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Study of Schrodinger Equation with Quantum Deformation for
Three-Dimensional Harmonic Oscillator plus Inverse Quadratic Potential by
Hypergeometric Method

ABSTRACT

The Schrodinger equation with quantum deformation for
three-dimensional Harmonic Oscillator plus Inverse
Quadratic potential was obtained the solution by
Hypergeometric method with substituting variable and
parameter to reduce Schrodinger equation into second order
Hypergeometric differential equation. The non-relativistic
energy was obtained from condition a=-n and wave function
was expressed by Hypergeometric function. The results were
calculated and visualized by Matlab R2013a software. The
energy spectrum and wave function depend on the quantum
deformation and quantum number parameters.

Key words : Hypergeometric Method, Oscillator plus Inverse
Quadratic potential, Quantum deformation, Schrodinger
equation.

1. INTRODUCTION

The behavior of particle could be described by Schrodinger
equation [1]. In Schrodinger equation, a particle was
considered as electromagnetic wave where the total of energy
was quantized as energy of one photon [2]. The Schrodinger
equation was influenced by potential, shape invariance
potential, to obtain the solution exactly. The potential was
position function that was used to reduce the Schrodinger
equation into differential equation of Hypergeometric
function. Some potentials were used to solve the Schrodinger
equation such as Kratzer, Hulthen, Coulomb, Harmonic
Oscillator, Poschl-Teller, Rosen Morse, Manning Rosen,
Eckart and Woods-Saxon potentials [3-7].

Some methods were often used to solve the Schrodinger
equation with shape invariance potential such as
Nikiforov-Uvarov (NU), Asymptotic Iteration Method (AIM),
Supersymmetry Quantum Mechanics and Hypergeometric
methods [3,4,8-12].
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In quantum mechanics, the anharmonic vibrational motion of
molecule was the motion of harmonic mathematically. The
anharmonic oscillator in quantum system consist of harmonic
oscillator and inverse quadratic [14]. Several researchers had
investigated the g-deformed quantum Harmonic Oscillator
that describe about the vibrational and rotational motions of
particles [15]. The deformation was applied in mathematical,
physics and chemistry, such as nuclear and high energy
physics, quantum hall effect, black holes, cosmic string,
conductance of metals and semiconductors, and analyzed of
phonon spectrum [16-18].

The paper is organized as follows. In section 2, the basic
theory of Schrodinger equation, g-deformed quantum, and
Harmonic Oscillator plus Inverse Quadratic potential. In
section 3, study about Hypergeometric method, results and
discussion in section 4, and finally conclusion in section 5.

2. BASIC THEORY
2.1 Schrodinger Equation
The general of time-independent Schrodinger equation with

mas m and vector potential ¥ () was written by [10,19-20]
hZ
( o — VA4V (r )J¢(r,0,¢) =E¢(r,0,0)

with the Laplacian operator was given as [13]

Hol )bt

sin@
or ) sing 69 06 ) sin?6 d¢? @
and wave function [10,19]
G(r)
¢(r.0,p)= Y (6.0)
r ©)

By inserting equations (2) and (3) into (1), the radial part of
Schrodinger equation was written as

[;: I(Irjl) ilm(E V)jG:O

1)
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2.2 Quantum Deformation

The form of Schrodinger equation with g-deformed quantum
mechanics in equation (4) was written as

[ﬁz _'('rj1)+i_T(E +V)jG =0

)

where the operator of momentum and position as [17,18,21]

p = —inD, :—ih(l+qr2)%,f<:r ©

By using equation (6), the form of Schrodinger equation in
equation (5) becomes

[Df— I(Irjl)+i—T(E +V)jG 0

(7)
with
2 o° 0
DY =(1+qr?)=—+2qr(1+qr’)=—
' ( a )al‘z a ( a )ar (8)
Set the variable as [18]
X= \/ar —dr= o
Ja 9)
By inserting equation (9) into equation (8), we have
. 2 07 N0 0
DY =q(1+x*) 5 +20x(1+X°)—=—
OX ox or (10)

Equation (10) was the general equation of g-deformed
quantum deformation in radial part.

