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Fractional-order Transmission Line Modeling

Abstract: This paper introduces a generalization of the
Transmission Line Modeling (TLM) concept in the fractional-order
domain. Through this work, the impact of the fractional-order
parameters on the TLM properties such as compensation for power
loss is shown. Also, it is illustrated how imposing fractional
derivatives in the operation of the TLM increases the degree of
freedom to control its characteristics, for instance, the scattering
matrix. In addition, it is verified that the analysis of the TLM in the
conventional case is a special case of the fractional-order study
when the fractional-orders equal “1”.

Key words : Fractional Calculus, Scattering matrix, transmission
Line Modeling (TLM)

INTRODUCTION

Fractional calculus is a branch of mathematical
analysis that studies the non-integer differentiation and
integration. Although the root of the fractional-calculus was
related to the same time-interval of the conventional calculus,
but its real revolution appears four decades ago [1-2]. One of
the main reasons for this delay is the absence of the real
applications that can use it and also due to its complexity
relative to the integer-order calculus. After 1960, many
papers focus on the approximation and realization of the
fractional-element and its advantages [3-5].

There are more than one definition for the fractional
differentiation. In particular, the basic definitions of the
fractional integral (/%) and fractional derivative (D%) of a

function f(t) due to Caputo [1-2] are given by

2
I'(a)

Jf) == [{(t =) f(t)dr, a €R*,t>0 (L)

Def(t) = Dm(J™f(t)), m—1<a<m, (1b)

, Whereas meN*. As shown from the above definition (1)
that, the fractional derivative has a global property unlike the
conventional derivative. In other words, to calculate the
fractional derivative of a certain function f(t) you need to
know all the history of this function not only the previous few
values as known in the integer-order derivatives. Due to this
property, the fractional-order modeling has superior
advantages for many physical and natural phenomena which
have long-memory dependence better than the conventional
integer-order models. In addition, the added parameters

(fractional-order a) of the fractional-order systems increases

the flexibility and degrees of freedom that can be used for
optimizing, best fitting, improving the response....etc.
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During the last two decades, numerous systems analysis
and generalized theorems based on the fractional-order
calculus are introduced mathematically and verified
experimentally in different fields such as circuit theory,
chemistry, mechanical, control, electromagnetic, and
bioengineering [7-18].

It is worth saying that the power dissipated in a circuit
modeled by a traditional resistive element s
frequency-independent in the conventional case which is
really unpractical, especially in high frequencies. However,
in the fractional domain the resistive element term is
frequency-dependent that is the impedance of a fractional
inductor of inductance L and fractional parameter « is given

by

2,y = (j)°L = Lo [cos (Za) +Jsin (Za)] @)
, this agrees with experimental results, studies of Coilcraft RF
inductors [19] from 1MHz to 1.8 GHz pointed out that the
skin effect losses were modeled as Z(f) = \/]_f/H which is
similar to the half-order inductor.

In the field of electromagnetics, fractional calculus plays
an important role. Fractional solutions for the Helmholtz’s
equation were discussed in [20],[21], the analysis for a
homogeneous space which means the geometry of the
problem is unbounded was discussed in [20] while different
geometries with parallel plane interfaces were considered in
[21]. Dedication to studying fractional electromagnetics in
fractal spaces is found in [22],[23], whereas Maxwell’s
equations form in fractal spaces was given in [22], the
cylindrical wave equation in fractional dimensional space
was solved in [23]. Based on the introduction of the concept
of fractional curl operator by N.Engheta [24], several studies
were done [25], [26], trying to find a specific fractional
solution to a certain electromagnetic problem. This solution
is considered as an intermediate one between two given
solutions; usually those of the duality principle in
electromagnetics, promising results were shown and many
publications relied on this concept. In this work, the
fractional point of view is befitting from the consideration of
fractional time derivatives in the Caputo sense which was not
considered in [20]-[26]. Also, all lumped components of the
transmission line segments are considered to be fractal ones.

