ISSN 2278-3083
Volume 8, No.6, November —December 2019
International Journal of Science and Applied Information Technology
Available Online at http://www.warse.org/ijsait/static/pdf/file/ijsait07862019.pdf
https://doi.org/10.30534/ijsait/2019/07862019

h-CONVEXITY IN METRIC LINEAR SPACES

JAMAL A. OUDETALLAH®. Laith Abualigah?
IFaculty of Science and Information Technology, Irbid National University, P.O. Box 2600, Irbid, P.C. 21110,
Jordan
jamalayasrah12@gmail.com
“Faculty of Computer Science and Informatics, Computer Science Department,
Amman Arab University, Amman , Jordan

ABSTRACT

This paper is devoted to study a new types of convex
metric linear spaces .

The types of convexity considered here are a strictly
h—convex, a uniformly h—convex and a locally uniformly
h—convex metric linear spaces.
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uniformly convex, s—Convex function, h-Convex
function.

1. INTRODUCTION

In literature three types of convex metric linear spaces are
studied, let us recall these types.
A metric linear space (X,d) is said to be :

(1) strictly convex ifd (x, 0) <r, d (y, 0) <r imply
X+Yy

) d( 2

,0) <r unless,

uniformly convex if to each pair of positive numbers
(e,1) there corresponds a & > 0 such that if
dx,y)z¢ ,d(X,0) <r+5 .4

then d(,0) <

(3) locally uniformly convex if for each > 0 and x
Xwith d(x,0)<r & (r>0), there existsa 6 >0
suchthatifd (x,y)> andd(y, 0)<r andd(,0)

<r.
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These types of convexities were studied in [2]
and [4]. It is known that a uni- formly convex
metric linear space is locally uniformly convex
and a locally uniformly convex metric linear
space is strictly convex. Also every totally
complete strictly convex metric linear space is
uniformly convex.

In the sequel of the paper, | and J are intervals in

R™ with (0, 1) < Jand
functions h and f are real non-negative functions
defined on Jand I, respectively.

leth:J— R pea non-zero, non—negative
function. We say that f: | — R is an h—convex
function, if f is non-negative and for all x,y € I,
a € (0, 1)wehave f(ax + (1 —a)y) <h (o) f(x)
+ h (1 — a) f (y). This type of convexity was
studied in [3].

2. MAIN RESULT

In this section, we introduce a new type of
convex metric linear spaces; which so called
strictly h—convex, uniformly h-convex and
locally uniformly h—convex metric linear spaces
and give some related results by using a
technique used in [1].

Definition 2.1. Leth:J = R” pea non-zero,
non-negative functionand r € (0, 1).
A metric linear space (X, d) is said to be
(1) Strictly h—convex if d (x, 0) <h (1), d (y, 0) <
X+Yy

h(r)implyd( 2 ,0)<h(r)

unless x =y, wherex,y € Xandh (r) is any
positive number.
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(2) Uniformly h—convex if to each pair of
positive numbers (€, r) there corresponds

a 8 > 0 such that if x, y € X are such that
dx,y)>2¢ ,d(x,0) < h(r)+o

and
dx,y)>2¢ ,d(x,0) < h(n+o

Xty
d 2 o<(r)-9o

(3) locally uniformly convex if for each € > 0
and Xx€ X with
d (x, 0) <h(r) (h(r)> 0) , there exists a 6 > 0 such
that if d (x,y) > €

and then

X +Yy

andd(y,0)<h(r)*+8 andd( 2 ,0)<h(r).
Also, here we note that if h (r) =r, then definition
of strictly h—convex; uniformly h—convex; and
locally uniformly h—convex metric linear spaces
reduced to strictly convex; uniformly convex;
and locally uniformly convex metric linear
spaces; respectively [7].

Now, as the previous definitions of convexities of
metric linear spaces we can also introduce other
types of convexities of metric linear spaces
related with the h—convexity above, as follows:

Let0< S<1,ifh(r)=r" suchthat r € (0, 1),
then a metric linear space (X, d)
is said to be :
(1) Strictly s—convex if d (x, 0)< ", d (y, 0) <
X+Yy

Cimplyd( 2 o)<

unless x =y, where x, y € Xand r >0
where s € (0, 1] .

(2) Uniformly h—convex if to each pair of
positive numbers (€, r) there corresponds
a 8 > 0 such that if x, y € X are such that

dx,y)=¢ ,d(x,0) < r°+¢
and 6 ¥)2e ,d(x,0) < [ ) and
then
X+Yy
o 2 0) < r’-~5
(3) locally uniformly convex if for each € > 0
and x€ X with
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d(x, 0)< r* (> 0) , there exists a 6 > 0 such
that if d (x,y) > €
X+y

andd(y,0)<r* +§ andd( 2 ,0)<'°.
Now, we give a characterization of a uniformly
h—convex metric linear space, as follows.

