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 Abstract: Vaddiparthi Yogewsara, G.Srinivas and 
Biswajit Rath introduced the concept of Fs-set ,Fs-subset, 
complement an of Fs-subset and proved important results 
like De Morgan laws for Fs-sets  which are called Fs- De 
Morgan laws. In another paper[5] Vaddiparthi Yogeswara, 
Biswajit Rath and S.V.G.Reddy introduced the concept of 
Fs-Function between two Fs-subsets of a given Fs-set and 
defined an image of an Fs-subset under a given Fs-function. 
Also they studied the properties of images under various 
kinds of Fs-functions. In this paper we modify the definition 
of image of an Fs-subset under any given Fs-function and 
study the properties of images of Fs-subsets under various 
Fs-functions.   

 
Keywords:Fs-set, Fs-subset, Fs-empty set, Fs-union, Fs-
intersection, Fs-complement, Fs-De Morgan laws and Fs-
Function and images of Fs-subsets  
INTRODUCTION 
Murthy[1] introduced F-set in order to prove Axiom of 
choice for fuzzy sets which is not true for L-fuzzy sets 
introduced by Goguen[2]. In the paper[3], Tridiv discussed 
fuzzy complement of an extended fuzzy subset and proved 
De Morgan laws etc. The extended Fuzzy set Tridiv 
considered contains the membership value  ߤଵ(ݔ)  .(ݔ)ଶߤ−
 a term in this expression will not be in the interval ,(ݔ)ଶߤ−
[0,1].To answer this incomprehensiveness, In the paper[4], 
Vaddiparthi Yogeswara , G.Srinivas and Biswajit Rath 
introduced the concept of Fs-set and developed the theory of 
Fs-sets in order to prove collection of all Fs-subsets of given 
Fs-set is a complete Boolean algebra under Fs-unions, Fs-
intersections and Fs-complements. The Fs-sets they 
introduced contain Boolean valued membership functions 
.All most they are successful in their efforts in proving that 
result with some conditions. In another paper[5] Vaddiparthi 
Yogeswara, Biswajit Rath and S.V.G.Reddy introduced the 
concept of Fs-Function between two Fs-subsets of given Fs-
set and defined an image of an Fs-subset under a given Fs-
function. Also they studied the properties of images under 
various kinds of Fs-functions. In this paper we modify the 
definition of image of an Fs-subset under any given Fs-
function and study the properties of images of Fs-subsets 
under various Fs-functions. For convenience of readers 
before beginning  the paper,  we  mention   various 
definitions and results in paper[4]. We denote the largest 
element of a complete Boolean algebra  L[1.1] byܯ. We 

denote Fs-union and crisp set union by same symbol  ∪ and 
similary Fs-intersection and crisp set intersection by the 
same symbol ∩.[X] denote the complete ideal generated by 
X and (X) denote the complete subalgebra generated by X in 
a complete Boolean algebra. For all lattice theoretic 
properties and Boolean algebraic properties we refer Szasz 
[7], Garret Birkhoff[8],Steven Givant • Paul Halmos[8] and 
Thomas Jech[9] 
 
  THEORY OF FS-SETS 
1.1 Fs-set:  Let U be a universal set, Aଵ ⊆ U and let A⊆U 

be non-empty. A four tuple 
ࣛ = ൫ܣଵ ,ܣ,  ,൯ is said be an Fs-set ifܮ,ଶ൯ߤ,  ଵభߤ൫ ܣ̅
and only if 

ܣ (1) ⊆  ଵܣ
   is a complete Boolean Algebraܮ (2)
ଵܣ:ଵభߤ (3) ⟶ ⟶ܣ:ଶߤ , ܮ ܮ  ,are functions such 
that ߤଵభ|ܣ ≥    ଶߤ
⟶A:ܣ̅ (4)   is defined byܮ
ݔܣ̅      = ݔ ,for each( ݔଶߤ) ⋀ ݔଵభߤ ∈  ܣ

1.2 Fs-subset 
Let ࣛ=൫ܣଵ,̅ܣ,ܣ൫ߤଵభ,ߤଶ൯,ܮ൯ and 
ℬ=൫ܤଵ ଵభߤത൫ܤ,ܤ,  ൯ be a pair of Fs-sets. ℬ is said toܮ,ଶ൯ߤ,
be an Fs-subset of ࣛ, denoted by ℬ⊆ࣛ, if, and only if 

ଵܤ (1) ⊆ ܣ  ,ଵܣ ⊆  ܤ
(2) L is a complete subalgebra of L                                   
or L≤L 
ଵభߤ (3) ≤ ܣ|ଶߤ  ଵ, andܤ|ଵభߤ ≥  ଶߤ

1.3 Proposition: Let ℬ  and ࣛ be a pair of Fs-sets such that 
ℬ⊆ ࣛ . Then Bഥx ≤ Aഥx is true for each x ∈A 
1.4 Definition: For some ܮ , such that ܮ ≤   a four tupleܮ
ࣲ = ൫ ଵܺ,ܺ, തܺ൫ߤଵభ ,  ൯ is not an Fs-set if, and only ifܮ,ଶ൯ߤ
 (a)ܺ ⊈ ଵܺ  or 
 (b) ߤଵభݔ ≱ , ݔଶߤ for some ݔ ∈ ܺ ∩ ଵܺ 
Here onwards, any object of this type is called an Fs-empty 
set of first kind and we accept that it is an Fs-subset of ℬ for 
any ℬ ⊆ ࣛ. 
Definition: An Fs-subset ࣳ=൫ ଵܻ,ܻ, തܻ ൫ߤଵభ  ,ࣛ ൯ ofܮ,ଶ൯ߤ,
is said to be an Fs-empty set of second kind if, and only if 

(a')  ଵܻ = ܻ =  ܣ
(b')  ܮ ≤ ܮ  
(c') തܻ = 0 
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1.4.1 Remark: we denote Fs-empty set of first kind or Fs-
empty set of second kind by Φࣛand we prove later (1.15), 
Φࣛ  is the least Fs-subset among all Fs-subsets of ࣛ. 
1.5 Definition: Let ℬଵ = ൫ܤଵଵ ଵభభߤതଵ൫ܤ,ଵܤ,  భ൯ andܮ,ଶభ൯ߤ,
 ℬଶ = ൫ܤଵଶ,ܤଶ,ܤതଶ൫ߤଵభమ  .మ൯ be a pair of Fs-setsܮ,ଶమ൯ߤ,
We say that ℬଵand ℬଶ are equal, denoted by ℬଵ = ℬଶ if, 
only if 

ଵଵܤ [1] = ,ଵଶܤ ଵܤ  = ଶܤ  
భܮ [2] = మܮ  
[3] (a) ൫ߤଵభభ = ଵభమߤ  and ߤଶభ = ଶమߤ  ൯ ,or (b)  ܤഥଵ =

 തଶܤ
1.5.1Remark: We can easily observed that 3(a) and 3(b) not 
equivalent statements.  
1.6 Proposition: ℬଵ = ൫ܤଵଵ ଵభభߤതଵ൫ܤ,ଵܤ,  భ൯ andܮ,భ൯ߤ,
 ℬଶ = ൫ܤଵଶ,ܤଶ,ܤതଶ൫ߤଵభమ  మ൯ are equal if, only ifܮ,మ൯ߤ,
ℬଵ ⊆ ℬଶ  and ℬଶ ⊆ ℬଵ 
1.7 Definition of Fs-union for a given pair of Fs-subsets 
of ऋ: 
Let ℬ=൫ܤଵ ଵభߤത൫ܤ,ܤ, ,ଶ൯ߤ,   ൯andܮ
ࣝ= ൫Cଵ, C, Cത൫μଵେభ ,  .൯, be a pair of Fs-subsets ofࣛܮ,ଶ൯ߤ
Then, 
 the Fs-union of ℬ and ࣝ ,denoted by ℬ∪ࣝ is defined as 
ℬ∪ࣝ=ࣞ=൫Dଵ, D, Dഥ൫μଵୈభ ,  ൯,whereܮ,ଶ൯ߤ
ଵܦ  (1) = ଵܤ ∪ ܦ  , ଵܥ = ܤ ∩  ܥ
ܮ  (2) = ܮ ∨  =complete subalgebra generated byܮ

