ̇

         (35)ܩ

 
Calculations are giving (36): 
 

൞

߬ଵ = ܶଵ௭
߬ଶ = ଵܶଶ௭ −݉ଷ݃ܮଷܿଶଷ −݉ଶ݃ܮଶܿଶ −݉ଷ݃݀ଷܿଶ

−݉݃݀ସܿଶଷ−݉݃݀ଷܿଶ
߬ଷ = ଶܶଷ௭ −݉ଷ݃ܮଷܿଶଷ−݉݃݀ସܿଶଷ

(36) 

5.3Lagrangian calculation of the articulated system 

5.3.1Kinetic energy 
The calculation of the kinetic energy of a body depends on its 
linear velocity, angular velocity and the moments of inertia of 
its components. 

 
The inertia matrices of the manipulator segments are 
expressed at the centers of mass. Solids 2 and 3 are assumed 
to be symmetrical with respect to axes x2 and x3 respectively. 
Solid 1 is symmetrical with respect to theݔଵݖଵplane. The 
inertia matrices are of the form: 

 

ଵܫ = ቌ
௫ଵܫ 0 ௫ଵ௭ଵܫ−
0 ௬ଵܫ 0

௫ଵ௭ଵܫ− 0 ௭ଵܫ
ቍ;ܫଶ = ቌ

௫ଶܫ 0 0
0 ௬ଶܫ 0
0 0 ௭ଶܫ

ቍ 

ଷܫ = ቌ
௫ଷܫ 0 0
0 ௬ଷܫ 0
0 0 ௭ଷܫ

ቍ 

 
The kinetic energy of a body i is expressed byܧ (37): 
 

⎩
⎪
⎨

⎪
1ܧ⎧ = 1

2
1߱10ܫ10߱ൣ

ܶ + 1ܩݒ1݉
2 ൧

2ܧ = 1

2
2߱20ܫ20߱ൣ

ܶ + 2ܩݒ2݉
2 ൧

3ܧ = 1

2
3߱30ܫ30߱ൣ

ܶ + 3ܩݒ3݉
2 ൧

                    (37) 

Where : 

ቐ
߱ଵ = ൫0,0,ߠଵ̇൯

߱ଶ = ߱ଵ + ଵܯ
ܯଶ

ଵ߱ଶଶ
்

߱ଷ = ߱ଶ ଵܯ+
ܯଶ

ଵܯଷ
ଶ߱ଷଷ

்
 

 
߱ଵଵ = (0,0, ଵ̇);  ߱ଶଶߠ = ଷଷ߱  ;(ଶ̇ߠ,0,0) =  ;(ଷ̇ߠ,0,0)
߱is the angular velocity of the solid i in the frame Ri; 
߱is the angular velocity of the solid i in the frame R0; 
߱
் is the transpose of  ߱ ; 

 is the linear velocity of the centre of mass of the solid iீݒ
in the reference frame R0. 

 
The coordinates of the center of mass of segment 1 in the base 
frame R0are: 

൝
ଵݔ = ݈ଵ ଵܿ
ଵݕ = ݈ଵݏଵ

ଵݖ = ଵݎ − ݇ଵ
(38) 

 
The coordinates of the center of mass of segment 2 in the base 
frame R0are: 

൝
ଶݔ = ݀ଶ ଵܿ + ݈ଶ ଵܿܿଶ
ଶݕ = ݀ଶݏଵ + ݈ଶݏଵܿଶ
ଶݖ = ݈ଶݏଶ + ଵݎ

(39) 

 
The coordinates of the center of mass of segment 3 in base 
frame R0 are: 

൝
ଷݔ = ݀ଶ ଵܿ + ݈ଷ ଵܿܿଶଷ + ݀ଷ ଵܿܿଶ
ଷݕ = ݀ଶݏଵ + ݈ଷݏଵܿଶଷ + ݀ଷݏଵܿଶ

ଷݖ = ݈ଷݏଶଷ+݀ଷݏଶ+ݎଵ
(40) 
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By derivation of (38), (39) and (40), we obtain the speeds of 
the centers of gravity of arms 1, 2 and 3: 
 

ଵீݒ = ቐ
ଵ̇ݔ = ଵݏଵߠ̇ܽ−
ଵ̇ݕ = ଶߠ̇ܽ ଵܿ
ଵ̇ݖ = 0											

(41) 

And 

ଶீݒ = ቐ
ଶ̇ݔ = −݀ଶ̇ߠଵݏଵ − ݈ଶ[̇ߠଵݏଵܿଶ + ଶߠ̇ ଵܿݏଶ]
ଶ̇ݕ = ݀ଶ̇ߠଵ ଵܿ + ݈ଶൣ̇ߠଵ ଵܿܿଶ − ଶ൧ݏଵݏଶߠ̇

ଶ̇ݖ = ݈ଶ̇ߠଶܿଶ

(42) 

