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ABSTRACT

The conjugate gradient (CG) methods are iterative procedures
for unconstrained optimization problem. Many variants and
alterations have been done lately to develop this method. In this
research, we suggest a new hybrid CG coefficient g, by
combining a modified Hestenes-Steifel (HS) formula with
Fletcher and Reeves (FR). Theoretic proves has shown that the
new technique achieves sufficient descent condition if inexact
line search (strong Wolfe-Powell) is used. Besides, most of the
numerical outcomes show that our technique is very efficient
when compared to HS, FR and some famous hybrid CG for
given standard test problems. The numerical outcomes also
displayed that the new coefficient g, performs better than the
original HS and FR methods.

Key words: Hybrid CG, unconstrained optimization, inexact
line search, sufficient descent condition.

1. INTRODUCTION

The CG method (CGM) is among the efficient methods for
solution of unconstrained optimization problems. Its
convergence properties and simplicity make it one of the best
methods in real life application like economics, health and
physics. The CG method is designed to solve problem in the
form:

min f{x) , xe R" (D)
where f:R™ — R is smooth and its first derivative is defined by
glx) =Vf(x). The nonlinear CGM obtain a sequence by using
the following recurrence formula;

.r;l.H_:.r;l.-I—ct;l.d;l., k= [],1,2, . (2)

where ey, is the step size computed by a method called line
search, x;, is the current iterate and d, is the direction of search
determined by.

di = I—g;l- + Byty_y, ifk=1, @)
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The step size &, in CGM is computed to satisfy some form of
Wolfe conditions [1]. The standard Wolfe condition is:
flag + aydy) — fxy) = Saygf dy (4)
EEH. dl{ = ﬂﬂgdk (5)

where 0 = & = ¢ = 1. While order CG method are computed to
satisfy the strong Wolfe Powell (SWP) is computed by (4) and
|EE+1 dkl = _U.E'Edic (6)

In the linear CGM or nonlinear CGMs the parameter j;, is called
CG coefficient [2], Some of the famous CG formula for #; are:

a5 OE (Gk-Gk—1) .
B = P (Hestenses and Stiefel [3])
T
iR = ﬁ (Fletcher and Reeves [4])
k-1 8k—1
DRF _ E'E':E'i:_ﬂi:—i:' e
BES = ol itrn (Polak, Ribiere and Polyak [5, 6])
k=1 5k—1
oo _ _ SEk .
By = Tor (Conjugate Descent [7])
k-1 Jk-1
L igk—gk- .
BE = —% (Liu and storey [8],)
=1 dk—1
oy _ QE Jk .
G = (Dai and Yuan, [9])

(e—Fr-117 dg-q

The convergence analysis of these algorithms with different e,
was studied by several academics. (see Zoutendijk [10], Powell
[11,12], Z. Wei [13], Zhi- Feng Dai [14], Al-Baali [15], Dai and
Yuan [16], Narene et al., [29]).

However, the convergence analysis is yet to be proved for PRP,
LS and HS methods under all stated line searches [30, 31]. The
foremost purpose is that they cannot guarantee the decency of
values of objective function at every iteration [17].

Some well-known CGMs methods have strong convergence
property like FR, DY, and CD, but they may not perform well.
Others like PRP, HS, and LS perform well but they may not
converge. So, the hybrid CGMs are formulated to combine the
attractive features of the well-known CGMs.

Recently, Touati and Storey [18] improve AL-Baali’s [15]
formula for the FR method

B € (0, BF7)
and propose the first hybrid CG algorithm
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B 5 llgsl
BIME i llgi 17 = —25— | gT go_, |
g _I..f.%‘.f” if 0= pi* = pI® pETM = flg gl T Gk-1 %
© o gER . else where Bt other wise
Motivations by this, Gilbert and Nocedal [19] extended where the new g "# is modification of HS method as follow:

Al-Baali’s formula for g,

- Il ~ el g7 g |
B € (=87 . BE7) gIME — _ TGk-s
di_s (gx — gx-1)

The algorithm of the proposed method is defined as follows.