ܮ ∪  ܮ
ଵభߤ  (3) ଵܦ:   is defined byܮ⟶

ݔଵభߤ  = ଵభߤ) ∨     ݔ(ଵభߤ
ଶߤ  ∶ ܦ ⟶ L  is defined by 
ݔଶߤ  = ݔଶߤ ∧   ݔଶߤ
ܦ :ഥܦ  ⟶   is defined byܮ
ݔഥܦ  = (ݔଶߤ)⋀ݔଵభߤ   

1.8 Proposition: ℬ∪  ࣝis an Fs-subset of ࣛ. 
1.9 Definition of Fs-intersection for a given pair of Fs-
subsets of ऋ: 
Let ℬ=൫ܤଵ ଵభߤത൫ܤ,ܤ, ,ଶ൯ߤ,  ൯ andܮ
ࣝ= ൫Cଵ, C, Cത൫μଵେభ ,  ൯ be a pair of Fs-subsets ofࣛܮ,ଶ൯ߤ
satisfying the following conditions: 

(i) ܤଵ ∩ ଵܥ ⊇ ܤ ∪  ܥ
(ii) ߤଵభݔ ∧ ≤ ݔଵభߤ ଶߤ) ∨  for,ݔ(ଶߤ
           each ݔ ∈  ܣ
Then, the Fs-intersection of ℬ and ࣝ, denoted by ℬ∩ࣝ is 
defined as 
ℬ∩ࣝ =ℰ=൫ܧଵ,ܧ,ܧത൫ߤଵாభ  ா൯,whereܮ,ଶா൯ߤ,

(a)  ܧଵ = ଵܤ ∩ ܧ  , ଵܥ = ܤ ∪  ܥ
(b)  ܮா = ܮ ∧ ܮ=ܮ ∩ ܮ  
(c)  ߤଵாభ ଵܧ: ⟶ ݔଵாభߤ ா is defined byܮ = ݔଵభߤ ∧  ݔଵభߤ

ଶாߤ ∶ ܧ ⟶ Lா  is defined by 
ݔଶாߤ  = ଶߤ) ∨    ݔ(ଶߤ
ܧ :തܧ   ⟶  ா is defined byܮ
ݔതܧ  =   . (ݔଶாߤ)⋀ݔଵாభߤ

1.9.1 Remark: If (i) or (ii) fails we define ℬ∩ࣝ as  
ℬ∩ࣝ=Φࣛ , which is the Fs-empty set of first kind. 

1.10 Proposition: For any pair of Fs-subsets 
ℬ=൫ܤଵ,ܤ,ܤത൫ߤଵభ ܥ,ଵܥ൯and ࣝ=൫ܮ,ଶ൯ߤ, , ଵభߤ൫ܥ̅  ൯ܮ,ଶ൯ߤ,
ofࣛ, the following results are true 

(1) ℬ⊆ℬ∪ࣝ   and ࣝ⊆ℬ∪ࣝ 
(2) ℬ∩ࣝ⊆ℬ  and ℬ∩ࣝ⊆ࣝ provided ℬ∩ࣝ exists 
(3) ℬ⊆  ࣝimplies ℬ∪ࣝ=ࣝ 
(4) ℬ∩ࣝ=ℬ when ℬ≠ Φࣛ and ℬ⊆ࣝ and Φࣛ ∩ࣝ=Φࣛ 
(5) ℬ∪ࣝ= ࣝ ∪ ℬ (commutative law of Fs-union) 
(6)  ℬ∩ࣝ= ࣝ ∩ ℬ provided ℬ∩ࣝ exists. (commutative 

law of Fs-intersection) 
(7) ℬ∪ℬ=ℬ  
(8) ℬ∩ℬ=ℬ   ( (7 )and (8) are Idempotent laws of Fs-

union and Fs-intersection respectively) 

1.11 Proposition: For any Fs-subsets ℬ, ࣝand ࣞ of ࣛ =
൫ܣଵ ,ܣ,  ,൯ܮ,ଶ൯ߤ,  ଵభߤ൫ ܣ̅
 the following associative laws are true: 

(I) ℬ ∪ (ࣝ ∪ ࣞ) = (ℬ ∪ ࣝ) ∪ࣞ 
(II) ℬ ∩ (ࣝ ∩ ࣞ) = (ℬ ∩ ࣝ) ∩ࣞ , whenever Fs-
intersections exist. 

1.12 Arbitrary Fs-unions and arbitrary Fs-intersections:  
Given a family (ℬ)∈ூ  of Fs-subsets of 
ࣛ=൫ܣଵ,ܣ, ଵభߤ൫ܣ̅  ൯, whereܮ,ଶ൯ߤ,
ℬ = ൫ܤଵ ܤ, ଵభߤത൫ܤ, , ݅ ൯,for anyܮ,ଶ൯ߤ ∈  ܫ
1.13 Definition of Fs-union is as follows 
Case (1): For I=Φ,define Fs-union of (ℬ)∈ூ,denoted by 
⋃ ℬ∈ூ  as⋃ ℬ = Φࣛ∈ூ , which is the Fs-empty set 
Case (2): Define for I≠Φ, Fs-union of (ℬ)∈ூ denoted by 
⋃ ℬ∈ூ  as follow 

ራℬ = ℬ = ൫ܤଵ ଵభߤത൫ܤ,ܤ, ൯ܮ,ଶ൯ߤ,
∈ூ

, 

where  
(a) ܤଵ = ⋃ ଵ∈ூܤ ܤ, = ⋂ ∈ூܤ  
(b) ܮ = ⋁ ܮ =∈ூ  complete subalgebra generated by 

ܮ)ܮ⋃ =  (ܮ
(c) ߤଵభ ଵܤ: →   is defined byܮ

ݔଵభߤ  = ൫⋁ ଵభ∈ூߤ ൯ݔ  = ⋁ μଵభx୧∈୍౮  , where 
 I୶ = {i ∈ I| x ∈ B୧} 
ଶߤ  ܤ: ⟶ ݔଶߤ  is defined byܮ = ൫⋀ ଶ∈ூߤ ൯ݔ 
=⋀ ∈ூݔଶߤ   
ܤ:തܤ  ⟶ ݔതܤ  is defined byܮ = ଶߤ)⋀ݔଵభߤ (ݔ   

1.13.1Remark: We can easily show that (d) ܤଵ ⊇   and ܤ
ଵభߤ ܤ| ≥ ଶߤ . 
1.14 Definition of Fs-intersection: 
Case (1): For I=Φ, we define Fs-intersection of (ℬ)∈ூ , 
denoted by ⋂ ℬ ∈ூ as ⋂ ℬ = ࣛ∈ூ   
Case (2): Suppose 
⋂ ଵ∈ூܤ ⊇ ⋃ ∈ூܤ and⋀ ଵభߤ |(⋃ ∈ூܤ ) ≥ ⋁ ଶ∈୍∈ூߤ  
Then, we define Fs-intersection of (ℬ)∈ூ , denoted by 
⋂ ℬ∈ூ  as follows 

ሩℬ = ࣝ = ൫ܥଵ,ܥ , ଵభߤ൫ܥ̅ ൯ܮ,ଶ൯ߤ,
∈ூ

 

(a') ܥଵ = ⋂ ଵ∈ூܤ ܥ, = ⋃ ∈ூܤ  
(b') ܮ = ⋀ ∈ூܮ  
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(c') ߤଵభ: ܥଵ   is defined byܮ⟶
ݔଵభߤ = ൫⋀ ଵభ∈ூߤ ൯ݔ = ⋀ ଵభ∈ூߤ  ݔ
ଶߤ ܥ: ⟶ ܮ  is defined by    
ݔଶߤ = ൫⋁ ଶ∈ூߤ ൯ݔ = ⋁ ∈ூೣ,ݔଶߤ  
where,ܫ௫ = {݅ ∈ ݔ |ܫ ∈  {ܤ
ܥ:̅ܥ ⟶ ݔ̅ܥ  is defined byܮ = ଶߤ)⋀ݔଵభߤ  (ݔ 

Case (3): ⋂ ଵ∈ூܤ ⊉ ⋃ ∈ூܤ or ⋀ ⋃)|ଵభߤ ∈ூܤ ) ≱∈ூ
⋁ ୍∋ଶߤ   
We define 

ሩℬ = Φࣛ
∈ூ

 

1.14.1Lemma: For any Fs-subset 
ℬ=൫ܤଵ,ܤ,ܤത൫ߤଵభ ,ଶ൯ߤ,  ൯ andܮ
ℬ⊆ ℬ = ൫ܤଵ ܤ, ଵభߤത൫ܤ, ,  ൯ܮ,ଶ൯ߤ
1.15 Proposition: (ℒ(ࣛ),⋂) is ⋀-complete lattics. 
1.15.1 Corollary: For any Fs-subset ℬ ofࣛ, the following 
results are true 

(i) Φࣛ ∪ ℬ = ℬ 
(ii) Φࣛ ∩ ℬ = Φࣛ . 

