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 
ABSTRACT 
 
The Schrodinger equation with quantum deformation for 
three-dimensional Harmonic Oscillator plus Inverse 
Quadratic potential was obtained the solution by 
Hypergeometric method with substituting variable and 
parameter to reduce Schrodinger equation into second order 
Hypergeometric differential equation. The non-relativistic 
energy was obtained from condition a=-n and wave function 
was expressed by Hypergeometric function. The results were 
calculated and visualized by Matlab R2013a software. The 
energy spectrum and wave function depend on the quantum 
deformation and quantum number parameters.  
 
Key words : Hypergeometric Method, Oscillator plus Inverse 
Quadratic potential, Quantum deformation, Schrodinger 
equation.  
 
1. INTRODUCTION 
 
The behavior of particle could be described by Schrodinger 
equation [1]. In Schrodinger equation, a particle was 
considered as electromagnetic wave where the total of energy 
was quantized as energy of one photon [2]. The Schrodinger 
equation was influenced by potential, shape invariance 
potential, to obtain the solution exactly. The potential was 
position function that was used to reduce the Schrodinger 
equation into differential equation of Hypergeometric 
function. Some potentials were used to solve the Schrodinger 
equation such as Kratzer, Hulthen, Coulomb, Harmonic 
Oscillator, Pöschl-Teller, Rosen Morse, Manning Rosen, 
Eckart and Woods-Saxon potentials [3-7]. 
 
Some methods were often used to solve the Schrodinger 
equation with shape invariance potential such as 
Nikiforov-Uvarov (NU), Asymptotic Iteration Method (AIM), 
Supersymmetry Quantum Mechanics and Hypergeometric 
methods [3,4,8-12]. 

 
 

 
In quantum mechanics, the anharmonic vibrational motion of 
molecule was the motion of harmonic mathematically. The 
anharmonic oscillator in quantum system consist of harmonic 
oscillator and inverse quadratic [14]. Several researchers had 
investigated the q-deformed quantum Harmonic Oscillator 
that describe about the vibrational and rotational motions of 
particles [15]. The deformation was applied in mathematical, 
physics and chemistry, such as nuclear and high energy 
physics, quantum hall effect, black holes, cosmic string, 
conductance of metals and semiconductors, and analyzed of 
phonon spectrum [16-18]. 
 
The paper is organized as follows. In section 2, the basic 
theory of Schrodinger equation, q-deformed quantum, and 
Harmonic Oscillator plus Inverse Quadratic potential. In 
section 3, study about Hypergeometric method, results and 
discussion in section 4, and finally conclusion in section 5. 
 
2. BASIC THEORY 
2.1 Schrodinger Equation 
The general of time-independent Schrodinger equation with 
mas  and vector potential  was written by [10,19-20] 
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with the Laplacian operator was given as [13] 
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and wave function [10,19] 
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By inserting equations (2) and (3) into (1), the radial part of 
Schrodinger equation was written as 
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2.2 Quantum Deformation 
The form of Schrodinger equation with q-deformed quantum 
mechanics in equation (4) was written as 
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where the operator of momentum and position as [17,18,21] 
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By using equation (6), the form of Schrodinger equation in 
equation (5) becomes 
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with 
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Set the variable as [18] 
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By inserting equation (9) into equation (8), we have  
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Equation (10) was the general equation of q-deformed 
quantum deformation in radial part. 
 
2.3 Three-Dimensional Harmonic Oscillator plus Inverse 
Quadratic Potential 
The Three-dimensional Harmonic Oscillator plus Inverse 
Quadratic potential was defined as [14,19,22-24] 
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with  and  was force of external field. 
 
By Changing the  variable in equation (11) into equation 
(9), the three-dimensional Harmonic Oscillator plus Inverse 
Quadratic potential becomes 
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By inserting equations (10) and (12) into (4), we have 
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Equation (13) would be reduced into the Schrodinger 
equation with variable substitution by using Hypergeometric 
method.  
 
3.  HYPERGEOMETRIC METHOD 
 
The general form of Hypergeometric function was described 
by [4,25] 
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The solution of wave function of Hypergeometric function 
was given as [1,8-9] 
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The solution of equation (15) has the form of polynomial rank 

 with  or .  