to propose the formula

BEY = max (~BF% min {BFF® BERY).
' { ' ' ' } Algorithm (Algorithm for HTM)

Hu and Storey [20] further suggested an improved CG formula

as follows: Stage 1: Initialization. let k = 0 and x, € R", setd, = —g; .
gp = 0 then stop.
BERUS = oy {U, min {BFFF E{-‘R}}I Stage 2: Calculate the stepsize a;. by (SWP) line search.
' ' ' Stage 31 Sel  xp.y = v+ @pdy o Gkar = §(Fke1)
Dai and Yuan [21], propose a family of CGM that are globally Igx.sll = = then stop.
convergent and defined by Stage 4: Calculate 8; by (7), and produce dy.; by (2).
Stage 5: Let k = & + 1 go to Stage 2.
_ llglI2
B = Algrg 2 +e1-2dE_, ¥pa Lately Wei et al. [26] introduce a variation of PRP

coefficient referred to the WYL method.

T T g |l
9k Gk —3;:3;;_1"5?':“

where 1 & [0.1] is parameterand v, _, = gi — gx_1-

Recently, Xiaoand Kong [22], combine g% and g%, as Bt = TR
follows. G-t
o s ) . . Enlightened by preceding ideas [3], [26], we introduce our
gt = Iﬂiﬂx P e B if Ig. "1 = EK i1l B, which is identified as BT where TM* symbolizes Tala’t
' Slsenere and Mustafa. The new 8™ is a variation of HS method which is
. . . L as follows:
More recently, a new hybrid CG is considered by Djordjevic
[2‘3]. The CG parameter g which is a combination of g ® and T = gLimige-gr—g)) " gyl 5
B PE T g g T gl ©)

B = (1-6,).85 + 6,85

) The algorithm of the proposed coefficient is as follows:
where the conjugacy condition is satisfied if the parameter &, is

. Algorithm 1
computed in such away.

Stage 1: Initialization. Given x, € R".z = 0, setd, = —g,
gy |l = £ then stop.
Stage 2: Compute ez, by (3).
Stage 3: Letxpyy = xp+ apdy o Grer = G(X5sq)
if llg...|l == then stop.
Stage 4: Calculate #; by (5), and produce d;,, by (4).

2. ANEW FORMULA FOR g,

Numerous researchers have tried to improve the conjugate
gradient methods. This has led to the development of many
variants of CG algorithms. For instance, a modification of the

PRP algorithm known as WYL method was proposed by Wei et Stage 5: letk = k + 1 go to Stage 2.

al. [24]. Recently Zhang [17] extended the work of WYL to either SI (MKS) or CGS as primary units. (S units are strongly
propose a variant of PRP known as NPRP that fulfilled descent encouraged.) English units may be used as secondary

condition and satisfied the global convergence property under 3. CONVERGENCE ANALYSIS

inexact line search. More so, Dai and Wen [14] suggested the

DPRP method which is an efficient modification of the NPRP The convergence analysis is among important condition to
method. consider when developing a new conjugate gradient coefficient.
Motivated by nice convergence properties and efficient In addition to numerical performance, the proposed method

numerical results of these methods [18, 24], we suggest a new
formula for g, called 57", where HTM indicates Hybrid Tala’t

and Mustafa. by

785

should be able to satisfy the sufficient descent condition defined
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ghdy = —cllg:ll* . wvk=0, )

where ¢ € (0.1).

In this section, we need to show that the proposed method
satisfies the sufficient descent condition. The following
Theorem is very important in the proof.

Theorem

Suppose that the sequences {g.} and {d.} are derived by a
method of the form (2), (3) and (7), and &, is computed by the
SWP line search defined by (4) and (6), if gz = 0, then (8)
holds.