1.16 Proposition:(ℒ(ࣛ),⋃) is ⋁-complete lattics. 
1.16.1 Corollary: (ℒ(ࣛ),⋃,⋂) is a complete lattice 
with⋁and⋀ 
1.17 Proposition: Let ℬ=൫ܤଵ,ܤ,ܤത൫ߤଵభ  ,൯ܮ,ଶ൯ߤ,
ࣝ=൫ܥଵ,̅ܥ,ܥ൫ߤଵభ ,ଶ൯ߤ,  ൯andܮ
ࣞ=൫ܦଵ,ܦ,ܦഥ൫ߤଵభ ∪൯.Then ℬܮ,ଶ൯ߤ, (ࣝ ∩ ࣞ)=(ℬ ∪ ࣝ) ∩
(ℬ ∪ ࣞ) provided ࣝ ∩ ࣞ exists. 
1.18 Proposition: Let ℬ=൫ܤଵ,ܤ,ܤത൫ߤଵభ  ,൯ܮ,ଶ൯ߤ,
ࣝ=൫ܥଵ,̅ܥ,ܥ൫ߤଵభ ,ଶ൯ߤ,  ൯andܮ
ࣞ=൫ܦଵ,ܦ,ܦഥ൫ߤଵభ ∩൯.Then ℬܮ,ଶ൯ߤ, (ࣝ ∪ ࣞ)=(ℬ ∩ ࣝ) ∪
(ℬ ∩ ࣞ) provided in R.H.S  
(ℬ ∩ ࣝ) and (ℬ ∩ࣞ)  exist. 
 
THEORY OF FS-FUNCTIONS 
2.1 Fs-Function 

A Triplet (f, f,Φ) is said to be is an Fs-Function between 
two given Fs-subsets 
 ℬ = ൫Bଵ, B, Bഥ൫μଵభ ,μଶ൯, L൯ and ࣝ =
൫Cଵ, C, Cത൫μଵେభ , ,൯ of ࣛ, denoted by (fܮ,ଶ൯ߤ f,Φ):ℬ =
൫Bଵ, B, Bഥ൫μଵభ ,μଶ൯, L൯ ⟶ ࣝ = ൫Cଵ, C, Cത൫μଵେభ , μଶେ൯, Lେ൯  if, 
and only if (using the diagrams) . 
                  

                                                                                                  
                          (Fig-1:Fs-function f ̅:ℬ → ࣝ ) 

(1a)   ଵ݂| = ݂ is onto 
(1b) Φ: L ⟶   Lୡ is complete homomorphism 
In general  (f, f,Φ) is denoted by f ̅ 

2.2 Proposition: (i) μଵେభ |େ ∘ ଵ݂| ≥ μଶେ ∘ ݂ 
                       (ii) Φ ∘ μଵభ| ≥ Φ ∘ μଶ 

Proof (i): ଵ݂ݔ = ݂  , for each ݔ ∈ B 

          ൫ μଵେభ|େ ∘ ଵ݂|൯ݔ = μଵେభ( ଵ݂ݔ) = μଵେభ(݂ݔ) ≥
μଶେ(݂ݔ) = (μଶେ ∘  ݔ(݂
    Hence μଵେభ |େ ∘ ଵ݂| ≥ μଶେ ∘ ݂ . 
 
Proof (ii):      μଵభx ≥ μଶx 
              ⟹Φ൫μଵభx൯ ≥ Φ(μଶx)   
(∵ Φ is a complete homomorphism) 
              ⟹ ൫Φ ∘ μଵభ൯x ≥ (Φ ∘ μଶ)x 
Hence Φ ∘ μଵభ | ≥ Φ ∘ μଶ 
2.2.1 Remark: Φ is a complete homomorphism between 
complete Boolean algebras implies Φ(0) = 0 and Φ(1) = 1 
and[Φ(ܽ)]ୡ = Φ(ܽ) 
Therefore Φ(ܽ) ∧  Φ(ܽ) = Φ(ܽ ∧ ܽ) = Φ(0) = 0 
                 Φ(ܽ) ∨  Φ(ܽ) = Φ(ܽ ∨ ܽ) = Φ(1)=1 
2.3 Def: Increasing Fs-function 
f ̅ is said to be an increasing Fs- function, and denoted by f ̅ ୧ 
if ,and only if(using fig-1) 
(2a) μଵେభ |େ ∘ ଵ݂| ≥ Φ ∘ μଵభ 
(2b) μଶେ ∘ ݂ ≤ Φ ∘ μଶ 

2.4 Proposition:  Φ ∘ (μଶݔ) = [(Φ ∘ μଶ)ݔ] 
Proof: LHS: Φ ∘ (μଶݔ) = Φ[(μଶݔ)] = [Φ(μଶݔ)] =
[(Φ ∘ μଶ)ݔ]  
2.5 Proposition: Φ ∘ Bഥ ≤ Cത ∘ ݂ ,provided f ̅ is an increasing 
Fs-function 
Proof: Φ(Bഥݔ) = Φ൫μଵభݔ ∧ (μଶݔ)ୡ൯ 
                       = Φ൫μଵభݔ൯ ∧Φ[(μଶݔ)ୡ]  
= Φ൫μଵభݔ൯ ∧ [Φ(μଶݔ)]  
= ൫Φ ∘ μଵభ൯ݔ ∧ [(Φ ∘ μଶ)ݔ] ≤ ൫μଵେభ ∘ ଵ݂൯ݔ ∧
[(μଶେ ∘ ୡ[ݔ(݂ = μଵେభ( ଵ݂ݔ) ∧ [μଶେ(݂ݔ)]େ  
= μଵେభ(݂ݔ) ∧ [μଶେ(݂ݔ)]େ = C ഥ(݂ݔ)  
Hence Φ ∘ Bഥ ≤ Cത ∘ ݂ 
 
2.6 Def: Decreasing Fs-function 
f ̅  is said to be decreasing Fs-function denoted as f ̅ ୢ and if 
and only if 

(3a) μଵେభ|େ ∘ ଵ݂| ≤ Φ ∘ μଵభ  
(3b) μଶେ ∘ ݂ ≥ Φ ∘ μଶ 

2.7 Proposition: Φ ∘ Bഥ ≥ Cത ∘ ݂ ,provided f ̅  is a decreasing 
Fs-function 
Proof: Φ(Bഥݔ) = Φ൫μଵభݔ ∧ (μଶݔ)ୡ൯ 
                       = Φ൫μଵభݔ൯ ∧Φ[(μଶݔ)ୡ]  
= Φ൫μଵభݔ൯ ∧ [Φ(μଶݔ)]  
= ൫Φ ∘ μଵభ൯ݔ ∧ [(Φ ∘ μଶ)ݔ] ≥ ൫μଵେభ ∘ ଵ݂൯ݔ ∧
[(μଶେ ∘ ୡ[ݔ(݂ = μଵେభ( ଵ݂ݔ) ∧ [μଶେ(݂ݔ)]େ  
= μଵେభ(݂ݔ) ∧ [μଶେ(݂ݔ)]େ = C ഥ(݂ݔ)  
Hence Φ ∘ Bഥ ≥ Cത ∘ ݂ 
2.8 Def:Preserving Fs- function 
f ̅ is said to be preserving Fs-function and denoted as f ̅ ୮  if 
,and only if 
(4a) μଵେభ |େ ∘ ଵ݂| = Φ ∘ μଵభ 
(4b) μଶେ ∘ ݂ = Φ ∘ μଶ 

