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ABSTRACT 

Let G be a connected graph then ܰ-index (݇-distance 
degree index) defined in [14] as 
ܰ(ܩ) = ∑ௗ(ீ)

ୀଵ ቀ∑௫ఢ(ீ) ݀(ݔ)ቁ ݇, where ݀(ݔ) =
|ܰ(ݔ)| = (ݕ,ݔ)݀	:(ܩ)ܸ	߳	ݕ}| = ݇	}|, where ݀(ݕ,ݔ) is the 
distance between vertex ݔ and ݕ in graph ܩ and ݀݅ܽ݉(ܩ) is 
the diameter of graph ܩ. We define some transformations 
and their impact on ܰ-index of graphs with respect to 
pendant path and pendant vertices. For fixed number of 
pendant vertices of a tree, we define a tree with minimum 
ܰ-index. Also for different fixed parameters we 
characterize the tress with minimum ܰ-index. 

Keywords: Broom Graph, Distances in graphs, Distance 
topological index, ܰ-index, Trees.  

1 INTRODUCTION 

Let ܩ be a simple connected graph of order|ܸ| = 	݊ and 
size|ܧ| = ݉. Let ݕ,ݔ	߳	(ܩ)ܸ be any two vertices of ܩ, then 
,ݔ)݀  is length of the shortest path between them, known (ݕ
as distance from ݔ to ݕ and vice versa. The number of 
adjacent vertices or neighbors to a vertex ݔ	߳	ܩ is called 
degree of	ݔ and denoted as ݀݁݃(ݔ). A vertex having only 
one neighbor or degree 1 is known as pendent vertex or leaf. 
If ݔ ∈  such that its degree is maximum among all (ܩ)ܸ
vertices of the graph, then its degree is denoted by ߂ or 
(ܩ)ܦ Let .ܩ is called maximum degreeof(ܩ)߂ .(ܩ)߂ =
(ݕݔ)ீ݀  where ,ܩ be the distance matrix of [(ݕݔ)ீ݀] =
,ݔ)݀  The maximum distance between any two vertices in .(ݕ
a graph is called diameter and denoted as ݀݅ܽ݉(ܩ). 

Let k be a positive integer and ݔ	߳	(ܩ)ܸ, we define the 
open k neighborhood of x in a  

For a vertex ݔ ∈  and a positive integer ݇ the open (ܩ)ܸ
݇ neighborhood of ݔ in a graph ܩis denoted by ܰ(ݔ) and is 
defined as	 ܰ(ݔ) = ,ݔ)݀	:(ܩ)ܸ	߳	ݕ} (ݕ = ݇	} [16], [17]. A 
matching ܯis a set of pairwise nonadjacent edges in ܩ. If 
set ܯ matches all the vertices of ܩ then it is known as 
perfect matching. 

The distance and adjacency based topological indices 
are mathematically extracted from the structure of graph. In 

most cases it is derived from the chemical graphs where the 
graphs represents molecules or atoms, which usually does 
not depends on its pictorial representation of the graph and it 
is the graph invariant number calculated from a graph 
representing a molecule. 

The topological indices are basically derived to 
establish and represent a relationship between the chemical 
properties, biological activity or most importantly the 
molecules. The topological indices are known to be 
distance-based topological indices if they are defined as the 
distance function in the molecule of compound structure 
study. The main role played in extracting distance based 
topological indices is of Distance matrix of a graph, see [2] 
along with a survey paper [3]. 

In literature there are numerous distance based 
topological indices studies in detail based on its applications 
in chemistry and computer science. The most detailed 
studied distance based topological index is Wiener Index 
[4], defined as: 

(ܩ)ܹ = ∑௫,௬∈ ,ݔ)݀    (ݕ

In 1992 another distance based topological index was 
introduced by Mihulic et al. [6] known as Harrary index. 