And finally: 
ଷீݒ =

൞
ଷ̇ݔ = −݈ଷൣ̇ߠଵݏଵܿଶଷ + ൫̇ߠଶ + ଷ൯ߠ̇ ଵܿݏଶଷ൧ − ݀ଷൣ̇ߠଵݏଵܿଶ+̇ߠଶ ଵܿݏଶ൧ − ݀ଶ̇ߠଵݏଵ
ଷ̇ݕ = ݈ଷൣ̇ߠଵ ଵܿܿଶଷ − ൫̇ߠଶ + ଶଷ൧ݏଵݏଷ൯ߠ̇ + ݀ଷൣ̇ߠଵ ଵܿܿଶ−̇ߠଶݏଵݏଶ൧ − ݀ଶ̇ߠଵ ଵܿ			

ଷ̇ݖ = ݈ଷ(̇ߠଶ + ଶܿଶߠଷ)ܿଶଷ+݀ଷ̇ߠ̇

(43) 

 
In the end, the total kinetic energy is then: 
 

ܧ =  ଷ                                    (44)ܧ+ଶܧ+ଵܧ
 
The final result is calculated by a Matlab script to avoid 
possible errors.  

5.3.2Calculation of the potential energy of the structure: 
The total potential energy is given by the following relation: 

 
ܷ = ݉ଵ݃ݖଵ + ݉ଶ݃ݖଶ + ݉ଷ݃ݖଷ(45) 

 
By calculating, we get: 

 
ܷ = ݃[݉ଵ(ݎଵ − ݇ଵ) +݉ଶ(ݎଵ + ݈ଶݏଶ) +݉ଷ(ݎଵ + ݀ଷݏଶ + ݈ଷݏଶଷ)] 

5.3.3Dynamic structural equation: 
The differential equations of the articulated system are 
expressed by the following relationships [17] [18]. 

 

⎩
⎪
⎨

⎪
⎧߬ଵ = ௗ

ௗ௧
ቀడ(ఏభ,ఏ̇భ)

డఏ̇భ
ቁ − డ(ఏభ,ఏ̇భ)

డఏభ

߬ଶ = ௗ
ௗ௧
ቀడ(ఏమ,ఏ̇మ)

డఏ̇మ
ቁ − డ(ఏమ,ఏ̇మ)

డఏమ

߬ଷ = ௗ
ௗ௧
ቀడ(ఏయ,ఏ̇య)

డఏ̇య
ቁ − డ(ఏయ,ఏ̇య)

డఏయ

(46) 

 
By identification between equations (36) and (46), the torques 
at the joints are deduced, they are carried by theݖaxis of the i 
link. These are the equations of motion of the articulated 
structure. It is also the direct dynamic model (47). 

 

⎩
⎪⎪
⎨

⎪⎪
⎧ ܶଵ௭ = ௗ

ௗ௧
ቀడ(ఏభ,ఏ̇భ)

డఏ̇భ
ቁ − డ൫ఏభ,ఏ̇భ൯

డఏభ

ଵܶଶ௭ = ௗ
ௗ௧
ቀడ൫ఏమ,ఏ̇మ൯

డఏ̇మ
ቁ − డ൫ఏమ,ఏ̇మ൯

డఏమ
+݉ଷ݃ܮଷܿଶଷ +݉ଶ݃ܮଶܿଶ +

݉ଷ݃݀ଷܿଶ +݉݃݀ସܿଶଷ + ݉݃݀ଷܿଶ

ଶܶଷ௭ = ௗ
ௗ௧
ቀడ(ఏయ,ఏ̇య)

డఏ̇య
ቁ − డ(ఏయ,ఏ̇య)

డఏయ
+ ݉ଷ݃ܮଷܿଶଷ +݉݃݀ସܿଶଷ

   (47) 

5.3.4Proposed command: 
Several control techniques are used in robotics [19], [20]. In 
this context, dynamic control is preferred. The system under 
study presents non-linear and strongly coupled dynamic 

equations.  A gravity vector is brought into the control 
equations to overcome the above problems. 

 
The PD control equations used are (48): 
 

⎩
⎪
⎨

⎪
⎧ ܶଵ௭ = 	 ௦ଵܭ

ௗ(ఏభିఏభ)

ௗ௧
+ ଵߠ)ଵܭ − 																																																	(ଵߠ

ଵܶଶ௭ = ௦ଶܭ
ௗ(ఏమିఏమ)

ௗ௧
+ ଶߠ)ଶܭ − (ଶߠ + ݉ଷ݃ܮଷܿଶଷ + ݉ଶ݃ܮଶܿଶ +

݉ଷ݃݀ଷܿଶ + ݉݃݀ସܿଶଷ + ݉݃݀ଷܿଶ

ଶܶଷ௭ = ௦ଷܭ
ௗ(ఏయିఏయ)

ௗ௧
+ ଷߠଷ൫ܭ − ଷ൯ߠ + ݉ଷ݃ܮଷܿଶଷ + ݉݃݀ସܿଶଷ

(48) 

 
 is theߠ .௦are respectively position and speed gainsܭandܭ
desired angular position for joint i, Figure 3. 

 
The identification between equations (47) and (48) gives us 
the results we are looking for. The differential equations are 
solved numerically using MATLAB scripts.  