4. RESULT AND DISCUSSION 
 
The equation (13) would be obtained the solution by changing 
the variable as 
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Equation (13) becomes 
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By setting 
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Equation (18) becomes 
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The form of equation (22) like the general form of second 
order differential Schrodinger equation with Pöschl-Teller 
potential [1,3] that could be solved by Hypergeometric 
method. 
 
By using variable approximation as 
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By inserting equations (23) into (22), we have 
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The wave function of Hypergeometric was given as 
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By substituting equations (25) into (24), we have 
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By comparing equations (14) and (26), we have the 
parameters  
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The energy equation was obtained as 
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with  in equation (21), equation (33) becomes 
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Equation (34) was analytic energy equation for solution of 
Schrodinger equation with quantum deformation on 
Three-dimensional Harmonic Oscillator plus Inverse 
Quadratic potential. The numerical result of energy equation 
in equation (34) was calculated by Matlab R2013a software 
that were showed in Table 1. 
 

Table 1: The Energy for Schrodinger Equation with Quantum 
Deformation on Three-Dimensional Harmonic Oscillator plus 

Inverse Quadratic Potential with  
q n E n E n E 

0.0
1 

1 

0.23448 

2 

0.40784 

3 

0.62119 

0.0
4 0.66221 1.23218 1.96215 

0.0
7 1.04547 1.99214 3.21880 

0.1 1.41423 2.73109 4.44796 
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0.4 4.92280 9.86152 16.4002
3 

0.7 8.36378 16.8940
8 

28.2243
8 

1 11.7911
5 

23.9069
5 

40.0227
4 

 
 In Table 1 is shown that the energy of the system that is 
affected by q-deformed quantum are the positive values. In 
this case, the increase of radial quantum number causes the 
increase of energy spectrum. The increase of quantum 
deformation causes the increase of energy spectrum.  
 
Furthermore, the wave function was obtained by inserting 
equations (23), (38-32) into (25) that was given as 
 

 
 

 

2

2

21 1 4 1

4

21 1 4

4
2 1

2

2 21n, 2 2 1, 2 ;

cos

sin cos
2

mbl l

ma

F

y

y y

G

  

         
 
  
 

       
 
  
 

 

     
 





 (35) 
 
with  and  were parameters of potential. 
 
The wave function equation was expressed as a function of 
quantum number that is shown in Table 2. 
 

Table 1: The Wave Function for Schrodinger Equation with 
Quantum Deformation on Three-Dimensional Harmonic Oscillator 
plus Inverse Quadratic Potential with Quantum Number Variations 
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and the wave function are visualized by Matlab R2013a 
software that shown in Figure 1., Figure 2., and Figure 3. 
 

 
Figure 1: Wave Function of Schrodinger Equation for 
Three-Dimensional Harmonic Oscillator plus Inverse 

Quadratic Potential with  
 

 

 
Figure 2: Wave Function of Schrodinger Equation for 
Three-Dimensional Harmonic Oscillator plus Inverse 

Quadratic Potential with  
 

 
Figure 3: Wave Function of Schrodinger Equation for 
Three-Dimensional Harmonic Oscillator plus Inverse 

Quadratic Potential with  
 

Figure 1, Figure 2 and Figure 3 show about the visualization 
of wave function for Schrodinger equation with radial 
quantum number and quantum deformation variations. The 
wave functions have uniform period. 
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The form of wave function is influenced by potential. The 
effect of Inverse Quadratic potential is higher than the 
Harmonic Oscillator potential. There is a splitting the wave 
function in the upper and lower parts. The wide of wave 
function for upper and lower parts were different. The wide of 
half wavelength of the upper part is small but the lower part is 
large. Both the increase of radial quantum number and 
quantum deformation cause the increase of amplitude. The 
amplitude of wave function in the lower part is higher than 
the upper part.  

5. CONCLUSION 
 
The Schrodinger equation for Three-Dimensional Harmonic 
Oscillator plus Inverse Quadratic potential with quantum 
deformation was solved by using Hypergeometric method. 
The energy spectrum of system and wave function was 
obtained from the nonrelativistic energy equation and 
hypergeometric function equation, respectively, which were 
calculated numerically and visualized by using Matlab 
R2013a software. The increase of radial quantum number and 
quantum deformation cause the increase of energy spectrum, 
while the wave function was influenced by potential, quantum 
deformation and radial quantum number parameters. 
 