2.3 Three-Dimensional Harmonic Oscillator plus Inverse
Quadratic Potential

The Three-dimensional Harmonic Oscillator plus Inverse
Quadratic potential was defined as [14,19,22-24]

V(r):ar2+rb—2

(11)
with a = 5 mes~ and b was force of external field.

By Changing the » variable in equation (11) into equation
(9), the three-dimensional Harmonic Oscillator plus Inverse
Quadratic potential becomes
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(12)

By inserting equations (10) and (12) into (4), we have
2 I(1+1
@) L8 oxas xz)d—G—#G
dx dx

X
2
+ %JFZ_T %4—% G=0
oz} n°\q X

Equation (13) would be reduced into the Schrodinger
equation with variable substitution by using Hypergeometric
method.

(13)

3. HYPERGEOMETRIC METHOD

The general form of Hypergeometric function was described
by [4,25]

s(1-s)g"(s)+(c—(a+b+1)s)g'(s)-a'b'g(s) =0 (14)

The solution of wave function of Hypergeometric function
was given as [1,8-9]

g(S)ZZ

F.(a'b'c’s)

s=0

2 (a), (b), s"
Z (c), n! (15)

The solution of equation (15) has the form of polynomial rank
nwitha' =—nor b = —n.

4. RESULT AND DISCUSSION

The equation (13) would be obtained the solution by changing
the variable as

X = tan y — dx =sec’ ydy

(16)
Equation (13) becomes
2mb
[(1+1
d°G ((+)+ hzj 2ma. ,  2mE
> 5 +——tan"y+——|G=0
dy tany qn h
17)
or



2mb 2ma
d’G @U+”_;fj_ |
dy? sin?y cos’y
—[I (1+1)- er;b + Zm? + 2sz]G =0
h o)/ o)/} (18)
By setting
- 1i\/1+4(|(|+1)—2;;b)
n(n-1 :(I 1+1)-—; j—)n:
(n-1)=(101+2)- = 2 -
1+ 1+4{2TaJ
2ma
v(v-1)=—F ->v=
g7 2 (20)
E':[I(I+l)—2n;b+2m?+2m2Ej
h gh oz} (1)
Equation (18) becomes
2 -1 -1
6 _[nln=1) _v-Y)s gg_g
dy sin“y cos”y 22)

The form of equation (22) like the general form of second
order differential Schrodinger equation with Pdschl-Teller
potential [1,3] that could be solved by Hypergeometric
method.

By using variable approximation as

cos’y=s —>3—S: —2sinycosy =-2,/s(1-s)
y

(23)
By inserting equations (23) into (22), we have

o' +(1_25)1_§+(5_M_MJG _o

s(1-s)

The wave function of Hypergeometric was given as
G=5s" (1—s)ﬁg(s) (25)

By substituting equations (25) into (24), we have

s(l—s)g"+[(2a+%)—(2a +2ﬂ+1)s)g'+(%—(a+ﬂ)z)g :0(26)
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By comparing equations (14) and (26), we have the
parameters

a'+b'=2a+2p (27)
a':(a+ﬁ)—£
2 (28)
b'=(a +ﬁ)+£
2 (29)
c=2a +l
2 (30)
1% }1+4(|(l+1)—2"lb)
a=1- d
2 4 (31)
1% 1+ 4(2:161)
_b_
F=3 4 (32)
The energy equation was obtained as
E.=(n +u+2n)2 (33)
with E" = E,, in equation (21), equation (33) becomes
1i\/1+4(|(|+1)—2r2b] 1i\/1+4(2”la]
h h
) + +2n
_an” 2 2
T 2m
-I(1 +1)+2r2b—2—mf1

Equation (34) was analytic energy equation for solution of
Schrodinger equation with quantum deformation on
Three-dimensional Harmonic Oscillator plus Inverse
Quadratic potential. The numerical result of energy equation
in equation (34) was calculated by Matlab R2013a software
that were showed in Table 1.