(ܩ)ܪ = 	∑௫,௬∈	
ଵ

൫ௗ(௫,௬)൯మ
   

but with passage of time the Harrary index nowadays is 
defined as [7],[8], 

(ܩ)ܪ = 	∑௫,௬∈
ଵ

ௗ(௫,௬)
    

Further in 1993 Randi݁	[́5] introduced the hyper Wiener 
index, defined as; 

(ܩ)ܹܹ = 	∑(௫,௬)ఢ	(ீ) ൫݀ଶ(ݔ, (ݕ + ,ݔ)݀   ൯(ݕ

 In 1989 a new distance based index named as Schultz 
Index defined by H. P. Schultz [9], which later on was known 
as degree distance index by A. Dobrynin et al. [10] and is 
denoted as DD(G). 
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(ܩ)ܵ = (ܩ)ܦܦ = 	∑(௫,௬)ఢ	(ீ) ൫݀(ݔ) + (ݕ,ݔ)൯݀(ݕ)݀
  

 For detailed study the readers may refer to [3],[11],[12], 
[13] and the references therein. 

Recently Naji et al. [14], [15],[18],[19] in their paper 
defined a new distance based index called ܰ-index of graph 
or k-distance degree index of graph. They proposed some 
general ܰ-index of common graphs and provided some 
bounds on ܰ-index of graphs. In [15] they computed and 
proved some results of ܰ-index of certain graph operations. 

Our goal here is to further support and add some results 
to ܰ-index of graphs. In graph theory, it is important to 
study trees with respect to different parameters and 
generally bounded trees with maximum degree. In section 1 
of this paper we just introduced some basic knowledge of 
distance based topological indices and their applications. In 
section 2 we will discuss some known lemmas. In section 3 
we define and prove some transformations and their impact 
on ܰ-index of graphs with respect to pendant path and 
pendant vertices. The lemmas of section 2 will be often used 
in following section as an argument to main results. In 
section 4 we characterize the tree with minimum ܰ-index 
for fixed pendant vertices and determine the minimum ܰ-
index of trees in terms of their domination number, 
independence number and matching number. Finally in 
section 5 we define a tree ܣ,∆ (a tree made from two 
disjoint stars of same degree ∆ܵby adding an edge between 
their centers and to any pendant vertex of star attaching 
pendant path of n-2∆ vertices, where ݊ ≥ 2∆ + 1 ≥ 7 and 
prove  that ܣ,∆ attains the maximum ܰ-index. 

1.1 Definition  

 For a connected graph ܩ on n the ܰ-index of ܩ is 
defined as 

ܰ(ܩ) = ∑ௗ(ீ)
ୀଵ (∑௫∈ ݀(ݔ))݇,   

1.2 Example  

 Let ܩ be a graph with 5 vertices as shown in Figure 1. 

 
Figure 1: Connected Graph 

(ܩ)݉ܽ݅݀ = 	3. 

ܰ(ܩ) = 
ௗ(ீ)

ୀଵ

ቌ
௫∈

݀(ݔ)ቍ .݇

= ቌ
௫∈

݀ଵ(ݔ)ቍ . 1 + ቌ
௫∈

݀ଶ(ݔ)ቍ . 2

+ ቌ
௫∈

݀ଷ(ݔ)ቍ . 3 

ܰ(ܩ) = (1 + 3 + 2 + 1 + 1)(1) + (2 + 1 + 2 + 1
+ 2)(2) + (1 + 0 + 0 + 1 + 1)(3) = 33 

2 PRELIMINARIES 

In this section we focus on some already known results 
which will support the in proving the argument for our main 
result. 

Lemma 2.1 [1] For any bipartite graph ܩ the matching 
number equals the minimum cardinality of covering of ܩ. 

Lemma 2.2 [14] For a connected graph ܩ with ݊ vertices 
and݉ edges and ݀݅ܽ݉(ܩ) 	= 	2, 

ܰ	(ܩ) = 2݊(݊ − 1) − 2݉. 

Lemma 2.3[14] Let ܩ be ݊ order connected graph with 
(ܩ)݉ܽ݅݀ 	= 2. Then  

(ܩ)݉ܽ݅݀) + (ܩ)݉ܽ݅݀(1 ≤ ܰ(ܩ) ≤ ݊(݊ −  (ܩ)݉ܽ݅݀(1

Lemma 2.4 [14] Let ܩ be ݊ order connected graph. Let ݁be 
an edge such that ݁ is not a cut edge of ܩ. Then 

ܰ(ܩ) ≤ ܰ(ܩ − ݁). 