Theorem 2. 1. Leth:J = R’ bea non-zero,
non-negative function and r € (0, 1).A metric
linear space (X,d) is uniformly h—convex if and
only if for each € > 0 there exists a > 0 such
that if for positive integers k > 2, the (k + 1)
elements Xg,X1,...,.Xxk € X are such

that d (i, 0) <h(r),(0<r<1i=0,1,2,..k

mind (X; ,xj)gg
and 1# , then

d(zk:xi,O)S(k +)h(r)-5

i=0

Proof. Let h : J ™ R be a non—zero,
non-negative function and r € (0, 1) .Suppose
first that X is uniformly h-convex. Let
Xo,X1,..-,Xk be any (k+1) elements in X such that
d(x,0)<h(),
mind (X; ,xj)gg

i=01,2,..k)and ' where
h (r) > 0 is any positive number and k> 2. Then,
there exists a 6 > 0 such that

k
d(Q_x;,0)<d (Xo+X,,0)+d (X,,0)+....+d (X, ,0
i=0

<k +)h(r)-5

Therefore, for € >0andh (r) >0, thereis a

2
o0=(—)5 >0
(k+l)1

such that whenever Xo,Xi,....X« € X with

d(x,,0)<h(r);(0<i<k)

mind (x, ,X;) > ¢
1# , we have

and
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d(_zk:xi,O)s(k +)h(r)-5

Conversely, suppose for a given € >0andh (r) >
0, x,y € X besuchthatd (x,0)<h(r),

K(ya03fyindri 4rd 0\ £r):fé any 8 k)0and

X; :(w) ,(Oéi Sk)
Put k
Then, X =Xg <X; <X; <..<Xx¢x =yare(k+1)

elements in

hypothesis

d(zk:xi,O)S(k +)h(r)-5

i=0

This gives

d(w,ok(k +1)(h(r)=5).

Corollary 2.2. Let0<s<1. In Theorem 2.1.

set h () = r* such that r €(0, 1). A metric
linear space (X,d) is uniformly s—convex if and
only if for each € > 0 there exists a & > 0 such
that if for positive integers

k> 2, the (k + 1) elements x¢,X1,...,Xx € X are

suchthatd (xi, 0) < I'° |

O < r < 1, i =0 1, 2..k and
mind (x; ,X;)>¢

i#j

then

d(wzxﬂl)ﬂ)qk +1)(r° = 5).

Proof. It’s an immediate consequence of
Theorem 2.1.

Now, another characterizations of uniformly
h—convex metric linear space are pointed out as
follows.
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Theorem 2. 3. Leth:J = R’ bea non-zero,
non-negative function and r € (0, 1) and suppose
(X,d) metric linear space , for k >1 , the
following statements are are equivalent:

(1) X is uniformly h—convex.

(2) For each€ > 0 there exists a 6 > 0 such that if
{xn} is a sequence in X with d (x,, 0) <h (r), (h
M>0nelyanddx,x)>¢€ (i#j).
Then, there exists o; > 0 (i = 1, 2,....k) with

k
>a M =1
i=1

d (iai‘“)xn+i ,0)<h(r)-6, (nel)

i=1
(3) For each € > 0 there exists a § > 0 such that
if {X,} is a sequence in X with d(x,, 0) < h(r)
(h()>0,nel)anddx, xj)=¢€ (i #]).

and

()
Then, for each N >1ther exist & 20 \ith
k
Ya® =1
i1 and

k
d(Q a™x,,;,0)<h(r)-8, (nel)

i=1
Proof. (1) = (2) and (2) = (3) follows in view of
Theorem 2.1.
(3) = (2). Firstly we note that X+ (i = 1, 2,...,k)
are k—vectors in X satisfying d (X,+, 0) < h(r), (1
<i<k)and d(Xni,Xn+j ) > € (i # j). Therefore, by

3)

k k k
d(a™x,,;,00=d Q> @-a")x,,; +> a"x,,;,0
i-1 i-1 i1

<Y @-a)+ (h()-6)
h(r)-6
k

—h(r)-5

=k (L9

Hence, by Theorem 2.1 X is uniformly
h—convex.

Corollary 2.4. Let0<s<1.In Theorem 2.3 set

h(r) = I'° such that

r € (0, 1) and suppose that (X,d) is a metric
linear space. For k > 1, the following statements
are are equivalent

(1) X is uniformly h—convex.
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(2) For each€ >0 there exists a & > 0 such that if
{xn} is a sequence in X with d(x,, 0) < re, (r>0,

ne U )andd(x,x)> € (i # j). Then, there
exists o > 0 (1 = 1, 2,..,k) with

k
>a M =1
i=1

k
dQ a™x,,;,00<r* =5, (nel)

i=1

and

(3) For each € > 0 there exists a § > 0 such that
if {x,} is a sequence in X with d(x,, 0)< I (r >
0,ne lyandd(x,x)>€ (i % j).