Traditionally, field problems are considerably more
difficult to solve than network problems. The
transmission-line modeling (TLM), based on Huygens'
model [27] of wave propagation and scattering, is a space and
time discretizing method for computation of electromagnetic
fields based on the analogy between the electromagnetic field
and a mesh of transmission lines. In Fig. 1, a simple example
of a 2D TLM mesh with a voltage pulse of amplitude 1V
incident on the central node is shown. This pulse will be



ISSN 2320-2602

International Journal of Advances in Computer Science and Technology (IJACST), Vol.2, No.11, Pages : 18 - 24
Special Issue of ICCEeT 2013 - Held during 04-05 November, 2013 Dubai

partially reflected and transmitted according to the
transmission-line theory [28] by a factor of half assuming all
lines have the same characteristic impedance. The next time
step, scattering event excites the neighboring nodes and the
process repeats. This paper restudies the TLM in the
fractional order sense with all the lumped components
considered to be fractal ones.

Fig. 1: An example of a 2D TLM mesh

The organization of this paper is as follows: Section 2
shortly reviews an analogy between one-dimensional wave
propagation in a lossy medium and a long distributed
transmission line. In section 3, spatial sampling and
dispersion in the fractional study is discussed showing how to
select the sampling length to avoid wave dispersion. The
steady state study of the problem is illustrated in section 4
giving the fractional form of the ABCD matrix. As an
application, 2D TLM is presented in section 5 giving the
fractional scattering matrix. Finally, conclusions are found in
section 6.

2. WAVE PROPAGATION AND TRANSMISSION LINE
ANALOGY

Since the lumped components such as L and C were
developed to describe the concentrated energy storage in
magnetic and electric fields, it is convenient to use them to
model fields and as a general case we consider them as
fractional elements.
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Fig.2: A cascade of segments of a transmission line

Consider a long distributed circuit (a transmission line, TL)
as shown in Fig. 2. Following normal practice, the distributed
circuit is modeled as a cascade of segments each consists of
fractional lumped components L, C with fractional
parameters a and fB respectively, and a resistor R
representing energy storage and dissipation in magnetic and
electric fields and with Ax being the length of each segment.
Applying Kirchhoff’s voltage (KVVL) and current (KCL) laws
on a segment and assuming Ax — 0

LC 9%th |

L 0%
Gny? 90 F ix,t) + 97

(Ax)2R Ot*

8% . _
ﬁl(xi) =

i(x,t) (3)
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Now, consider the propagation of a plane wave along the
x-direction in a lossy medium such that

E=(0,E,0) H=(00H,)

then the corresponding Faraday’s and Ampere’s laws reduce
to

0%Ey(xt) _ 9a+p

aa
e HE SF E,(x,t) +,uaat—aEy(x,t) (4)
where u,e, and o are, respectively, the magnetic
susceptibility, dielectric  permittivity, and electric

conductivity of the material in which the wave propagates. It
is clear that (3) and (4) are similar, which means that there is
an analogy between one-dimensional wave propagation in a
lossy medium and a long distributed transmission line. This
analogy can be extended to two and three dimensions. TLM
method uses numerical methods to solve the problem, so
discretization is required with respect to both space (segment
width Ax) and time (sampling time At). The question now is
how to determine Ax, certainly the smaller Ax the more
accurate solution although small Ax increases the
computational time, this is discussed in the following section.

3. SPATIAL SAMPLING AND DISPERSION

From the analogy between (3) and (4) it is noticed that the
wave propagates with a velocity u = - L_ \which is

Ve JE_ACX
frequency-independent, however this was deduced based on
the assumption that Ax — O which is unpractical from a
computational point of view. Taking into account Ax is very
small but not zero, it is expected that u varies with frequency
which means that a square pulse, for example, applied on the
line will disperse resulting in errors in computations
(numerical dispersion). To avoid this, let Ax be very small
and look for a condition on it that leads to have an expression
for u frequency-independent. Applying KVL to loops
ABCDA and BEFCB in Fig. 2 (assuming R — o)

2v(x,t) — v(x + Ax, t) — v(x — Ax, t)
La—[i(x, t) —i(x — Ax, t)]

= 5ea ®
Applying KCL at node B then,
aa+[3
LCata—Jrﬁv(x,t) = v(x + Ax,t) + v(x — Ax, t)
—2v(x,t) (6)