Proof
The HTM method in (7) can be considered in two cases:

Case I: If llg:ll* < "!‘“"" gf gi_s| , BIMR = 0, then g™
k-1

automatically returns g%, Then the sufficient descent condition
given in (8) holds [4].

lgell | - HTH L ATME
gl |3n 3&'—1'! then G =g To
prove that the sufficient descent condition given in (8) holds, we
need to simplify g7 to ease the theoretical proof. From (6), we
have

Case I: If lig.lI* <

lgel® ~ el 17 g, |

EIMF._ =
o di_y (gx — Gu-1)

Il g, 112 Il g, 112
di_s’ (gx — giee) ~ lgi—il?

Hence, we obtain

rom . ggasl?
B = e ©)

Using (6) and (9), we get
6T gL d < =Tolglad (10

From (3)

T T
Gieaq Geay Fie=1 Gy 11
lgpoglz — 11 Bretig, 2 1D

By induction, we can prove the descent property of {d;}. Since

ge dy=—llgolI*<0.,if g, £0 , now suppose that
d;.i = 12,...k are descent directions, i.e g7 d; < 0

From (10), we have

lgpesl? o rEL T lgpesl?
P ﬂﬂfcdk E.EFEH:-‘ Hie+1 dK = - P ﬂﬂl-cd
gk gk

i

0gcdx Bt g de | 08kdx
gel* = lgeeall2 — lggll®

From (11),
ogy dx. T d T d;.
Oy r£1+£l'|{+1 H’.+"I|. < Gy k
Il g, 112 lgze 12 Il g 112
By repeating this procedure and the fact g7 d, = —llg, I*, we
get
= . gl..d =
—Zaiggl'l‘”—'ﬁfl 5—2+Zai (12)
= S+t =0
Since,
Soegees
4o 4=
: ? : T T1os
j=0 j=0
then, (12) is rewritten as
1 G+t Gyas 1
- = < 24— 13
15 lgeusl -5 &)
i i

Restricting & € (0.0.3) , we obtain = 2 Lete=2- ,

1-7 l-7

then 0 = ¢ = 1, and (13) become

EE+1 -
c—2 = ——7-= —¢
lgi.1 12
ghdy, < —clg?

This implies that (8) holds. The proof is complete. o

4. NUMERICAL RESULTS

To ascertain the effectiveness of the proposed HTM, we compare
HTM method with the methods of FR, HS, HHUS and HGN
using 33 randomly selected test functions considered from
Andrei [25]. The initial points are chosen randomly beginning
from a point near to the solution point to points far away with

dimensions 2 = 1000 |n certain cases, the computations fail to
obtain the step size and thus, the method is unsuccessful [27, 28].
Numerical outcomes are compared based on CPU time and
number of iteration (NOI) and the performance analyzed using
performance profile by Dolan and More [26] as in Figure 1 and
Figure 2. All computations are carried out on an Intel (R) Core
TM i3-M350 (2.27GHz) CPU processor, with 4 GB RAM
memory.

Table 1: List of test problems

N Function Dim Initial point

o

1 SIX HUMP 2 (0.5,0.5), (8,8), (40,40)

2 THREE HUMP 2 (-1,1),(-2,2),(2,-2)

3 LEON 2 (2,2),(4.4).(8.8)

4 QUADRATIC 2 (3,3),(5,5),(10,10)
QF1

5 MATYAS 2 (5,5),(10,10),(15,15)

6 DIAGONAL 2 2 (1,1),(5,5),(15,15)

7 BOOTH 2 (10,10),(25,25),(100,100)

8 RAYDAN 2 (3,3),(13,13),(22,22)

9 ZETTL 2 (5,5),(20,20),(50,50)

10 TRECANNI 2 (5,5),(10,10),(50,50)
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11 NONDIA 2 (10,10),(20,20),(35,35)

12 HAGER 2 (7,7),(15,15),(20,20)

13 EXTENDED 2 (10,10),(60,60),(120,120)
MARATOS

14  EXTENDED 2 (40,40),(80,80),(100,100)
PENALTY

15  GENERLIZED 2 (3,3),(21,21),(90,90)
TRIDIAG 1

16 QUADRATIC 2 (4,4),( 40,40),(80,80)
QF2

17 CLOVILLE 4 (2,..2),(4...4),(10...,10)

18 EXTENDED 4 (5...5),(20...,20),(30,..,30)
WOOD

19  DIXON & 2 (6,6),(18,18),(60,60)
PRICE 4 (6..,6),(18,..,18),(60,..,60)

20 ARWHEAD 2 (8,8),(24,24),(32,32)

10 (8..8),(24,...24),(32....32)
21 GENERRALIZE 2 (7,7),(70,70),(140,140)