Lemma 2.5 [14] Let ܩ be n order connected graph such that 
ܩ ≇  . Thenܭ

ܰ(ܭ) < ܰ(ܪ). 

Lemma 2.6 Let ܩ be n order connected graph. Let H be a 
connected spanning subgraph of ܩ. Then 

ܰ(ܩ) < ܰ(ܪ). 

Naji et al. [14] calculated generalized ܰ-indexof 
complete graph ܭcycle graph ܥ	and a path graph ܲfor 
݊ ≥ 2 as: 

ܰ(ܭ) = ݊(݊ − 1),ܰ( ܲ) = యି
ଷ

 and 

ܰ(ܥ) = {
݊ଷ

4 	݊݁ݒ݁ݏ݅	݂݊݅
݊(݊ଶ − 1)

4  	݀݀ݏ݅	݊	݂݅

3. SOME GRAPH TRANSFORMATION 

Let ܩ be ݊ order connected graph. Let ݕݔ = ݁ ∈  ,(ܩ)ܧ
then ܩ −  while ,ݕݔis the graph by deleting an edge ݕݔ
ܩ +  by connecting ܩ is the graph transformed from ݕݔ
vertex ݔ and vertex ݕ with an edge. A path with all internal 
vertices of degree two and one end vertex of degree one is 
known as pendant path. 

In this section we propose transformations on ܰ-
indexof trees in terms of pendant paths and pendant vertex. 

Theorem 3.1 Let ݐ ∈  ܩ be a vertex of nontrivial graph(ܩ)ܸ
and  ≥ ݍ ≥ 1	, where ݍ, ∈ ܼ. A graph )ܩ,  obtained(ݍ
from ܩ by connecting two pendant paths ܲ and ܳ of length 
  that is (see figure 2) ݍ and 

ܲ: = ଶݑଵݑݐ ݑ…  and ܳ: = ଶݒଵݒݐ  . respectivelyݒ…
Then the following inequality holds: 

ܰ()ܩ, ((ݍ < ܰ()ܩ + ݍ,1 − 1)) 
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Proof: As when we move from )ܩ, )ܩ to (ݍ + 1, ݍ − 1) 
the the number of vertices and edges remains the same. 

Let us denote by ܲ′ and ܳ′ the paths ݑݐଵݑଶ   andݒݑ…
ଶݒଵݒݐ ܲ ିଵ respectively. We see that the pathsݒ… ∪ ܳ  and 
ܲ′ ∪	ܳ′ are both isomorphic to each other and are of length 
p+q+1. Now for any ߳ݒ	ܲ ∪ ܳ  and ݒ ′߳	ܲ′ ∪	ܳ′ by shifting 
ܲ ∪ ܳ  for one place as they are isomorphic to ܲାାଵ. Now 
for any ݒ ∈ ܲ ∪ ܳ and ݒ′ ∈ ܲ′ ∪ ܳ′  by shifting ܲ ∪ ܳ for 
one place as both unions are isomorphic to the path of 
length	+ ݍ + 1. From above argument we have ܰ(ܲ ∪
ܳ) = 	ܰ(ܲ′ ∪ ܳ′). 

Now for any vertex ݑ ∈  :we have the following result ܩ

݀௩∈(∪ொ)\௩(ݑ, (ݒ = ݀௩∈൫′∪ொ′൯\௩
 (ݒ,ݑ)

⇒ ,)ܩ)݇ܰ ({ݒ}\(ݍ = 

ܰ()ܩ + ݍ,1 −  ({ݒ}\(1

As 	 ≥ 	ݍ	 ≥ 1, then for any vertex ݒ	߳	ݒ)݀ ,ܩ,  ) inݒ
,)ܩ ,ݒ)݀ will always be strictly less that (ݍ )ܩ ) inݒ +
1, ݍ − 1). From which  

 Follows 


௩∈(ீ(,)\∪ொ)

݀(ݒ) < 


௩∈൫ீ(ାଵ,ିଵ)൯\′∪ொ′

݀(ݒ) 

By combining all the above arguments we see that 

ܰ((ݍ,)ܩ) < ܰ()ܩ + 1, ݍ − 1)). 