(”)20

Then, for each N >1ther exist & with

iai‘“) =1

i=1 and

k
dQ a™x,,;,00<r* =5, (nel)

i=1
Proof. It’s an immediate consequence of
Theorem 2.3 .

Theorem 2. 5. Leth:J = R’ bea non-zero,
non-negative function and r € (0, 1). A metric
linear space (X,d) is locally uniformly h—convex
if and only if for each € >0 and X € X with d
(x,0)<h(r),

(h(r) >0) , there exists a & > 0 such that
Xo,X1,...,Xk are any k elements in X satisfying d
i, 0)<h(r),d(xi,x)>¢€ (i # j)andd(x, x;
)= €

, (I=1,2,...,K), then

d(_zk:xi,O)s(k +1) (h(r)-5).

Proof. The proof can be worked out in the
similar fashion.

Corollary 2.6. Let0<s<1.In Theorem 2.5 set
h(r) = I'° such that

r € (0, 1), A metric linear space (X,d) is locally
uniformly s—convex if and only if for each € >0
and X € X with d (x, 0) < " ,(r >0) , there
exists a & > 0 such that xo,Xy,...,Xx are any k
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elements in X satisfying d(x;, 0) < re, d(xi, ;)
>& (i # j)andd(x,x)> ¢
, (I=1,2,...,K), then

d(_zk:xi,O)s(k +)(rf —5).

Proof. It’s an immediate consequence of
Theorem 2.5.

Theorem 2. 7. Leth:J = R’ bea non-zero,
non-negative function and r € (0, 1).A metric
linear space (X,d) is strictly h—convex if and

only if for (k +1) elements Xo,X1,...,.Xx € X
satisfing d (x, 0) <h (r),
(h()>0 {i=1,2,..,k}), imply

d(_zk:xi,O)s(k +1)h(r)

Xo=X. =X, =0 =X,.
Unless 0 1 2 k

Proof. The proof can be worked out in the
similar fashion.
Corollary 2.8. Let0<s<1.In Theorem 2.7 set

h(r) = I'° such that
r € (0, 1), A metric linear space (X,d) is strictly
s—convex if and only if if and only if for

(k +1) elements Xo,Xy,...,Xx € X satisfing d (X,

0<r’,
>0 {i=1,2..k}), imply

d(_zk:xi,O)s(k +)re

Xo=X.=X, =0 =X,.
Unless 0 1 2 k

Proof. It’s an immediate consequence of
Theorem 2.7.

Theorem 2.9. For A metric space (X,d) we
have,uniformly h—convexity = locally uniformly
h—convexity = strictly h—convexity.

Proof. It follows from Theorems 2.1-2.3 and
Theorem 2.5.
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Corollary 2.10. For A metric space (X,d) we
have,

uniformly s—convexity = locally uniformly
s—convexity = strictly s—convexity.

Proof. It follows from Theorem 2.9

Now, we know that a metric linear space
(X,d) is totally complete if its metrically bounded
closed sets are compact. Therefore, we can state
the following theorem.

Theorem 2.11. Every totally complete strictly
h—convex metric linear space (X,d) is uniformly
h—convex and thus it’s locally uniformly
h—convex.

Proof. Suppose that (X,d) is totally complete
strictly h—convex metric linear space.

Let U c© X be arbitrary compact metrically
bounded closed subset of X and let {xn} be a
sequence in U . Since U is bounded closed and
compact subset and (X,d) is strictly h—convex
then for € >0 and for a k—elements x1,...,xk in
X satisfying d(Xq+i, 0) < h (r); (h (r) > 0,

1 < i< k) with d XnsiyXnsj ) =€ (i # ) there
0>0

exists and for
n>1 a">0,(i=12...,k) with
k

Za‘i ™ =1

o] , such that

k k k
d(Qa™x,,;,00=d Q> @-a")x,,; +> a"x,,;,0)
i-1 i-1 i1

<hOY A-a) + (1()-5)
h(r)-6
k

—h(r)-5

=k( )

which means that (X,d) is uniformly h—-convex
and thus by Theorem 2.9. (X,d) is locally
uniformly h—convex.

Corollary 2.12. Every totally complete strictly
s—convex metric linear space (X, d) is uniformly
s—convex and thus it’s locally uniformly
S—CONVeX.

Proof. It follows from Theorem 2.11.
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Remark 2.13. If s = 1 in the definitions of strictly
s—convex; uniformly s—convex ; and locally
uniformly s—convex metric linear space (X, d)
then (X, d) reduced to strictly convex ; uniformly
convex; and locally uniformly convex metric
linear space ; respectively.

Remark 2.14. The above results of h—convexity
holds for strictly convex ; uniformly Convex ;
and locally uniformly convex metric linear space
(X, d)y when h(r) =r.
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