2.9 Proposition: Φ ∘ Bഥ = Cത ∘ ݂ ,provided f ̅ is Fs- preserving 
function 
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Proof: Φ(Bഥݔ) = Φ൫μଵభݔ ∧ (μଶݔ)ୡ൯  
= Φ൫μଵభݔ൯ ∧ Φ[(μଶݔ)ୡ]  
= Φ൫μଵభݔ൯ ∧ [Φ(μଶݔ)]  
= ൫Φ ∘ μଵభ൯ݔ ∧ [(Φ ∘ μଶ)ݔ]  
= ൫μଵେభ ∘ ଵ݂൯ݔ ∧ [(μଶେ ∘   ୡ[ݔ(݂
= μଵେభ( ଵ݂ݔ) ∧ [μଶେ(݂ݔ)]େ  
= μଵେభ(݂ݔ) ∧ [μଶେ(݂ݔ)]େ = C ഥ(݂ݔ)  
Hence Φ ∘ Bഥ = Cത ∘ ݂ 
2.10 Def: Composition of two Fs-function 

Given two Fs-functions f ̅:ℬ → ࣝ and gത:ࣝ → ࣞ.We denote 
composition of gത and f ̅ as gത ∘ f ̅and define as ൫gത ∘ f ̅൯ = 
(gଵ, g,Ψ) ∘ (fଵ, f,Φ) = [gଵ ∘ fଵ, g ∘ f,Ψ ∘ Φ]   

2.11 Proposition: Composition of two increasing Fs-
function are increasing. 

Proof: suppose f ̅୧: ൫Bଵ, B, Bഥ൫μଵభ ,μଶ൯, L൯ ⟶
൫Cଵ, C, Cത൫μଵେభ ,μଶେ൯, Lେ൯ and gത ୧: ൫Cଵ, C, Cത൫μଵେభ,μଶେ൯, Lେ൯ ⟶
൫Dଵ, D, Dഥ൫μଵୈభ,μଶୈ൯, Lୈ൯ are two increasing Fs-functions 

Implies (1) μଵେభ |େ ∘ fଵ| ≥ Φ ∘ μଵభ                          
             (2) μଶେ ∘ f ≤ Φ ∘ μଶ                            
And      (3) μଵୈభ|ୈ ∘ gଵ|ୡ ≥ Ψ ∘ μଵୡభ        
             (4) μଶୈ ∘ g ≤ Ψ ∘ μଶେ                             
Need to prove that                                                         

(5) μଵୈభ|ୈ ∘ gଵ|ୡfଵ| ≥ (Ψ ∘ Φ) ∘ μଵభ       
(6) μଶୈ ∘ gf ≤ (Ψ ∘Φ) ∘ μଶେ                            

 
Proof (5): ൫μଵୈభ |ୈ ∘ gଵ|ୡfଵ|൯ݔ 
 = ൫μଵୈభ|ୈ ∘ (gଵ|ୡ ∘ fଵ|)൯ݔ 
 = ൫(μଵୈభ|ୈ ∘ gଵ|ୡ) ∘ fଵ|൯ݔ  
 = ൫μଵୈభ|ୈ ∘ gଵ|ୡ൯(fଵݔ) 
           ≥ ൫Ψ ∘ μଵୡభ൯(fଵݔ)  
 = Ψቀμଵୡభ(fଵݔ)ቁ=Ψൣ൫μଵେభ ∘ fଵ|൯൧ݔ                          (∵ Ψ is 

a homomorphism) 
 ≥ Ψൣ൫Φ ∘ μଵభ൯൧ݔ = ൣΨ ∘ ൫Φ ∘ μଵభ൯൧ݔ  
 = ൣ(Ψ ∘ Φ) ∘ μଵభ൧ݔ  
Hence μଵୈభ|ୈ ∘ gଵ|ୡfଵ| ≥ (Ψ ∘ Φ) ∘ μଵభ  
Proof (6): [μଶୈ ∘ (g ∘ f)]ݔ 
= [(μଶୈ ∘ g) ∘ f]ݔ = (μଶୈ ∘ g)(fݔ) 

≤ (Ψ ∘ μଶେ)(fݔ)   
= Ψ൫μଶେ(fݔ)൯ = Ψ[(μଶେ ∘ f)ݔ]  

 ≤ Ψ[(Φ ∘ μଶ)ݔ] = [Ψ ∘ (Φ ∘ μଶ)]ݔ   =
[(Ψ ∘Φ) ∘ μଶ]ݔ 

Hence μଶୈ ∘ gf ≤ (Ψ ∘ Φ) ∘ μଶେ 
Hence  (gଵ, g,Ψ)୧ ∘ (fଵ, f,Φ)୧ = [gଵ ∘ fଵ, g ∘ f,Ψ ∘ Φ]୧ 

2.12 Proposition: Composition of two decreasing Fs-
function are decreasing. 

Proof: suppose f ̅ୢ: ൫Bଵ, B, Bഥ൫μଵభ ,μଶ൯, L൯ ⟶
൫Cଵ, C, Cത൫μଵେభ ,μଶେ൯, Lେ൯ and 
gതୢ: ൫Cଵ, C, Cത൫μଵେభ ,μଶେ൯, Lେ൯ ⟶ ൫Dଵ, D, Dഥ൫μଵୈభ ,μଶୈ൯, Lୈ൯ 
are two decreasing functions 

Implies (a) μଵେభ|େ ∘ fଵ| ≤ Φ ∘ μଵభ                          
             (b) μଶେ ∘ f ≥ Φ ∘ μଶ                          
And      (c) μଵୈభ|ୈ ∘ gଵ|ୡ ≤ Ψ ∘ μଵୡభ   
             (d) μଶୈ ∘ g ≥ Ψ ∘ μଶେ                            

Need to prove that  

(e)μଵୈభ|ୈ ∘ (gଵ|ୡ ∘ fଵ|) ≤ (Ψ ∘ Φ) ∘ μଵభ   
(f) μଶୈ ∘ (g ∘ f) ≥ (Ψ ∘ Φ) ∘ μଶେ  
 
                    

 
൫Fs − function f ̅:ℬ → ࣝ ൯ 

 
(Fs − function gത:ࣝ → ࣞ) 

 
   ൫Fig 2: Compsition of f ̅and gത i. e. ൫gത ∘ f ̅൯:ℬ → ࣞ൯   
Proof (e): ൫μଵୈభ|ୈ ∘ gଵ|ୡfଵ|൯ݔ 
= ൫μଵୈభ|ୈ ∘ (gଵ|ୡ ∘ fଵ|)൯ݔ  
= ൫(μଵୈభ|ୈ ∘ gଵ|ୡ) ∘ fଵ|൯ݔ  
= ൫μଵୈభ|ୈ ∘ gଵ|ୡ൯(fଵݔ) ≤ ൫Ψ ∘ μଵୡభ൯(fଵݔ)  
= Ψቀμଵୡభ(fଵݔ)ቁ=Ψൣ൫μଵେభ ∘ fଵ|൯൧ݔ    (∵ Ψ is a 

homomorphism) 
≤ Ψൣ൫Φ ∘ μଵభ൯൧ݔ = ൣΨ ∘ ൫Φ ∘ μଵభ൯൧ݔ  
= ൣ(Ψ ∘Φ) ∘ μଵభ൧ݔ  
Hence μଵୈభ|ୈ ∘ gଵ|ୡfଵ| ≤ (Ψ ∘ Φ) ∘ μଵభ  
Proof (f): [μଶୈ ∘ (g ∘ f)]ݔ 
= [(μଶୈ ∘ g) ∘ f]ݔ  
= (μଶୈ ∘ g)(fݔ) ≥ (Ψ ∘ μଶେ)(fݔ)   
= Ψ൫μଶେ(fݔ)൯ = Ψ[(μଶେ ∘ f)ݔ]  
≥ Ψ[(Φ ∘ μଶ)ݔ] = [Ψ ∘ (Φ ∘ μଶ)]ݔ   

= [(Ψ ∘ Φ) ∘ μଶ]ݔ 
Hence μଶୈ ∘ (g ∘ f) ≥ (Ψ ∘ Φ) ∘ μଶେ 
Hence  (gଵ, g,Ψ)ୢ ∘ (fଵ, f,Φ)ୢ = [gଵ ∘ fଵ, g ∘ f,Ψ ∘ Φ]ୢ 