 
Figure 2: Non Trivial Graphs 

The result in lemma 3.1 remains true if the vertex t is 
replaced by an edge. 

3.2 Corollary  

Let x,y ϵ V(G) such that x ~ y. Let p	≥ q	≥ 1 and 
G(p,q) be the graph transformed from G by connecting 
distinct pendant paths P and Q of length p and q respectively 
(see figure 2) i.e ܲ = ଶݑଵݑݔ ܳ  andݑ… = ଶݒଵݒݕ  atݒ…
vertex x and y, respectively. Then  

ܰ()ܩ, ((ݍ < ܰ()ܩ + ݍ,1 − 1)) 

3.3 Lemma  

Let G and ܩ∗ be connected bipartite graphs (see figure 
3), where 

ܲ =  denotes a unique pendant path starting at ݓ…ݒ
vertex v. We can obtain graph ܩ∗ from G by switching N(v) 
in V(Q) and connected them to vertex u. If   

(ݓ,ݒ)ீ݀ ≤ ,ݑ)݀}	ݔܽ݉  and S is not a(ܵ)ܸ߳ݕ;(ݕ
pendant path starting at vertex u, then 

ܰ(ܩ) = ܰ(ܩ∗) 

Proof: 

Let ܩ and ܩ ∗ be connected bipartite graphs (see figure 
3). Let  ܩ∗ denotes the graph obtained form G by switching 
N(v) in V(Q) to vertex u. let  ܲ =  be the only pendant ݓ…ݒ
path. As we move from ܩ to ܩ∗, the number of vertices is 
unchanged. 

Since  

(ݓ,ݒ)ீ݀ ≤ ,ݑ)݀}	ݔܽ݉  {(ܵ)ܸ߳	ݕ;(ݕ

let x ϵ V(S), such that	݀ீ(ݓ,ݒ) ≤   i.e  (ݓ,ݒ)ீ݀
	݀(ݓ,ݒ) ≤ ݀ௌ(ݓ,ݒ). As S itself is not just a pendant path, 
whose end vertex is u, its obvious that P is the subgraph of 
S. From graphs in figure 3, for any t ϵ V(P),  

∑௧	ఢ	() ݀ீ(ݐ) < ∑௧	ఢ	() ݀ீ
 where ,(ݐ)∗

݇ = 1,2, … ,  (ܩ)݀

Similarly we see that for any vertex t ϵ V(S), 
∑௧	ఢ	(ௌ) ݀ீ > ∑௧	ఢ	(ௌ) ݀ீ

∗. As P is induced in S, so let 
ܳ = ,ݑ … ,  be the path of same length in V(S) as of P. Now ݕ
we see for t ϵ P the distance with V(Q) is increased by 1 but 
for each t ϵ P there exist a vertex x ϵ Q  whose distance is 
decreased with V(Q) by 1. As V(S) also is non pendant path 
so the distance with vertices not on Q is also decreased by 1. 
The above arguments lead us to conclusion that for any z ϵ 
G and z ϵ ܩ∗, ∑௭	ఢ	(ீ) ݀ீ(ݖ) > ∑௧	ఢ	(ீ∗) ݀ீ

 So   .(ݖ)∗
we conclude ܰ(ܩ) > ܰ(ܩ∗). 

 
Figure 3: Connected Bipartite Graphs 

 INDEX OF TREES WITH FIXED-ࡺ    4
PARAMETERS 

      Let B(n,r) denotes all n vertex trees with r fixed pendant 
vertices and 2 ≤ ݎ ≤ ݊ − 1. 

      Let ݊, ݎ > 0. Let ݏ = ⌊ିଵ

⌋ and ݈ = ݊ − 1− Let ܶ .ݏݎ , 

represents the trees where r-l paths are attached to s vertices 
and to s+1 vertices l number of paths are attached, where 

2 ≤ ݎ ≤ ݊ − 1. 