ACKNOWLEDGEMENT 
This research was partly supported by Postgraduate Research 
Grand of Sebelas Maret University with contract number 
516/UN27.21/PP/2019. 

REFERENCES 
1. A. Suparmi. Mekanika Kuantum II, 1st ed. Indonesia: 

MIPA Universitas Sebelas Maret, 2011, pp. 152-153. 
2. A. Suparmi. Mekanika Kuantum I, 2nd ed. Indonesia: 

MIPA Universitas Sebelas Maret, 2013, pp. 236-237. 
3. C. Cari. Mekanika Kuantum Penyelsaian Potensial 

Non-Sentral dengan Supersimetri, Hypergeometry, 
Nikifarov Uvarov dan Polynomial Romanovski, 1st ed. 
Indonesia: UNS Press, 2013, pp. 2-3. 

4. J. Morales, J. Garcia-Martinez, J. Garcia-Ravelo, and J. 
J. Pena. Exactly Solvable Schrodinger Equation with 
Hypergeometric Wavefunctions, Z. Angew. Math. 
Phys., vol. 3, pp. 1454-1471, Nov 2015. 
https://doi.org/10.4236/jamp.2015.311173 

5. B. J. Falaye, K. J. Oyewumi, and M. Abbas. Exact 
Solution of Schrodinger Equation with 
Q-Deformation Quantum Potentials using 
Nikifrov-Uvarov Method, Chin. Phys. B., vol. 22, no. 
11, pp. 11031-1 – 110301-8, Oct 2013. 

6. A. Suparmi, D. A. Dianawati, and C. Cari. 
D-Dimensional Klein-Gordon Equation with 
Spatially Q-Deformed of Radial Momentum for 
Kratzer Potential Analyzed by using Method, in Proc. 
9th International Conf. on Physics and Its Applications, 
Indonesia, 2019, pp.  012108-1 - 012108-7. 

https://doi.org/10.1088/1742-6596/1153/1/012108 
7. C. Berkdemir, A. Berkdemir, and J. Han. Bound State 

Solutions of the Schrodinger Equation for Modified 
Kratzer’s Molecular Potential, J. Phys.:J. Chem. 
Phys., vol. 417, pp. 326-329, Oct 2005. 
https://doi.org/10.1016/j.cplett.2005.10.039 

8. I. L. Elviyanti, A. Suparmi, C. Cari, D. A. Nugraha, B. 
N. Pratiwi. Solution of Klein Gordon Equation for 
Hyperbolic Cotangent Potential in the Presence of a 
Minimal Length using Hypergeometric Method, in 
Proc. International Conf. on Science and Applied 
Science, Indonesia, 2017, pp. 012023-1 - 012023-7. 
https://doi.org/10.1088/1742-6596/909/1/012023 

9. D. A. Dianawati, A. Suparmi, and C. Cari. Solution of 
Schrodinger Equation with q-Deformed Momentum 
in Coulomb Potential using Hypergeometric Method, 
in Proc. International Conf. on Science and Applied 
Science, Indonesia, 2018, pp.  020071-1 - 020071-7. 

10.  B. I. Ita, A. I. Ikeuba, and A. N. Ikot. Solution of the 
Schrodinger Equation with Quantum Mechanical 
Gravitational Potential plus Harmonic Oscillator 
Potential, Commun. Theor. Phys., vol. 61, no. 2, pp. 
129-152, 2014. 
https://doi.org/10.1088/0253-6102/61/2/01 

11. C. Cari and A. Suparmi. Solution of Schrodinger 
Equation for Three-Dimensional Harmonic 
Oscillator plus Rosen-Morse Non-Central Potential 
using NU Method and Romanovski Polynomials, in 
Proc. International Conf. on Science and Applied in 
Mathematics, Chemistry and Physics, Indonesia, 2013, 
pp.  012031-1 - 020071-10. 

12. T. Das and A. Arda. Exact Analytical Solution of the 
N-Dimensional radial Schrodinger Equation with 
Pseudoharmonic Potential via Laplace Transform 
Approach, Adv. High Energy Phys., pp. 137038-1 - 
137038-7, Des 2015. 