2.13 Proposition: Composition of two preserving Fs-
function are preserving. 

Proof: suppose f ̅୮: ൫Bଵ, B, Bഥ൫μଵభ ,μଶ൯, L൯ ⟶
൫Cଵ, C, Cത൫μଵେభ ,μଶେ൯, Lେ൯ and 
gത୮: ൫Cଵ, C, Cത൫μଵେభ ,μଶେ൯, Lେ൯ ⟶
൫Dଵ, D, Dഥ൫μଵୈభ,μଶୈ൯, Lୈ൯are two preserving functions 
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Implies (a) μଵେభ|େ ∘ fଵ| = Φ ∘ μଵభ                          
             (b) μଶେ ∘ f = Φ ∘ μଶ 
                         
And      (c) μଵୈభ|ୈ ∘ gଵ|ୡ = Ψ ∘ μଵୡభ   
             (d) μଶୈ ∘ g = Ψ ∘ μଶେ                            

Need to prove that  

(e) μଵୈభ |ୈ ∘ (gଵ|ୡ ∘ fଵ|) = (Ψ ∘ Φ) ∘ μଵభ   
(f) μଶୈ ∘ (g ∘ f) = (Ψ ∘ Φ) ∘ μଶେ  
Proof (e): ൫μଵୈభ|ୈ ∘ (gଵ|ୡ ∘ fଵ|)൯ݔ  
= ൫(μଵୈభ|ୈ ∘ gଵ|େ) ∘ fଵ|൯ݔ  
= ൫μଵୈభ |ୈ ∘ gଵ|େ൯(fଵݔ) = ൫Ψ ∘ μଵୡభ൯(fଵݔ)  

= Ψቀμଵୡభ(fଵݔ)ቁ=Ψൣ൫μଵେభ ∘ fଵ|൯൧ݔ                          (∵ Ψ is 
a homomorphism) 

= Ψൣ൫Φ ∘ μଵభ൯൧ݔ = ൣΨ ∘ ൫Φ ∘ μଵభ൯൧ݔ  
= ൣ(Ψ ∘ Φ) ∘ μଵభ൧ݔ  
Hence 
 μଵୈభ |ୈ ∘ (gଵ|ୡ ∘ fଵ|) = (Ψ ∘ Φ) ∘ μଵభ  

Proof (f): [μଶୈ ∘ (g ∘ f)]ݔ 
= [(μଶୈ ∘ g) ∘ f]ݔ  
= (μଶୈ ∘ g)(fݔ) = (Ψ ∘ μଶେ)(fݔ)  
= Ψ൫μଶେ(fݔ)൯ = Ψ[(μଶେ ∘ f)ݔ]   
= Ψ[(Φ∘ μଶ)ݔ] = [Ψ∘ (Φ ∘ μଶ)]ݔ   = [(Ψ ∘ Φ) ∘ μଶ]ݔ 

Hence μଶୈ ∘ (g ∘ f) = (Ψ ∘ Φ) ∘ μଶେ 
Hence  (gଵ, g,Ψ)୮[ ∘ (fଵ, f,Φ)୮ = [gଵ ∘ fଵ, g ∘ f,Ψ ∘ Φ]୮ 

2.13.1 Remark: (fଵ, f,Φ) is preserving if, and only if 
(fଵ, f,Φ) simultaneously both increasing and decreasing  

 

2.14 Proposition: The class of all Fs-sets as objects 
together  with morphism sets Fs-functions   under the  
partial operation denoted by ∘ is called composition 
between Fs-functions whenever it exists  is a category 
denoted by ॲs-SET   

Where (gଵ, g,Ψ) ∘ (fଵ, f,Φ) = (gଵ ∘ fଵ, g ∘ f,Ψ ∘ Φ) 

Proof: Given objects ൫Bଵ, B, Bഥ൫μଵభ ,μଶ൯, L൯ and 
൫Cଵ, C, Cത൫μଵେభ , μଶେ൯, Lେ൯ with an Fs-function 
(f, f,Φ):ℬ = ൫Bଵ, B, Bഥ൫μଵభ ,μଶ൯, L൯ ⟶ ࣝ =
൫Cଵ, C, Cത൫μଵେభ , μଶେ൯, Lେ൯ 

We can easily show that 

(5a)  (fଵ, f,Φ) ∘ ൫1భ , 1, 1ా൯ = (fଵ, f,Φ) 
(5b)  ൫1େభ , 1େ, 1ి൯ ∘ (fଵ, f,Φ) = (fଵ, f,Φ) 

Where ൫1భ , 1 , 1ా൯: ൫Bଵ, B, Bഥ൫μଵభ ,μଶ൯, L൯ ⟶
൫Bଵ, B, Bഥ൫μଵభ ,μଶ൯, L൯ is identity Fs-function, where 
1భ : Bଵ ⟶ Bଵ, 1: B ⟶ B and 1ా : L ⟶ L are identity 
functions 

(2) For any given Fs-sets 
൫Bଵ, B, Bഥ൫μଵభ ,μଶ൯, L൯,൫Cଵ, C, Cത൫μଵେభ,μଶେ൯, Lେ൯,

൫Dଵ, D, Dഥ൫μଵୈభ ,μଶୈ൯, Lୈ൯ and ൫Eଵ, E, Eഥ൫μଵభ,μଶ൯, L൯ 
and Fs-functions 
(f, f,Φଵ): ൫Bଵ, B, Bഥ൫μଵభ,μଶ൯, L൯ ⟶
൫Cଵ, C, Cത൫μଵେభ,μଶେ൯, Lେ൯  
(g , g,Φଶ): ൫Cଵ, C, Cത൫μଵେభ,μଶେ൯, Lେ൯ ⟶
൫Dଵ, D, Dഥ൫μଵୈభ ,μଶୈ൯, Lୈ൯  
(h, h,Φଷ): ൫Dଵ, D, Dഥ൫μଵୈభ ,μଶୈ൯, Lୈ൯ ⟶
൫Eଵ, E, Eഥ൫μଵభ,μଶ൯, L൯  

 

We can easily show that 

[(h, h,Φଷ) ∘ (g, g,Φଶ)] ∘ (f, f,Φଵ)=(h, h,Φଷ) ∘
[(g, g,Φଶ) ∘ (f, f,Φଵ)] 

2.15 Proposition: The class of all Fs-sets as objects 
together  with morphism sets increasing Fs-functions   
under the  partial operation denoted by ∘ is called 
composition between increasing Fs-functions whenever it 
exists  is a category denoted by ॲs-SETi  

2.16 Proposition: The class of all Fs-sets as objects 
together  with morphism sets decreasing Fs-functions   
under the  partial operation denoted by ∘ is called 
composition between decreasing Fs-functions whenever it 
exists  is a category denoted by ॲs-SETd  

2.17 Proposition: The class of all Fs-sets as objects 
together  with morphism sets preserving Fs-functions   
under the  partial operation denoted by ∘ is called 
composition between preserving Fs-functions whenever it 
exists  is a category denoted by ॲs-SETp  

IMAGES OF FS-SUBSETS UNDER FS-FUNCTION 
2.18 Def: Fs-image of an Fs-subset  Fs-function: 
Let f ̅: ൫Bଵ, B, Bഥ൫μଵభ ,μଶ൯, L൯ ⟶ ൫Cଵ, C, Cത൫μଵେభ,μଶେ൯, Lେ൯ 

Let 
ࣞ = ൫Dଵ, D, Dഥ൫μଵୈభ ,μଶୈ൯, Lୈ൯ ⊆ ℬ =
൫Bଵ, B, Bഥ൫μଵభ ,μଶ൯, L൯ then 

(a) Dଵ ⊆ Bଵ,       B ⊆ D 
(b) Lୈ≤L 
(c) (μଵୈభ ≤ μଵభ |Dଵ, and  μଶୈ|B ≥ μଶ) or Dഥݔ ≤ Bഥݔ 

for each x∈B 

Define f ̅(ࣞ) = ℰ = ൫Eଵ , E, Eഥ൫μଵభ ,μଶ൯L൯, where 

(d) Eଵ = fଵ(Dଵ)  
(e) E = fଵ(D) 
(f) L = ([X] ∪ΦLୈ), [X] is complete ideal generated 

by X = ൛μଵେభy|y ∈ Eଵ , y = fଵݔ, ݔ ∈ Dଵൟ,  
(g) μଵభ: Eଵ ⟶ L is define by 

μଵభy = μଶେ⋁ ቈμଵେభ⋀ቆ⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభ

ቇ 
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(h) μଶ: E ⟶ L is define by 