It is noticed that (6) is a difference equation rather than a
differential equation, consider a wave like dependence
voltage in the form

(X, t) = VpgrSin (ot — kx) (7)
where @ is the angular frequency and k = 2x/A. This source
represents a wave propagating with velocity, u = w/k ,

substituting (7) in (6) to obtain (see appendix for fractional
derivatives of trigonometric functions)
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w™*P[sing, g (wt — kx) cos(a + B)g
. T
+ c0Sq4p(wt — kx) sin(a + B) E]

kAx
—4sin? <T) sin (ot — kx)
®)
to simplify dealing with (8), the special casea +p — 2 is

considered noting that sin,, g(wt — kx) = sin (wt — kx)
as a + B — 2, then (8) reduces to

w?LC sin(wt — kx) = 4sin? ( )sm (wt — kx) 9)
therefore
4 . kAx
w? = - sin? (T) (10)

which is not a simple relation between w and k leading the
propagating velocity to be frequency-dependent, to avoid this
problem, let’s consider

"A—x«l

- kbdx

(11)
then sin (RAX) and consequently Pl which

coincides with the continuous case, therefore the numerical
dispersion is negligible and the discrete network is an
acceptable representation of the actual system. Errors are
always present but by using fine enough discretization, such
errors are minimized. It should be noted that a useful “rule of
thumb” is that

A

10

Ax < (12)

4. ABCD MATRIX OF A TL IN THE FRACTIONAL CASE

Consider again the TL segment shown in Fig. 2. Now, we
discuss the steady state condition, Applying KVL and taking
limitasAx - 0

™ (13a)

= _I(x)ZLf
where Z, s = (jw)*L, is the fractional impedance of the
inductor with L, is inductance of the TL per unit length.
Applying KCL with Ax - 0

= V()Y (13b)

dx
where Y, =(jw)#C, is the fractional admittance of the

capacitor with C, is capacitance of the TL per unit length.
From (13a) and (13b), it is easy to deduce that

BV 2y (x) =

dx?

(13c)

where y is the propagation constant, y* = Z, (Y,
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(a+B)m (a+B)m ]
2 2

a+p
y =4/ LysCq w2 [cos + jsin (14)
the real part of the propagation constant y represents the
attenuation constant and hence it is important to check its
sign, noticing (14) and as practically 0 < a, 8 < 2, it is easy
to dedyce the region of @ and g for the attenuation constant

to be neétive whichisl<a+pf <3,

q::: Real (y): +ve & increasing

[Real (y): -ve & deccreasing

fffff

Fig.3: Re(y) versus a and 8

Fig. 3 illustrates the region at which the attenuation constant
is whether positive or negative, decreasing or increasing as a
function of w for fixed a and 8. Solving (13c) to find V (x)
and consequently I1(x) , the following formula is obtained to
relate the signals at a distance [ to those at the starting point
on the line

V(O)] cosh(yl) smh(yl) 0
I ©) smh(yl) cosh(yl) 10
B] 140)
I1()

(15)

The characteristic impedance of the transmission line (Z;)
is determined as

(Jw)® Ld —( a8 Lg
Zr = / Gaybey = @) \/% (16)
therefore 22 —Zf Now (15) becomes
V(0)] _
10)]
cosh( yl) Zg sinh(yl) 0, 7)
isinh(yl) cosh(yl) |L1(D)

The determinant of the ABCD matrix A= cosh?(yl) —
sinh?(yl) = 1 # 0, therefore this matrix is nonsingular.
Setting all fractional derivatives equal one in the ABCD
matrix, the conventional case is retrieved [27]. It is noticed
that the ABCD matrix in the fractional study is complex
valued elements rather than the conventional study, this is
can be seen that imposing fractional parameters compensates
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for losses, also imposing fractional parameters in this matrix
gives more degrees of freedom in the study of TLM.

Equation (16) gives a formula for the characteristic
impedance of the TL in the fractional case at which it is
complex, it may be important to check the sign of its real part
(the resistive element) which is affected by the difference
between the fractional parameters a and S. Fig. 4 illustrates
the different regions in the a — § plane at which Re(Z;)
whether positive or negative, decreasing or increasing as a
function of w.

