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ABSTRACT

A generalized Python program has been developed to
show pictorial form of wave function of hydrogen
and hydrogen like atoms. This program will be
helpful to teach solution of Schrodinger equation for
hydrogen and hydrogen like atoms to undergraduate
students. The python program not only shows
pictorial form of the wave function but it also gives
analytical form of the wave function. The wave-
functions and the orbital from 1s (1,0,0) to 9f (9,3,0)
are presented in this article.

Key words: Probability Distribution Function,
Associated  Laguerre  Polynomials,  Associated
Legendre Polynomials, Hyper geometric function.

1. INTRODUCTION

Hydrogen atom is of fundamental important, as it is
the only atom for which Schrddinger’s equation can
be solved exactly and the wave function of this atom
provides the basis for many approximate methods to
solve many electron atoms. It has been found that
students, which are studied in introduction of
Quantum Physics, misinterpret polar graphs and
hydrogen eigen state probability distribution plots. In
2002, Budde et.al investigated that according to their
research, experience, gaining knowledge of quantum
atomic model increases many problems. Detailed
survey of various college students’ preconceptions
problems may be found [1,2]. In 2002, Miller et.al
found that many college students believe that in atom
just like the Bohr’s model, electrons orbiting around
the nucleus. Although a number of them recognize
that it’s not correct, this idea appears to be very
resistant [3]. There are new approaches to solve these
troubles and lead college students to better
understanding [2-4]. In 1962, Fowles et.al generated
a general equation of Cartesian coordinate with
modification of Schrodinger’s equation by separable
variable method
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and making assumption that a wave function depends
upon four variables x, y, z, r [5]. The Mathematica
software program offers a variety of tools for
understanding, manipulate and visualize atomic and
Molecular systems, in which, orthogonal polynomials
and Clebsch- Gordan Coefficients, polar plots,
spherical plots, density plots, Contour plots and
animation are included [6-7]. In 2013, Chung et.al
described that how Winplot software programs can
be used to understand and visualize micorbitals and
wave functions of a hydrogen like atom [8]. In this
work, we transformed probability distribution
function from Polar coordinate system to cartesian
coordinate system by modifying spherical harmonics
and radial distribution function. [9-11]

2. THEORY

Schrodinger equation for hydrogen and hydrogen like
atom is a fundamental equation in quantum
mechanics to solve wave functions for these atoms,
which describes the state of the system. The wave
equation for one electron system in the field of a
nucleus of charge Ze is given by equation

2
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Where E is the total energy of the system,i is the
total wavefunction and Z is the atomic number. Since
coulomb potential energy and the boundary
conditions are spherically symmetric,solutions
to Schrodinger's equation may be solved by using
separation of variable method and the wavefunction
can be written as the product of aradialand an
angular part

1
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Where Y,,,(8,@)a spherical harmonics with | is
orbital quantum number, an integer with valuesl > 0.




Kousar Shaheen et al., International Journal of Advanced Trends in Computer Science and Engineering, 10(3), May - June 2021, 2513 — 2523

Y, (60.9) = (2[ + 1) (= |m|])! Pm(COSQ)eim(p (m = 0) ’
m{E @ 4z )+t =
Where P/™ is a Legendre polynomial and can be calculated by using equation 4
[m] 4
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The radial part of equation 2, P(nl, ) is a solution of the differential equation
2 2z I(l+1) 1 6
_ =
(drz T 72 n2>P(nl' n=0

With boundary conditions P(nl,0) = 0 and P(nl,0) = o . For these boundary conditions only integer values of n,
principle quantum number, are allowed. Furthermore, the value of orbital quantum number | must be less than
principle quantum number n. Number of nodes in the solution other than origin is n-1-1.We can calculate the radial
function for the state with quantum number n,l by using equation 7.

7
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Palr) = \/ (E) 20+ o) C ™ (E) [L"—H (E)]
In which L21*! | is an associated Laguerre polynomial of degree n-I-1.
n-1-1 : 8
2r . n+1)! 2r \’
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]:
Now by using equation 3-8, total wave function can be written as [11-13].
3 1 [n=1=1 . 9
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3.METHODOLOGY

In this work by using transformation equation

r=4/x%+y?2+z2 10
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We can determine the explicit forms of associated Laguerre Polynomials, radial probability distribution and
Hypergeometric function for Associated Legendre Polynomials into Cartesian coordinates and with the help of

them; we can transform total wave function into Cartesian coordinate [14]
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The notations in lower subscript are pochhammer symbols e.g. (m-n) g etc.