13. D. A. Dianawati, A. Suparmi, C. Cari, D. Anggraini, U. 
Ulfa, D. C. Fitri, and P. Mega. Hypergeometric Method 
for Klein-Gordon Equation with Trigonometric 
Pöschl-Teller and Trigonometric Scarf II Potentials, 
in Proc. International Conf. on Science and Applied 
Science, Indonesia, 2018, pp. 020164-1 - 020164-9. 
https://doi.org/10.1063/1.5054568 

14. S. H. Dong, M. Lozada-Cassou, J. Yu, F.  
Jimenez-Angeles, and A. L. Rivera. Hidden 
Symmetries and Thermodynamic Properties for a 
Harmonic Oscillator plus an Inverse Square 
Potential, Int. J. Quantum Chem., vol. 107, no. 2, pp. 
366-371, Sept 2006. 

15. A. Suparmi, C. Cari, and H. Yuliani. Energy Spectra 
and Wave Function Analysis of q-Deformed Modified 
Poschl-Teller and Hyperbolic Scarf II Potentials 
using NU Method and a Mapping Method, Adv. Phys. 
Theor appl., vol. 16, pp. 64-75, 2013. 
https://doi.org/10.7176/APTA-16-8 

16. H. Sobhani, W. S. Chung, and H. Hassanabadi. 
Investigation of Spin-Zero Bosons in q-Deformed 



Dyah Ayu Dianawati et. al.,  International Journal of Advanced Trends in Computer Science and Engineering, 8(6),November - December 2019, 2788 - 2793 

2793 
 

 

Relativistic Quantum Mechanics, Indian J. Phys., vol. 
92, no. 4, pp. 529-536, Oct 2017. 

17. H. Sobhani, W. S. Chung, and H. Hassanabadi. 
Q-Deformed Relativistic Fermion Scattering, Adv. 
High Energy Phys., pp. 9530874-1 - 9530874-9, Jan 
2017. 
https://doi.org/10.1155/2017/9530874 

18. H. Hassanabadi, W. S. Chung, S. Zare, and S. B. 
Bhardwaj. Q-Deformed Morse and Oscillator 
Potential, Adv. High Energy Phys., pp. 1730834-1 - 
1730834-4, Sept 2017. 
https://doi.org/10.1155/2017/1730834 

19. A. Altug and S. Ramazan. Exact Solutions of the 
Schrodinger Equation via Laplace Transform 
Approach: Pseudoharmonic Potential and Mie-Type 
Potentials, J. Math. Chem., vol. 50, no. 4, pp. 971-980, 
April 2012. 

20. F. Taskin and G. Kocak. Approximate Solutions of 
Schrodinger Equation for Eckart Potential with 
Centrifugal Term, Chin. Phys. B., vol. 19, no. 9, pp. 
090314-1 - 090314-6, Jan 2010. 

21. W. S. Chung and H. Hassanabadi. q-Deformed 
Quantum Mechanics Based on the q-Addition, 
Fortschr. Phys., vol. 67, no. 4, pp. 1800111-1 - 
1800111-7, Feb 2019. 
https://doi.org/10.1002/prop.201800111 

22. M. Abdelmadjid. Quantum Hamiltonian and 
Spectrum of Schrodinger Equation with Companied 
Harmonic Oscillator Potential and Its Inverse in Both 
Three-Dimensional Non-Commutative Real Space 
and Phase, Journal of Nano and Electronic Physics. vol. 
7, no. 4, pp. 04021-1 - 04021-7, Des 2015. 

23. M. Abdelmadjid. Nonrelativistic Atomic Spectrum for 
Companied Harmonic Oscillator potential and its 
Inverse in Both NC-2D: RSP, J. Let. Chem. Phys. 
Astronom. vol. 56, pp. 1-9, July 2015. 

24. K. J. Oyewumi. Isotropic Harmonic Oscillator plus 
Inverse Quadratic Potential in N-dimensional Spaces, 
Arab. J. Sci. Eng., vol. 28, no. 2A, pp. 173-182, July 
2003. 

25. S. Mubeen, M. Naz, A. Rehman, G. Rahman. Solutions 
of k-Hypergeometric Differential Equations. J. Appl. 
Math., pp. 128787-1 – 128787-13, April 2014. 
https://doi.org/10.1155/2014/128787 