Table 1: The Energy for Schrodinger Equation with Quantum
Deformation on Three-Dimensional Harmonic Oscillator plus
Inverse Quadratic Potential with @ = & = 0.05

g |n E n E n E
Oio 0.23448 0.40784 0.62119
0.0 0.66221 1.23218 1.96215

4 1 2 3
0%0 1.04547 1.99214 3.21880
0.1 1.41423 2.73109 4.44796
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0.4 4.92280 9.86152 16'43002

0.7 8.36378 16.%940 28.%243

1 11.7911 23.9069 40.0227
5 5 4

In Table 1 is shown that the energy of the system that is
affected by g-deformed quantum are the positive values. In
this case, the increase of radial quantum number causes the
increase of energy spectrum. The increase of quantum
deformation causes the increase of energy spectrum.

Furthermore, the wave function was obtained by inserting
equations (23), (38-32) into (25) that was given as

1+ 1+4[I(I+1)—2hlzbj
G =(cos’y) 4 x

2ma
72

(s y){““‘f

2Fl(—n,Za +2B+1,2a +l;cos2 yj
2 (35)

with @ and b were parameters of potential.

The wave function equation was expressed as a function of
guantum number that is shown in Table 2.

Table 1: The Wave Function for Schrodinger Equation with
Quantum Deformation on Three-Dimensional Harmonic Oscillator
plus Inverse Quadratic Potential with Quantum Number Variations

4

C '(Za +%)(2a +gjx
B 2(2a+2p +3)(cosz y)+(2a +28+3)(200+28+4)

3] a2

G, =(cos’y)

1+ 1“{21;)
n

4

1+ 1+4[ I( I+1)72hl2b)
X

(sin®y)

(cos’ y)2

n Gy
1+ 1+4(I(I+1)—zhlzbj
G, = (cos’ y) 4 X
0
1+ 1+4(2hmzaj
(sin®y) 4 ol
1+ 1+4[I(I+1)—2hl2b)
G, =—(cos’y) 4 x
(sin?y) ¢ : C'(Za +%j 1—M(cos2 y)

e
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and the wave function are visualized by Matlab R2013a
software that shown in Figure 1., Figure 2., and Figure 3.
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Figure 1: Wave Function of Schrodinger Equation for
Three-Dimensional Harmonic Oscillator plus Inverse
Quadratic Potential with g = 0.01

wave function

Figure 2: Wave Function of Schrodinger Equation for
Three-Dimensional Harmonic Oscillator plus Inverse
Quadratic Potential with g = 0.1
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Figure 3: Wave Function of Schrodinger Equation for
Three-Dimensional Harmonic Oscillator plus Inverse
Quadratic Potential with g =1

Figure 1, Figure 2 and Figure 3 show about the visualization
of wave function for Schrodinger equation with radial
quantum number and quantum deformation variations. The
wave functions have uniform period.



The form of wave function is influenced by potential. The
effect of Inverse Quadratic potential is higher than the
Harmonic Oscillator potential. There is a splitting the wave
function in the upper and lower parts. The wide of wave
function for upper and lower parts were different. The wide of
half wavelength of the upper part is small but the lower part is
large. Both the increase of radial quantum number and
quantum deformation cause the increase of amplitude. The
amplitude of wave function in the lower part is higher than
the upper part.

5. CONCLUSION

The Schrodinger equation for Three-Dimensional Harmonic
Oscillator plus Inverse Quadratic potential with quantum
deformation was solved by using Hypergeometric method.
The energy spectrum of system and wave function was
obtained from the nonrelativistic energy equation and
hypergeometric function equation, respectively, which were
calculated numerically and visualized by using Matlab
R2013a software. The increase of radial quantum number and
quantum deformation cause the increase of energy spectrum,
while the wave function was influenced by potential, quantum
deformation and radial quantum number parameters.
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