4.RESULT AND DISCUSSION

The general form of total wave function in Cartesian coordinate, equation (15), helps us to understand visualize the
behavior of orbitals and probability distribution functions. In this work forty Wave functions from (1,0,0) to (9,3,0)
are generated and are given in table 1. Some wave functions in Cartesian coordinates have also been plotted by

using different tools of python plotting in python program which we have code see appendix[15].

Table 1: Wave functions from (1,0,0) to (9,3,0) in Cartesian coordinate

x2+y2+22 16
¥ (100 =0. 707106781186548\/_\/7 =+
x2+y2+22 17
¥ (200 \/_(025a—0125,/x2+y +zz)\/7 T2+ (Vma)
x2+4y2+22 18
¥ 210 0125\/_2\/7 2a + (Vra)
¥ (30,0 =19
x2+y2+22
v2(0.136a? — 0.09072a,/x2 + y2 + z2+0.01008x2 + 0.01008y? + 0.01008 ZZ)\/7 A .
(Vra?)
x2+y2+22 20
(.00) = 0.61237v22(0.12096a — 0.02016,/x2 + y2 + 2?) \/7 e +(Vma?)
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y? +z%)z + 3180356 - 10~%a?(x? + y? + z2)? — 6.05782x 1077 a(x? + y% + z2)2 + 4.120967 -
x2+4y24+22
107(x? +y2 + 22)3)\/;(3‘7 + (Va®)
W 1,0=0.6123722(0.035627a° — 0.0127241a*/x2 + y2 + 22 + 0.001454a3 (x? +y? + 2%) — 38

3
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Wooo) = 0.790569v2 (3.02(x* + y? +22) + 15(z — yfx? + y2 +22) \[xZ + yZ2 + 22 = 2.0(x + | 3
3

yZ+ 22)5) (0.0034a* — 0.00065a3,/x2 + y2 + z2 + 3.98161 - 10 5a?(x? + y2 + z?%) —

3 1 x2+y2+422
9.4800157 - 107 7a(x? + y2 + z2)z + 752382 - 1079 (x2 + y% + 22)2) \/;e_ 74+
(\/Eaﬁ /xZ + yZ + ZZ)
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2
P(72,0/0.790569+/2 (3.Oz(x2 +y2+22) +15(z— \x2 +y2+22) JxZ+y2+ 22 = 20(x% +y? +
3
22)5) (0.0034a* — 0.00065a3/x? + y2 + z% + 3.98161 - 10~°a?(x? + y2 + z?) — 9.4800157 -

x2+y2+22

3
107 7a(x? + y? + z%)2 + 7.52382 - 107%(x% + y2 + zz)z)Jge_T + (Vma®y/x? + y2 + z2)

Woag=  0.9354v2(0.00014689a% — 1.573868 - 10-5a%/x% + y2 + 22 + 499641 - 10~7a (x> + | 41
3 5
y2 + 72) — 47584828 - 10~°(x2 + y? + 22)2) (6.0z(x2 +y% +72)7 +

3 3 2
25(z —\Jx2+y2+22) (X2 +y2+22)2 +75(z — \[xZ + y2 + 72) (x? + y? + 2%)% —
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" x2+4y2+22 5
50 (x*+y*+ 22)3) \/;e_T + (Vma®(x? + y? + z2)2)
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2.48504 - 10~y + 2.48504 - 10~°2%) (10.02(x? + y2 + z2)z +
4 3 7
4375(z —\Jx2 +y2+22) (X2 +y2+22)3 +175(z— Jx2 +y2 +22) (x> +y?2 +2722)2 +

x2+y2+22
2
225(z —[x2+y2+22) (x*+y2 +272)* —9.0(x2 +y? + 22)5)\/;( 7a + (Vma®(x? +
yZ + 22)3)

P50 =1.1726v2(4.26095 - 10~8a — 1.014512 - 107%,/x2 + y2 + 22)(15.0z(x? + y* + | 43
5 4
72)7 +7.875(z — Jx2 + y2 + 22) (x2 + y?2 +22)° +39.375(z — JxZ +yZ+22) (x> +y% +
11 3 2 13
72)2 +700(z — Jx2 +y2 +22) (x% +y2 +22)6 +525(z —\Jx2 + y2 + 22) (x2 +y? +22)2 —

x2+y2+22

15
14.0(x% + y2 + 22)7) /a_13e_T + (Vmas(x? + y? + z2)5)
= -9, (+2 2 2110 -9 2 2 7\ (.2 44
P60=V2 (7.5323669-10 2(x? + y? + 22)10 + 51785023 - 10-°(z — /X + yZ + 22) (x? +