μଶݕ = μଶେ⋁ ቈμଵେభ⋀ቆ⋁ Φμଶୈݔ୷ୀభ௫
௫∈ୈ

ቇ 

2.19 Propositions:f ̅(ࣞ) is an Fs-subset of 
ࣝ= ൫Cଵ, C, Cത൫μଵେభ ,μଶେ൯, Lେ൯ 

Proof: f ̅(ࣞ) = ℰ = ൫Eଵ, E, Eഥ൫μଵభ , μଶ൯L൯, where 

[1] Eଵ = fଵ(Dଵ) ⊆ Cଵ  
[2] E = fଵ(D) ⊇ fଵ(B) = f(B) = C (∵ f is onto) 
[3] L = ([X] ∪ΦLୈ), [X] is complete ideal generated 

by X = ൛μଵେభy|y ∈ Eଵ, y = fଵݔ, ݔ ∈ Dଵൟ 
⟹ L ≤ Lେ 

[4] μଵభ: Eଵ ⟶ L is define by 

μଵభy = μଶେy⋁ ቈμଵେభy⋀ቆ⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభ

ቇ ≤

μଵେభy 
[5] μଶ: E ⟶ L is define by 

μଶݕ = μଶେy⋁ ቈμଵେభy⋀ቆ⋁ Φμଶୈݔ୷ୀభ௫
௫∈ୈ

ቇ ≥ μଶେy 

Hence all the above implies f ̅(ࣞ) is an Fs-subset of ࣝ 

2.20 Proposition: f ̅: ൫Bଵ, B, Bഥ൫μଵభ,μଶ൯, L൯ ⟶
൫Cଵ, C, Cത൫μଵେభ ,μଶେ൯, Lେ൯and for any pair of Fs-subsets 
ℋଵ = ൫Hଵଵ, Hଵ, Hഥଵ൫μଵୌభభ ,μଶୌభ൯, Lୌభ൯ and ℋଶ =
൫Hଵଶ, Hଶ, Hഥଶ൫μଵୌభమ ,μଶୌమ൯, Lୌమ൯ of  
ℬ = ൫Bଵ, B, Bഥ൫μଵభ ,μଶ൯, L൯ such that ℋଵ ⊆ ℋଶ,then 

f ̅(ℋଵ) ⊆ f ̅(ℋଶ) 

Proof: Suppose 
f ̅(ℋଵ) = ଵ࣡ = ൫Gଵଵ, Gଵ, Gഥଵ൫μଵୋభభ ,μଶୋభ൯Lୋభ൯ ,where 

(a) Gଵଵ = fଵ(Hଵଵ)  
(b) Gଵ = fଵ(Hଵ)  
(c) Lୋభ =  ൫[Xଵ] ∪ΦLୌభ൯, [Xଵ] is complete ideal 

generated by Xଵ = ൛μଵେభy|y ∈ Gଵଵ, y = fଵݔ,ݔ ∈
Hଵଵ}  

(d) μଵୋభభ: Gଵଵ ⟶ Lୋభ  is defined by μଵୋభభy =

μଶେy⋁ቈμଵେభy⋀ቆ⋁ Φμଵୌభభݔ୷ୀభ௫
௫∈ୌభభ

ቇ 

(e) μଶୋభ: Gଵ ⟶ Lୋమ  is defined by μଶୋభy =

μଶେy⋁ቈμଵେభy⋀ቆ⋁ Φμଶୌభݔ୷ୀభ௫
௫∈ୌభ

ቇ 

Again suppose 
f ̅(ℋଶ) = ࣡ଶ = ൫Gଵଶ, Gଶ, Gഥଶ൫μଵୋభమ ,μଶୋమ൯Lୋమ൯ ,where 

(f) Gଵଶ = fଵ(Hଵଶ)  
(g) Gଶ = fଵ(Hଶ)  

(h) Lୋమ =  ൫[Xଶ]∪ ΦLୌమ൯, [Xଶ] is complete ideal 
generated by Xଶ = ൛μଵେభy|y ∈ Gଵଶ, y = fଵݔ,ݔ ∈
Hଵଶ}  

(i) μଵୋభమ: Gଵଶ ⟶ Lୋమ  is defined by μଵୋభమy =

μଶେy⋁ቈμଵେభy⋀ቆ⋁ Φμଵୌభమݔ୷ୀభ௫
௫∈ୌభభ

ቇ 

(j) μଶୋమ: Gଶ ⟶ Lୋమ  is defined by μଶୋమy =

μଶେy⋁ቈμଵେభy⋀ቆ⋁ Φμଶୌమݔ୷ୀభ௫
௫∈ୌమ

ቇ 

From definition of Fs-subsets ℋଵ ⊆ ℋଶ imply 

(k) Hଵଵ ⊆ Hଵଶ ⇒ fଵ(Hଵଵ) ⊆ fଵ(Hଵଶ) ⇒ Gଵଵ ⊆ Gଵଶ, 
Hଵ ⊇ Hଶ ⇒ fଵ(Hଵ) ⊇ fଵ(Hଶ) ⇒ Gଵ ⊇ Gଶ  

(l) Lୌభ ≤ Lୌమ ⇒ ΦLୌభ ≤ ΦLୌమ ,Xଵ ⊆ Xଶ  
⇒ ΦLୌభ ≤ ΦLୌమ ,[Xଵ] ⊆ [Xଶ] 
⇒൫[Xଵ] ∪ΦLୌభ൯ ⊆ ൫[Xଶ]∪ ΦLୌమ൯⇒Lୋభ ≤ Lୋమ  

(m) μଵୌభభݔ ≤ μଵୌభమݔ∀,ݔ ∈ Hଵଵ 
⇒⋁ Φμଵୌభభݔ୷ୀభ௫

௫∈ୌభభ
≤ ⋁ Φμଵୌభమݔ୷ୀభ௫

௫∈ୌభమ
  

⇒μଵେభy⋀ቆ⋁ Φμଵୌభభݔ୷ୀభ௫
௫∈ୌభభ

ቇ ≤

μଵେభy⋀ቆ⋁ Φμଵୌభమݔ୷ୀభ௫
௫∈ୌభమ

ቇ 

⇒μଶେy⋁ቈμଵେభy⋀ቆ⋁ Φμଵୌభభݔ୷ୀభ௫
௫∈ୌభభ

ቇ ≤

μଶେy⋁ቈμଵେభy⋀ቆ⋁ Φμଵୌభమݔ୷ୀభ௫
௫∈ୌభమ

ቇ 

⇒μଵୋభభݔ ≤ μଵୋభమݔ 
And μଶୌభݔ ≥ μଶୌమݔ∀,ݔ ∈ Hଶ 
⇒⋁ Φμଶୌభݔ୷ୀభ௫

௫∈ୌభ
≥ ⋁ Φμଶୌమݔ୷ୀభ௫

௫∈ୌమ
  

⇒μଵେభy⋀ቆ⋁ Φμଶୌభݔ୷ୀభ௫
௫∈ୌభ

ቇ ≥=

∘ γμଵେభy⋀ቆ⋁ Φμଶୌమݔ୷ୀభ௫
௫∈ୌమ

ቇ 

⇒μଶେy⋁ቈμଵେభy⋀ቆ⋁ Φμଶୌభݔ୷ୀభ௫
௫∈ୌభ

ቇ ≥

μଶେy⋁ቈμଵେభy⋀ቆ⋁ Φμଶୌమݔ୷ୀభ௫
௫∈ୌమ

ቇ 

             ⇒μଶୋభݔ ≥ μଶୋమݔ 

(k),(l) and (m) imply ଵ࣡ ⊆ ଶ࣡ ⇒ f ̅(ℋଵ) ⊆ f ̅(ℋଶ). 

2.21 Image of Fs-empty set of first kind under an Fs-
function: 

Let Φࣛ = ࣲ = ൫Xଵ, X, Xഥ൫μଵଡ଼భ ,μଶଡ଼൯, Lଡ଼൯, where 

(1) A ⊆ Xଵ ∩ X and Xଵ ⊉ X or 
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(2) μଵୈభݔ ≠ μଶୈݔ ,for  x∈Xଵ ∩ X 

We define f ̅(Φࣛ) = Φࣛ. 