6. SIMULATIONS AND DISCUSSIONS: 

6.1Direct geometric model 
It is validated by Figure 4 plotted forߠଵ = − 

ଶ
à + 

ଶ
ଶߠ ,  = 0 

andߠଷ = 0 and Figure 5 plotted forߠଵ = ଶߠ ,0 = − 
ଶ

to +

ଶ
and ߠଷ = 0. 

 
Figure 4:Horizontal wrist space 

 

 
Figure 5:Vertical wrist space 

 
The overall working space of the manipulator in accordance 
with the technical specifications listed in Table 3 above, is 
shown in Figure 6. 
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Figure 6:Robot workspace 

6.2Inverse geometric model: 
Simulations are performed on a case-specific graphical user 
interface designed in MATLAB. The interface is composed of 
three parts; the left part is reserved for the different postures. 
The right field is made up of two frames, the upper frame is 
designed for the direct model, in this part, we give the value 
of the angles and we recover the absolute cartesian 
coordinates X0, Y0 and Z0. The lower frame checks the 
inverse geometric model, the cartesian coordinates are 
retrieved, and the system returns the angular coordinates. 
These results will be useful to check the position command of 
the system. Figure 7 clarifies this. 

 
Figure 7:A position in space. 

6.3Direct kinematic model 
Note that the angular velocities are constant in all subsequent 
kinematic simulations. 

Case 1:ߠଶ̇=ߠଷ̇=0andߠଵ̇ =  .ݏ/݀ݎ0.1
In Figure 8, the plot corresponds to the linear velocity along 
the two axes X0, Y0 while the velocity VZ is a zero. 
 

 
Figure 8:Wrist linear velocity case 1. 

Case 2:ߠଵ̇ = ଶ̇ߠ,ݏ/݀ݎ0.1 = 0.1rd/sܽ݊݀ߠଷ̇ = 0 
The wrist generates a trajectory around axes Z1 and Z2, the 
robot in this case has two degrees of freedom.The linear 
velocities VX, VY and VZalong the three axes, for this second 
case, are shown in Figure 9. 

 

 
Figure 9:Wrist linear velocity case 1 

Case 3: ߠଵ̇ = ଶ̇ߠ = ଵ̇ߠ =  ݏ/݀ݎ0.1
The linear velocity of the robot end in any given case is 
explained in Figure 10. 

 

 
Figure 10:Speed per axis, case 3 

6.4Dynamic model 
Table 5 gives the indicative values of the parameters used to 
validate the dynamic control proposed above for this training 
robot: 

 
Table 5:Indicative parameters values 

 ଷ௭ Gܫ ଷ௬ܫ ଷ௫ܫ ଶ௭ܫ ଶ௬ܫ ଶ௫ܫ ଵ௭ܫ
0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.98 
 ଷ ݇ଵ ݉ଵ ݉ଶ ݉ଷ ݉ܮ ଶܮ ଵܮ
0.1 0.4 0.4 0.2 3 3 3 2 

6.4.1System’s step response: 
The gripper is controlled to move from an initial position 
(θଵ୧ = 0,θଶ୧ = 0, θଷ୧ = 0) to an end position (θଵ = π

ଶ
 , 

θଶ = π
ଶ
, θଷ = − π

ଶ
). Figure 11 shows that the selected 

controller meets our needs very well. The correct setting of 
the coefficientsKୱ୧ andK୮୧allows getting better results. 
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Figure 11:Angular position control 

 
The motor speeds will be zero when the desired position is 
reached, Figure 12. 

 
Figure 12 :Angular speed control 

 
The motor torques acting on the robot segments to reach the 
desired position are shown in Figure 13. Note that torques T2 
and T3 do not cancel each other even if the target is reached 
because of the weight of the components. 

 

 
Figure 13 :Motor torques 

6.4.2 System’s sinus response: 
In the following case the desired position is sinusoidal in the 
formθ୧ = A୧sin	(ω୧t), The initial conditions taken in the 
following simulations are (θଵ୧ = 

଼
, θଶ୧ = 


 , θଷ୧ = 

ସ
). 

The signal reaches the desired destination very quickly, which 
justifies a good choice of model as well as position and speed 
gains. The convergence isquiteclear in Figures 14 and 15. 

 

 
Figure 14:Sinusoidal signal control. 

 

 
Figure 15 :Joint speed control 

 
Figure 16 shows the controls applied to achieve satisfactory 
convergence.  

 

 
Figure 16 : Torques applied to motors. 

7. CONCLUSION AND PERSPECTIVES 
In this research work, we were interested in designing and 
manufacturing a small robot loader and unloader of a CNC 
machine tool. This manipulator will be used for practical 
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robotics works in our workshops. All mathematical models 
were developed and validated by simulations to justify the 
theoretical results found. Several Matlab scripts were 
developed and tested to make complex calculations and avoid 
possible errors. 
 
The dynamic control proposed for the studied robot is very 
satisfactory; it suffices to act carefully on the various 
parameters that act on the regulation loop. 

 
The realization part will be performed in collaboration with 
other departments. An infrastructure is already in place to 
finalize this work. 
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