15 5
y?+2z%)2 +3.1071014 - 1078(z — \/x% + y2 + 2z2) (x? + y? + z2)8 + 7.061594 - 108(z —
4 17 3
Jx2 +y2+22) (x2 +y2 + z2)2 +7.532367 - 1078(z — x2 +y2 +22) (x® +y%+ 22)° +
2 19
3.7662 - 1078(z — \/x? + y2 + 2z2) (x2 + y? +2?)2 — 7.173683 -

21 PR x2+y2+z2 15
(x*+y*+ 22)7) \/;e‘T + (WVma®(x? + y? + z2)7)
Pe.00) =v2(0.03125a” — 0.02734375a%,/x2 + y2 + z2 + 0.006836a° (x? + y? + z2) — | 45

3
0.0007120768a*(x% + y? + z2)2 + 3.56038411458333 - 10 °a3(x2 + y% + z2)% —
5
8.90096028645833 - 10~ 7a?(x? + y? + z2)z + 1.05963812934028 - 1078a (x% + y? + z2)3 —

. " x2+4y2+22
4.73052736312624 - 10-11(x2 + y? + 72)2) \/; e s = (Vrad))
T(gylyo)z 46

0.61237v2z (0.0292316983341714a6 — 0.0109618868753143a%\/x2 + y? + z2
+ 0.00137023585941429a%(x? +y? + z2) — 7.61242144119047
-1075a3(x? + y% + 22)% +2.03904145746173 - 107%a?(x? + y? + z2%)?
_ 254880182182717 - 10-8a (x? +y? + z2)z + 1.1800008434385

x2+y2+22

- 10710(x2 + y2 + 22)3) Ee_T - (\/Ea7)

2
¥(6,20=0.790569415042005VZ (3.02(x2 + y* + 22) + 1L5(z = a2 + y2 + 22) xZ +y2+z2— |

3
20(x% +y2+ 22)5) (0.00283034702074012a5 —0.000589655629320859 a*./x? + y2 + z2 +
4.21182592372042 x 107%a3(x? + y2 + z%2) — 1.31619560116263 - x 107%a?(x? + y2 +
3
z2)z +1.82804944605921 - 1078a (x2? + y% + z2)? — 9.14024723029606 - 10711 (x2 + y2 +

s " x2+4y2+22
ZZ)E) ’;e_T + (Wma’x2 + y2 + z2)

5 3 3
W(o.20= 0.935414346693485v2 (6.02(x2 + y? + 22)z + 25(z = 22 + y? + 22) (x? +y2 +z2)e + | 4®

2
75(z —Jx2 +y2+22) (x? +y? +22)? —=50(x% + y? + 22)3) (0.000124942948173623 a* —
15617868 x 10~ °a3,/x2 + y2 + z2 + 6.50744521737619 - 10~7a?(x? + y? + z%) —
3
1.08457420289603 - 10~8a (x? + y% + z2)2z + 6.16235342554563 - 1011 (x2 + y2 +
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" x2+4y2+22 3
2)) [Se™w = (Va2 + y? + )

T(gy4y0)= 49
1.06066017177982\/5(3.00566019839111 -107%a3 — 2.25424514879333 -
1077a?\/x% + y2? + z2 +5.12328442907575 - 10 %a(x? + y? + z%) — 3.55783640908038 -

3 9 4
1071 (k2 + y2 + 22)2)(10.0z(x? +y2 +22)2 +4375(z — Jx2 + y2 + 22) (X2 +y% + 22)3 +

3 7 2
175(z —/x2 + y2+22) (x% +y2 +22)2 + 225(z — \[xZ + y2 + 72) (x? + y% + z2)* —

x2+y2+22

9.0(x? +y? +z2)5)Jge‘T + (ra (2 +y? + 22))

Ygs0~ 50
1.17260393995586\/5(4.2659868006405 -1078q2 — 1.77749450026687 -
10~ %a/x2 + y2 + 72 +1,70912932717969 - 10711x2 + 1,70912932717969 - 10_113/2 +

5
1.70912932717969 - 10~1122)(15.0z(x2 + y* + z2)7 + 7.875(z — \/x2 + y2 + 22) (x® + y? +
4 11 3
72)% +39.375(z — \/x2 + y2 + 22) (x?+y? +2%)2 +70.0(z — /x2 +yZ + 22) (x% + y%+

2 13 15 T x2+4y2+22
72)6 +525(z — JxZ + y2 + 22) (x® + y% +22)2 — 14.014.0(x* + y? + z2)2 )\/;e s +
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Figure 1: Few wave-functions plotting in Cartesian co-ordinate