D QUARTIC 10 (7,..7),(70,..70),(140.,..,140)
22 FLETCHCR 2 (12,12),(15,15),(35,35)
10,100,1000  (12,..,12),(15...,15),(35...,35)
23 ROSENBROCK 2 (3,3),(15,15),(75,75)
10,100,1000  (3,..,3),(15...,15),(75....75)
24 SHALLOW 2 (2,2),(12,12),(200,200)
10,100,1000  (2,..,2),(12...,12),(200.,..,200)
25  EXTENDED 2 (3,3),(6,6),(10,10)
WHITE & 10,100,1000  (3...,3),(6...,6),(10...,10)
HOLST
26 EXTENDED 2 (-4,-4),(-1,-1),(4,4)
BEALE 10,100,2000  (-4..,-4),(-1,..,-1),(4,...4)
27 PERTURBED 2 (1,1),(5,5),(10,10)
QUADRATIC 10,100,1000  (1,..,1),(5....5),(10...,10)
28 EXTENDED 2 (25,25),(50,50),(75,75)
TRIDIAGONAL ~ 10,100,1000  (25,..,25),(50,..,50),(75...,75)
1
29 DIAGONAL4 2 (1,1),(20,20),(40,40)
10,100,1000  (1,.,1),(20...,20),(40.,..,40)
30 EXTENDED 2 (10,10),(50,50),(125,125)
HIMMELBLAU  10,100,1000  (10,..,10),(50,..,50),(125,.,12
5)
31 EXTENDED 2 (5,5),(30,30),(50,50)
DENSCHNB 10,100,1000  (5..,5),(30...,30),(50...,50)
32 EXTENDED 2 (1,1),(5,5),(10,10)
BLOCK DIAG 10,100,000  (1...4),(5....5),(10,..,10)
BD1
33 SUMSQUARES 2 (1,1),(5,5),(10,10)
10,100,1000  (1,..,1),(5....5),(10...,10)

In [26] Dolan and More suggested an ideal to assess and equate
the performance of the set of solvers 5 on a test set of problems
P. Assuming n, solvers and n, problems exists, then for each
problem # and solver s, they defined
£, - = computing time (NOI. or CPU time) necessary to solve
problems p by solver =. Wanting a fixed form for evaluations,
they equated the performance of problem » by solver s with the
finest performance for any solver to the same problem using the
ratio
e = —t“
ps m:’ﬂ{t_ﬂ__g isE 5}

Assume that a parameter ny =% . ¥p.s is selected, and
iff solver = does not solve problem p. The

performance of solver s on any given problem could be of

T =T
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concern, but since we want to achieve a general valuation of the
performance of the solver, it was defined

1
p: (1) =ﬂ_{p EP:T;I_S = t}
]

1.0
0.8

06 1

a’ o+ CG1H.NOI

—— FR
HS
— - HHUS
——- HGN
— = HTM

0.2 1
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Figure 1: Performance profile based on NOI
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Figure 2: Performance profile based on CPU time

In Figure 1 and Figure 2, the performances of HTM is compared
to the known methods of HS and FR and hybrid methods of
HHUS and HGN. The results show that new hybrid method has
shown considerable improvements from the FR and HS methods
by while retaining their attractive featuress. Besides, it can be
said that HTM succeeds to outperforms HHUS and HGN. In
summary, the figures indicate that HTM is robust and
competitive to other CGMs.

5. CONCLUSION

In this paper, we studied a new hybrid method for unconstrained
optimization problems. We showed that the suggested method
achieves the sufficient descent condition under inexact (SWP)
line search. The outcome of the numerical tests shows that the
new method is efficient when compared with other CGMs. The
authors recommend testing this method under other line searches
in future research.
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