Real (Z:): -ve & increasing

+11]Real (Z¢): +ve & decreasing

Real (Z:): +ve & increasing

Real (Z¢): -ve & decreasing

Fig.4: Re(Z;) versus a and S.

The input impedance Z;,, of the transmission line is given
by

, VO

= 1(0) (18a)
Substituting V(0) and 1(0) from (17) and replacing I(l) by
YD \where Z, isthe impedance of the load connected at the

enld of the line, then

Zy
Z +tanh (yl
Zm  Zf D

= (18b)
Zr 14 %tanh (D)
f

Fig. 5 (a), (b), and (c) demonstrate Re(Z;,),Im(Z;,) and
|Z,| as a function in (a — B, a + B) at Z, = 20 + 20] 02,
w =1GHz, 2—“ =50, it is shown that Z;, has significant
d

values near the region a —f > 1.5 at which |Z;,] is an
increasing function of the fractional parameters (a — 8, a +
B), also the conventional case is retrieved at (@ — B, a +
B) = (0,2). Setting Z; — oo in (18b) it is obtained

Zy

Zin = tanh D) (19)

, if the length [ is much smaller

however, tanh(yl) = tanj—”l)

than the wavelength then tan (jyl) = jyl and therefore

B L,
Ly U9 \/C:a

1= T atB
14 ILiCy(jw) 2

1
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this indicates that a short in length TL segment with an open
circuit at the far end may be viewed as a small fractional
capacitor. Similarly, by putting Z; =0 in (18b) as a TL
segment with a short circuit at BB an inductor is modeled,

Zin = ()" Lyl (19¢)

‘Re(Zi) o
:ﬁ/'l‘)*u
el
e 2
2 4 o
a-p
Fig. 5(a)
0

xil g g

- Im(Z;y)

I

0

atp -? a-B
Fig. 5(c)

Fig. 5: Z;,, versus (¢ — B) and (a + B)
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During the charging process of a TL half the energy of the
source is stored in the inductance in a form of a magnetic
field while the other half is stored in the form of an electric
field in the capacitance. If the end terminal of the TL segment
is an open circuit leading to a zero current, the energy stored
in the inductance is transferred to the capacitance resulting
the voltage to be doubled. This helps to construct the
equivalent Thevenin circuit looking at the port BB shown in
Fig. 6b [27] with v’ is the incident voltage at BB. This circuit
is valid for a time interval T, that is after time interval T a
new pulse v* from the source is imposed.

o @ -

A B
Ly, Cq

A B

B
Vi
7 T
B

Fig.6a: a TL segment with a voltage pulse V¢ propagating towards BB

B

B

Fig.6b: Thevenin equivalent circuit seen at BB

5. Two DIMENSIONAL TLM

As an application, consider two intersecting TLs of the
same length as shown in Figs. 7a, 7b [27]. Assume that Z,
and Zgp, are the characteristic impedances along the
horizontal and vertical TLs, respectively, with

Lo, Lo, .,
fo= _(]w) x’ny: —(]w)y
Ca Cq

where y, a";ﬁ", y:Lﬁy_ Actually, there are two

arrangements of 2D TLs “series” (Fig. 7a) and “shunt” (Fig.

(20)

22

7b), in this paper we focus on the series node
arrangement.. The entire problem space is a replication of Fig.
7a in each direction, according to Huygen’s principal each
pulse reflected from the node impinges on the adjacent node
and sets up a spherical wave. The pulses associated with that
wave become incident on the adjacent nodes to set up more
spherical waves, i.e. pulses propagate and scatter in the grid
of lines as being the modeling medium. Assume that
Ax = Ay = Al where the choice of Al is dependent on the
spatial resolution required and the shortest wavelength in use
and as pointed above Al < A/10 for accuracy.