4.1 Theorem 

Let G ϵ B(n,r), where 2 ≤ ݎ ≤ ݊ − 2. Then  
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ܰ(ܩ) > ܰ൫ ܶ,൯. 

where equality holds if ܩ ≅ ܶ,. 

Proof. 

Let r denotes the number of pendant vertices in G, then 
for r = 2, n-1 the cases are obvious and trivial i.e. path graph 
on n vertices and star graph on n vertices respectively. So 
we consider for 3 ≤ ݎ ≤ ݊ − 2. 

Let G ϵ B(n,r)  be a tree and assume that G has minimal 
ܰ-index. Assume that ܸ∗(ܩ) contains the vertices of G 

with minimum degree 3. Let x ϵ ܸ∗(ܩ)  and let pendant path 
P rooted at vertex x has a minimum length, and y be end 
vertex of P in G.  

Suppose |ܸ∗(ܩ) ≥ 2|. By choice of vertex z ϵ ܸ∗(ܩ), 
such that d(x, z) is possibly as small as can. Then vertices of 
the unique path (if exists) connecting x and z as is pendant 
in G are all of degree 2. Let w ϵ G be adjacent to x on the 
path from x and z (x = z if z and x are adjacent). Let S 
represents the component of G-wx containing w. As S is not 
a pendant path with end vertex w, by path P we have 
,ݔ)݀ (ݕ ≤ ,ݓ)݀}	ݔܽ݉ ;(ݖ  By lemma 3.3 to G, we .(ܵ)ܸ	߳	ݖ
have ߳∗ܩ	ܤ(݊,  such that ,(ݎ

ܰ(ܩ) > ܰ(ܩ∗), 

Which is also a contradiction. So x is the only vertex in 
G with degree at least 3. 

If ܩ ≇ ܶ,, then by theorem 3.1 we see that 				ܰ(ܩ) >
ܰ൫ ܶ,൯,, which leads to contradiction. It follows that 
ܩ ≌ ܶ ,,. 

4.2 Theorem  

Let 2 ≤ ݎ ≤ ݊ − 2 be number of pendant vertices. 
Then		 ܰ൫ ܶ,൯ > ܰ൫ ܶ,ାଵ൯,, 

Proof. 

Let ݔ	߳	 ܶ,, such that x is the end vertex of the longest 
pendant path in ܶ ,. Let y ~ x and y ~ z (neighbor of y in 
ܶ , different from x). Then by theorem 3.1  

ܰ൫ ܶ,൯ > ܰ൫ ܶ, − ݕݔ +  ൯, as there are exactly r+1ݖݕ
pendant vertices in ܶ , − ݕݔ +   ,By theorem 4.1 .ݖݔ

		 ܰ൫ ܶ, − ݕݔ + ൯ݖݔ > ܰ൫ ܶ,ାଵ൯. 

The result follows.  

The set of vertices in G form a matching set M, if no 
two edges in the vertex set of M has a common vertex or 
simply M contains pairwise non-adjacent edges. If set M 
matches all the vertices of G then is known as perfect 
matching.  

Let ݈ be a positive integer such that 2 ≤ ݈ ≤ ⌊
ଶ
⌋. Let 

݈ , denotes the tree formed by connectingܣ − 1 distinct 
paths on any 2 vertices to the center of the star ܵିଶାଶ 

 

4.3 Lemma 

Let G be n order tree with matching number m, where 
2 ≤ ݉ ≤ ⌊

ଶ
⌋. Then ܰ(ܩ) ≥ ܰ(ܣ,) where equality 

holds if ܩ ≅  ,ܣ

Proof. 