5. CONCLUSION

Pictorial and analytical form of Hydrogen wave function in
Cartesian coordinate is a base to calculate wave function,
probability density, total energy etc of many theoretical methods to
solve many electrons atoms. reported python code can be used to
calculate many properties like size, energies with growing atomic
size, orbit number of orbital etc. we can also use wave functions in
Cartesian coordinates to visualized and understand behavior of
orbitals. In this work 40 wave function in analytical and 20
probability distribution, functions in pictorial form in Cartesian
coordinates are reported.
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Appendix A
Python code

#Wave function generator
def wave_generator():
x=sm.Symbol (*x*)
a=sm.Symbol("a%)
y=sm.Symbol ("y~)
n=int(input('n=""))
I=int(input('I="))
m=int(input('m=""))
limit=int(inputC'limit="))
z=sm._.Symbol("z%)
r=sm.Symbol("r~)
d=z/(sm.sgrt(x**2+y**2+z**2}))
r=sm.sqrt(xX**2+y**2+z**2)
theta=sm.Symbol (*"theta'™)
def hammer(l,s):
og=1
it g!=0:

for 1 in np.arange(0,s):

return g
t=np.abs(m)-1
b=np.abs(m)+1+1
c=np.abs(m)+1
rho=(2*r)/(n*a)
f=n+1+np.abs(m)

Z=0
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R=1
p=sm.pi

Q=sm.sqrt(1/(2*p))

U=sm.sqrt((((2/n)**3)))*sm.sqre((((nt.fa
ctorial(n-1-
D)/((2*n)*(mt.Factorial(n+1)**3)))))*(Fract
ion(2/n)**1)*sm_exp(-
rho/2)*(r/a)**1*sm.sqrt(1/(a**3))

H=sm_sqrt((((2*1+1)*(mt.factorial (1-
np-abs(m))))/(2*(mt.factorial (I+np.abs(m))))
)

0=Q*U*H*sm._exp(-
rho/2)*Q*((r/a)**1)*sm.sqrt(1/(a**3))

for 1 in np.arange(0,f+1):
if R1=0:

R=(((hammer(t, 1)*hammer(b,1))/(ha
mmer (c, 1)*2**i*mt.factorial (i))))*(((1-
d)))**i
Z=Z+R
k=((mt.factorial (np.abs(m)+1)/((mt.facto
rial(l-

np.-abs(m)))*(2**np.abs(m)*mt.factorial(np.ab
s(m)))I)*Z

p=2*1+1
gq=n-1-1
F=0
for 1 in np.arange(0,q+1l):
h=((mt.factorial (g+p)*(((-
D**1)*(mt.factorial (p+q)/((nt.factorial (g-
1)*mt.factorial (p+i)*mt.factorial (i)))))))*(
rho**i)
#print(h)
F=h+F
O=sm.sqrt(((((2/n)**3)))*((((nt.Ffactoria
%ig%&iz*n)*(mt.factorial(n+l)**3))))))*((2/n
T=simplify(F*0)
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G=T*sm.exp(- sm_init_printing(use_latex=True)
rho/2)*(r/a)**1*sm.sqrt(1/(a**3))
print(wave_generator())
11=simplify(G*k*H*Q*(-m/np.abs(m))**(-
m)*(x+(m/np.abs(m))*1_j*y)**np.abs(m)*sm.sqr
(O 2+y**2+2**2) )**(-np.abs(m)))
print(f"e ({n},{1},.{mpH)=")
display(simplify(l11))

I=simplify(G*k*H*Q*(sm.sqrt((1-
d**2)**(np.abs(m)))))

print(f e ({n},{1},{m})**2=")
display(simplify(1**2))
EQ=lambdify((x,z,y,a),l,numpy)
y=1

a=0.529

x=np.linspace(-limit, limit,500)

z=np.linspace(-
Limit,limit,500)[:,np-newaxis]

hi=np.abs((EQ(X,z,y,a)))

plt.imshow(hi**1,origin="lower" ,extent=[
-1,1,-1,1],cmap="hot")

#plt_imshow(hi**2,origin="lower" ,extent=
[-limit,limit,-Dimit,limit],cmap="hot")

plt_.xlabel (F'({n}.{1}.{m})"", Fontsize=50)
plt.colorbar()

from numpy import *

import numpy

import numpy as np

from fractions import Fraction

import matplotlib.pyplot as plt

import sympy as sm

import math as mt

from sympy import *

#%matplotlib qtb
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