 

2.22 Result: f ̅(Φࣛ) = Φࣛ , where Φࣛ = ࣞ =
൫D, D, Dഥ൫μଵୈభ,μଶୈ൯, Lୈ൯,where Dଵ = D and Φࣛ is Fs-
empty set of second  

Proof: Suppose f ̅(Φࣛ) = ℰ = ൫Eଵ, E, Eഥ൫μଵభ ,μଶ൯L൯, 
where 

(a) Eଵ = fଵ(D) = E  
(b) L = ([X] ∪ΦLୈ), [X] is complete ideal generated 

by X = ൛μଵେభy|y ∈ Eଵ, y = fଵݔ, ݔ ∈ Dଵ = Dൟ  
(c) μଵభ: Eଵ ⟶ L is defined by 

 μଵభy = μଶେ⋁ቈμଵେభ⋀ቆ⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభୀୈ

ቇ  

           = μଶେ⋁ൣμଵେభ⋀β൧ , where 
β=⋁ Φμଵୈభݔ୷ୀభ௫

௫∈ୈభୀୈ
 

(d) μଶ: E ⟶ L is defined by 

 μଶݕ = μଶେ⋁ ቈμଵେభ⋀ቆ⋁ Φμଶୈݔ୷ୀభ௫
௫∈ୈ

ቇ 

          = μଶେ⋁ൣμଵେభ⋀γ൧ ,where 
γ=⋁ Φμଶୈݔ୷ୀభ௫

௫∈ୈభୀୈ
= β ൫∵ μଵୈభݔ = μଶୈݔ൯ 

             (d) and(e) imply  μଵభݔ = μଶݔ =  say,ߙ

(e) Eഥy = μଵభݔ ∧ (μଶݔ)ୡ = α ∧ (α)ୡ = 0 

Hence f ̅(Φࣛ) = Φࣛ. 

2.23 Proposition: For any Fs-functionf ̅:ℬ → ࣝ, f(̅Φࣛ) =
Φࣛ  where Φࣛ  is Fs-empty set of first or Fs-empty set of 
second kind. 

2.24 Proposition: For any Fs-function f ̅:ℬ → ࣝ and any 
two Fs-subsets ℋଵ and ℋଶ of ℬ , the following are true. 

(1) f ̅(ℋଵ ∪ℋଶ) ⊇ f ̅(ℋଵ) ∪ f ̅(ℋଶ) 
(2) f ̅(ℋଵ ∩ℋଶ) ⊆ f ̅(ℋଵ) ∩ f ̅(ℋଶ) 

Proof:(1): ℋଵ ⊆ ℋଵ ∪ℋଶ (∵ Proposition 1.10 in [4]) 

⟹f ̅(ℋଵ) ⊆ f ̅(ℋଵ ∪ℋଶ) (∵ Proposition 2.22)  …..(I) 

Similarly ℋଶ ⊆ ℋଵ ∪ℋଶ  (∵ Proposition 1.10 in [4]) 

⟹f ̅(ℋଶ) ⊆ f ̅(ℋଵ ∪ℋଶ) (∵ Proposition 2.22)  …..(II) 

(I) and (II) imply f ̅(ℋଵ ∪ℋଶ) ⊇ f ̅(ℋଵ) ∪ f ̅(ℋଶ) (∵For a 
given family of Fs-subset ℬ୧and an Fs-set ࣝ such that 
ℬ୧ ⊆ ࣝ for  i∈I then⋃ ℬ୧୧∈୍ ⊆ ࣝ) 

Proof:(2):Case(a): ℋଵ ∩ℋଶ = Φࣛ ⇒ f ̅(ℋଵ ∩ℋଶ) =
f ̅(Φࣛ) = Φࣛ ⊆ f ̅(ℋଵ) ∩ f ̅(ℋଶ)  

Case (b): ℋଵ ∩ℋଶ ⊆ ℋଵ (∵ Proposition 1.10 ) 

⟹f ̅(ℋଵ ∩ℋଶ) ⊆ f ̅(ℋଵ) (∵ Proposition2.22)  …..(III) 

Similarly ℋଵ ∩ℋଶ ⊆ℋଶ  (∵ Proposition 1.10 in [4]) 

⟹f ̅(ℋଵ ∩ℋଶ) ⊆ f ̅(ℋଶ) (∵ Proposition 2.22)  …..(IV) 

(III) and (IV) imply f ̅(ℋଵ ∩ℋଶ) ⊆ f ̅(ℋଵ) ∩ f ̅(ℋଶ)  (∵ 
Proposition 1.14.1 in [4]) 

2.25 Proposition: For any Fs-function f ̅:ℬ → ࣝ  and any 
family of Fs-subsets ℋ୧ , i∈I of ℬ the following are true. 

(a) f ̅(⋃ ℋ୧୧∈୍ ) ⊇ ⋃ f ̅(ℋ୧)୧∈୍  
(b) f ̅(⋂ ℋ୧୧∈୍ ) ⊆ ⋂ f ̅(ℋ୧)୧∈୍  

Proof:(a): ℋ୧ ⊆ ⋃ ℋ୧୧∈୍  (∵ Proposition 1.13 in [4]) 

⟹f ̅(ℋ୧) ⊆ f ̅(⋃ ℋ୧୧∈୍ ) (∵ Proposition 2.22) 

 f ̅(⋃ ℋ୧୧∈୍ ) ⊇ ⋃ f ̅(ℋ୧)୧∈୍  (∵For a given family of Fs-
subset ℬ୧and an Fs-set  ࣝsuch that ℬ୧ ⊆ ࣝ for  i∈I 
then⋃ ℬ୧୧∈୍ ⊆ ࣝ) 

The proof of (b): The proof follows clearly  

2.26 Result: If f ̅ is increasing Fs-function, ࣞ⊆ℬ and 
f ̅୧(ࣞ) = ℰ = ൫Eଵ, E, Eഥ൫μଵభ ,μଶ൯, L൯ then  μଵభy =

⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభ

 and μଶy = ⋁ Φμଶୈݔ୷ୀభ௫
௫∈ୈ

 . 

Proof: Given  f ̅(ࣞ) = ℰ = ൫Eଵ , E, Eഥ൫μଵభ ,μଶ൯L൯, where 

(a) Eଵ = fଵ(Dଵ)  
(b) E = fଵ(D) 
(c) L = ([X] ∪ΦLୈ), [X] is complete ideal generated 

by X = ൛μଵେభy|y ∈ Eଵ , y = fଵݔ, ݔ ∈ Dଵൟ  
(d) μଵభ: Eଵ ⟶ L is define by 

μଵభy = μଶେ⋁ ቈμଵେభ⋀ቆ⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభ

ቇ given 

f ̅ = f ̅୧. 
For x∈ Dଵ, μଵୈభݔ ≤ μଵభݔ and Φ is a complete 
homomorphism imply 
Φμଵୈభݔ ≤ Φμଵభݔ ≤ ൫μଵେభ ∘ fଵ൯ݔ = μଵେభy inturn 
imply 
⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభ

≤ μଵେభy   .   .  .  .  .  .  .(I) 

Again, μଵୈభݔ ≥ μଶୈݔ ≥ μଶݔ , for each x∈ Dଵ 
inturn imply 
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Φμଵୈభݔ ≥ Φμଶୈݔ ≥ Φμଶݔ ≥ (μଶେ ∘ f)ݔ =
(μଶେ ∘ fଵ)ݔ = μଶେy and 
⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభ

≥ μଶେy   .  .  .  .  .  .(II) 

Therefore from(I) and(II) we get  μଵభy =
⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభ

 

(e) μଶ: E ⟶ L is define by 

μଶݕ = μଶେ⋁ ቈμଵେభ⋀ቆ⋁ Φμଶୈݔ୷ୀభ௫
௫∈ୈ

ቇ 

for x∈ B, μଶୈݔ ≥ μଶݔ  imply 
Φμଶୈݔ ≥ Φμଶݔ ≥ (μଶେ ∘ f)ݔ = (μଶେ ∘ fଵ)ݔ =
μଶେy inturn imply 
⋁ Φμଶୈݔ୷ୀభ௫

௫∈ୈ
≥ μଶେy   .  .  .  .  .  .(III) 