Let G be a graph on n vertices with matching number m 
and pendant vertices r. It is obvious that in M for one edge 
there must exist atleast pendant vertex. Then ݎ ≤ ݉ + (݊ −
2݉). Now if r = n - m, by theorem 4.1 (with s=1 and 
݈ = ݉− 1) we have ܣ, ≌ ܶ,ି, a unique tree which has 
minimal	 ܰ-index. Otherwise if ݎ < ݊ −݉, by theorem 4.1 
and theorem 4.2 the result follows as, 

ܰ(ܩ) > 		ܰ(ܣ,) > ܰ(ܣ,ିଵ) > ⋯ > 		 ܰ(ܣ,) 

A collection of vertices I such that x, y ϵ I and x ≇ y is 
known to be independent set of graph G. The maximum size 
of independent set of G is known as its independence 
number and denoted by a= a(G).  [1] We have, for any 
bipartite graph G, the independence number equals the 
matching number i.e vertex set of G. So from lemma 4.3 we 
have, 

4.4 Corollary 

Let G be n vertex tree with independence number b = 
b(G), where ⌈

ଶ
⌉ ≤ ܾ ≤ ݊ − 2. Then 		 ܰ(ܩ) ≥

		 ܰ(ܣ,ି), with equality if  ܩ ≌  .,ିܣ

Let G be n vertex graph then the subset of vertices in G, 
whose neighborhood contains all distinct vertices of G is 
called dominating set. We denote the domination number by 
c= c(G) i.e., the minimum number of elements of a 
dominating set of G. A vertex set K of G is known as 
covering of G such that for each edge of G there exists 
atleast one end vertex in set K. 

4.5 Corollary 

Let G be a tree with dominating number c = c(G), 
where 2 ≤ ܿ ≤ ⌊

ଶ
⌋. Then 		 ܰ(ܩ) ≥ 		 ܰ(ܣ,), equality 

holds if and only if  ܩ ≌  .,ܣ

Proof. 

Let G be n vertex graph with matching number m. The 
covering is always contained in dominating set of G. So by 
lemma 2.1݉ ≥ ܿ. If m=c then by theorem 4.2 we 
see		 ܰ(ܩ) ≥ 		 ܰ(ܣ,)., where equality holds if ܩ ≌  .,ܣ
If ݉ > ܿ then by theorem 4.2 and theorem 3.1 result follows 
as, 

		 ܰ(ܩ) > 		 ܰ(ܣ,) > ܰ(ܣ,ିଵ) > ⋯ > 		ܰ(ܣ,) 

5 NK-INDEX OF TREES WITH MAXIMUM DEGREE 

Let t be a positive integer ݐ ≥ 1. Let ௧ܶ; , be the tree 
form a path ଶܲ =  ,by attaching t distinct pendant vertices ݕݔ
a unique pendant path on i vertices to x and connecting r 
distinct pendant vertices and unique pendant path on j 
vertices to vertex y respectively. Then by corollary 3.2 we 
see that  
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ܰ൫ܩ௧;,൯ < ܰ൫ܩ௧;ାଵ,ିଵ൯. 

 ,∆ be a tree obtained from two disjoint stars of sameܣ
degree ܵ∆ by joining an edge between their centers and to 
any pendant vertex of star attaching pendant path of  n-2∆ 
vertices, where ݊ ≥ 2∆ + 1 ≥ 7 For example see Figure 4. 

 

Figure 4: Tree With Maximum Degree 

5.1 Theorem 

Let G be a tree whose two adjacent vertices have 
maximum degree ∆, where ݊ ≥ 2∆ + 1 ≥ 7 Then ܰ(ܩ) <
ܰ൫ܣ,∆൯.,  ith equality if ܩ ≌  .∆,ܣ

Proof. 

Let G has a maximal ܰ-index such that vertex x and 
vertex y are adjacent vertices and share maximum degree ∆. 
By Theorem 3.1 we have ܩ ≌ ݐ ௧;,, whereܩ = ∆ − 2, ݅ ≥
݆ ≥ 1 and ݅ + ݆ = ݊ − 2∆ + 2. If ݆ ≥ 2 then by above 
argument about ܩ௧;,  as discussed we have a contradiction. 

ܰ(ܩ) ≌ ܰ൫ܩ௧;,൯ < ܰ൫ܩ௧;ାଵ,ିଵ൯ 

Thus ݆ = 1and ݅ = ݊ − 2∆ + 1 i.e ܩ ≌  .∆,ܣ
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