P

1

Fig.7a: Series TLM node Fig.7b: Shunt TLM node
The basic operation of the 2D TLM is as follows. At each
node and at each time step k there are four incident pulses
which generate four reflected pulses after scattering at the
node (scattering process). These pulses propagate out of each
node to become incident on the adjacent nodes at the next
time step k + 1 (connection process) and the process repeats.
An observer at node (x, y, z) can replace what he or she sees
by the Thevenin equivalent circuit shown in Fig. 8,
accordingly, the loop current at time step k is then

2, Vi+2,Vi-2 Vi-2 Vi
2Zpy + 27y,

k'z —

(1)

LIL

7TL

¥

|
Fig.8: Thevenin equivalent circuit of a series node

where ij" is the incident voltage at node j at time step k,
the voltage across node 1 at time step k is then

=2,V - (22a)

kIszy

where the reflected voltage from node 1 at time step k is
determined as
W= V-

i (22b)
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Substituting from (22a) and (22b) in (21) yields

vr Z;((jw))’x Vi+(jw)yy V.
= Gy + ) < g
+ (o) Vi = Gw)? (Vi)
Similarly, V5, Vi, Vi can be obtained in terms of

Vi V4 Vi and V. The scattering process can be
expressed in terms of a scattering matrix S, as

V=S,V

(23)
where
er‘:[kvlr‘ kV; kVSTj T]T
V=0V Ve WV VT
where superscript T stands for transpose,
S =
1 0 0 O
1 0 -1 1
(1m>Vx+(jm>Vy[(f“’) 0 01 0 *
-1 11 o0 (24-
01 1 -1 a)
. 01 0 O
Y-
GoX*{ 1" 1 0 1
0O 0 01
Putting v, =¥, =0 then
11 1 -1
_ 11 -1 1
$=05 1 1 1 1 (24b)
-1 1 1 1
at which the conventional case is retrieved. In the

conventional case the scattering matrix is pure real rather
than in the fractional case, that is again fractional
compensates for losses. Now, equations (23) and (24a)
represent the scattering process at each node.

6. CONCLUSION

The analogy between the electromagnetic field and a mesh
of transmission lines was restudied considering the lumped
components to be fractional which is more realistic. This
analogy enables us to solve a network problem rather than a
field problem known as TLM. Using numerical methods to
solve the problem, there is an upper bound for the segment
width to avoid wave dispersion. It was noticed that the ABCD
and the scattering matrices in the fractional study are
complex valued elements rather than the conventional study;
this gives more degrees of freedom in the study of TLM to
control its characteristics. Also this is can be seen that
imposing fractional parameters compensates for power
losses. The conventional case is easily retrieved by setting all
fractals to one.
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APPENDIX
FRACTIONAL DERIVATIVES OF TRIGENOMETRIC FUNCTIONS

DEFINE THE FOLLOWING FUNCTION Eﬁ

t = pu(et) (OO tk) = th-u
Ef = DH(et) = D¥ Z— =Z—
] _
k=ok' k:OF(k_'-l )

ACCORDINGLY,
Ef =e' ,D*(e*) = a*E*
DEFINE ALSO THE GENERALIZED TRIGONOMETRIC FUNCTIONS

cos,t = E(E”+E‘”
" _2 U u

o

thw T
- ZF(k+ 1—M)COS((k_”)§)
k=0
: j— 1 it —it
smut = Z (Eu -E,
oo k—u T
= ZW (k=)

THIS LEADS TO THE GENERALIZED EULER RELATION

lt —_— . .
E; = cos,t +isin,t

Qanatalizad &ins functing

Integer derivative of the generalized functions

' cos (%)
Dcos#t = —sin,t + W )
lim, . (Dcos,t) = —sin,t = —sint
sin (Mzﬂ)

Dsmut = cos,t — W )

!L@(Dsinut) = cos,t = cost
Fractional derivative of the original functions
] 1 . .
D:sint = 57 (DHelt — DHe~IL)

_i iu%Eit_ —iu%E—it
=i (e 2By — e TRES)
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= sin#t cos(uz—n) +cos,t Sin(uz—n)
Similarly,

1 . . 1 .= . i
D*cost = E(D”e‘t + DHe™it) = E(e H2EE + eTHIET)

_ Ut . . UTC
= cos,t cos(T) - sin, t sm(T)
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