Again, Φμଶୈݔ ≤ Φμଵୈభݔ ≤ Φμଵభݔ ≤
൫μଵେభ ∘ fଵ൯ݔ = μଵେభy inturn imply 
⋁ Φμଶୈݔ୷ୀభ௫

௫∈ୈ
≤ μଵେభy   .  .  .  .  .  .(IV) 

Therefore from(III) and(IV) we get  μଶy =
⋁ Φμଶୈݔ୷ୀభ௫

௫∈ୈ
 

2.27 Result: If f ̅ is decreasing Fs-function, ࣞ⊆ℬ and 
f ̅୧(ࣞ) = ℰ = ൫Eଵ, E, Eഥ൫μଵభ ,μଶ൯, L൯ then                 

μଵభy = μଶେ⋁ ቈμଵେభ⋀ቆ⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభ

ቇ  

and μଶy = μଶେ⋁ቈμଵେభ⋀ቆ⋁ Φμଶୈݔ୷ୀభ௫
௫∈ୈ

ቇ 

2.28 Result: If f ̅ is preserving Fs-function, ࣞ⊆ℬ and 
f ̅୮(ࣞ) = ℰ = ൫Eଵ , E, Eഥ൫μଵభ ,μଶ൯L൯ then μଵభy =

⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభ

 and μଶy = ⋁ Φμଶୈݔ୷ୀభ௫
௫∈ୈ

 . 

Proof: Given  f ̅(ࣞ) = ℰ = ൫Eଵ , E, Eഥ൫μଵభ , μଶ൯L൯, where 

(a) Eଵ = fଵ(Dଵ)  
(b) E = fଵ(D) 
(c) L = ([X] ∪ΦLୈ), [X] is complete ideal generated 

by X = ൛μଵେభy|y ∈ Eଵ, y = fଵݔ, ݔ ∈ Dଵൟ  
(d) μଵభ: Eଵ ⟶ L is defined by μଵభy =

μଶେ⋁ቈμଵେభ⋀ቆ⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభ

ቇ given f ̅ = f ̅୧. 

For x∈ Dଵ, μଵୈభݔ ≤ μଵభݔ and Φ is a complete 
homomorphism imply 
Φμଵୈభݔ ≤ Φμଵభݔ = ൫μଵେభ ∘ fଵ൯ݔ = μଵେభy inturn 
imply 
⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభ

≤ μଵେభy   .   .  .  .  .  .  .(I) 

Again, μଵୈభݔ ≥ μଶୈݔ ≥ μଶݔ , for each x∈ Dଵ 
inturn imply 
Φμଵୈభݔ ≥ Φμଶୈݔ ≥ Φμଶݔ = (μଶେ ∘ f)ݔ =
(μଶେ ∘ fଵ)ݔ = μଶେy and 

⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభ

≥ μଶେy   .  .  .  .  .  .(II) 

Therefore from(I) and(II) we get  μଵభy =
⋁ Φμଵୈభݔ୷ୀభ௫
௫∈ୈభ

 

(e) μଶ: E ⟶ L is define by 

μଶݕ = μଶେ⋁ ቈμଵେభ⋀ቆ⋁ Φμଶୈݔ୷ୀభ௫
௫∈ୈ

ቇ 

for x∈ B, μଶୈݔ ≥ μଶݔ  imply 
Φμଶୈݔ ≥ Φμଶݔ = (μଶେ ∘ f)ݔ = (μଶେ ∘ fଵ)ݔ =
μଶେy inturn imply 
⋁ Φμଶୈݔ୷ୀభ௫

௫∈ୈ
≥ μଶେy   .  .  .  .  .  .(III) 

Again, Φμଶୈݔ ≤ Φμଵୈభݔ ≤ Φμଵభݔ =
൫μଵେభ ∘ fଵ൯ݔ = μଵେభy inturn imply 
⋁ Φμଶୈݔ୷ୀభ௫

௫∈ୈ
≤ μଵେభy   .  .  .  .  .  .(IV) 

Therefore from(III) and(IV) we get  μଶy =
⋁ Φμଶୈݔ୷ୀభ௫

௫∈ୈ
. 

2.29 Proposition: For any pair of Fs-functions f ̅:ℬ → ࣝ and 
gത:ࣝ → ࣞ  and any Fs-subset ℋ of ℬ the following is true 

൫gത ∘ f ̅൯(ℋ) ⊆ gത ቀf ̅(ℋ)ቁ 

Proof: LHS: ൫gത ∘ f ̅൯(ℋ) = [gଵ ∘ fଵ, g ∘ f,Ψ ∘ Φ](ℋ) = ࣡ =
൫Gଵ, G, Gഥ൫μଵୋభ,μଶୋ൯, Lୋ൯ say 

(a) Gଵ = (gଵ ∘ fଵ)(Hଵ)  
(b) G = (gଵ ∘ fଵ)(H)  
(c) Lୋ =  ([X] ∪ΦLୌ), [X] is complete ideal 

generated by X = ൛μଵୈభz|z ∈ Gଵ, z =
(gଵ ∘ fଵ)ݔ, ݔ ∈ Hଵ}  

(d) μଵୋభ: Gଵ ⟶ Lୋ is defined by μଵୋభz =

μଶୈz⋁ቈμଵୈభz⋀ቆ⋁ ΨΦμଵୌభݔୀ(భ∘భ)௫
௫∈ୌభ

ቇ 

(e) μଶୋ: G ⟶ Lୋ is defined by 

μଶୋz = μଶୈz⋁ ቈμଵୈభ⋀ቆ⋁ ΨΦμଶୌݔୀ(భ∘భ)௫
௫∈ୌ

ቇ 

Let f ̅(ℋ) = ࣥ = ൫Kଵ, K, Kഥ൫μଵభ ,μଶ൯, L൯, where 

(f) Kଵ = fଵ(Hଵ)  
(g) K = fଵ(H) 
(h) L = ([Xଵ] ∪ ΦLୌ), [Xଵ] is complete ideal 

generated by Xଵ = ൛μଵେభy|y ∈ Kଵ, y = fଵݔ, ݔ ∈
Hଵ},  

(i) μଵభ: Kଵ ⟶ L is defined by μଵభy =

μଶେ⋁ቈμଵେభ⋀ቆ⋁ Φμଵୌభݔ୷ୀభ௫
௫∈ୌభ

ቇ 

(j) μଶ: K ⟶ L is defined by 

μଶݕ = μଶେ⋁ቈμଵେభ⋀ቆ⋁ Φμଶୌݔ୷ୀభ௫
௫∈ୌ

ቇ 
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RHS: gത ቀf ̅(ℋ)ቁ = gത(ࣥ) = ℳ =

൫Mଵ, M, Mഥ൫μଵభ,μଶ൯, L൯ say 

(k) Mଵ = gଵ(Kଵ) = gଵ൫fଵ(Hଵ)൯ = (gଵ ∘ fଵ)(Hଵ)  
(l) M = gଵ(K) = gଵ൫fଵ(H)൯ = (gଵ ∘ fଵ)(H)  

(m) L =  ([Xଶ] ∪ΨL), [Xଶ] is complete ideal 
generated by Xଶ = ൛μଵୈభz|z ∈ Mଵ = Gଵ, z =
gଵy, ݕ ∈ Kଵ}  

(n) μଵభ: Mଵ ⟶ L is defined by μଵభz =

μଶୈz⋁ቈμଵୈభz⋀ቆ⋁ Ψμଵభݕୀభ୷
௬∈భ

ቇ 

(o) μଶ: M ⟶ L is defined by μଶz =

μଶୈz⋁ቈμଵୈభ⋀ቆ⋁ Ψμଶୀభ୷
௬∈

yቇ 

Clearly  

(p) Gଵ = Mଵ follows from (a) and(k) 
(q) G = M follows from (b) and(l) 
(r) Lୋ is a complete subalgebra of L i.e. Lୋ ≤ L 

follows from (c) and(m) 
(s) μଵୋభz ≤ μଵభz , for each z∈Gଵ = Mଵ follows 

from (d) and(n) 
(t) μଶୋz ≥ μଶݖ, for each z∈G = M follows from 

(e) and(m) 

From all the above statements we can easily conclude 
that 

 ൫gത ∘ f ̅൯(ℋ) ⊆ gത ቀf ̅(ℋ)ቁ . 

CONCLUSION 
We can observe that similarities between results in theory of 
Fs-functions and some results in the theory of crisp 
functions . 
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